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TOPICAL REVIEWER
A survey of spectra of parametrized Banach space complexes
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Abstract. In the present paper we summarize all key details of noncommutative spectral theory.
A general framework of noncommutative spectral mapping properties have been proposed. As
the main tool of our approach we use the known constructions over parametrized Banach space
complexes. In this abstract form our framework can be applied to many different categories to
develop the relevant spectral theory in that category. To implement this idea we demonstrate how
spectral mapping properties can be obtained for representations of a Banach Lie algebra.
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1. Introduction

A possible realization of a functional algebra as an algebra of linear operators is the well known
problem of noncommutative functional calculus. By realization as an operator algebra we mean a
continuous algebra homomorphism from a noncommutative functional algebra F into the Banach
algebra B (X) of all bounded linear operators acting on a certain complex Banach space X. The
functional calculus problem goes back to I. M. Gelfand (see [50, 2.2.15]) and creates the foundation
of the whole theory of Banach algebras. The known Gelfand’s result asserts that if D is an open
subset of the complex plane C containing the spectrum sp, (a) of an element a of a complex
Banach algebra A, then there is a unital continuous algebra homomorphism I" : O (D) — A from
the Fréchet algebra O (D) of all holomorphic functions on the domain D into the Banach algebra
A, sending the coordinate function z to the element a. In this case we write f (a) instead of T (f),
where f € O (D), and we say that f (a) is a holomorphic function of a.

A similar problem for several commuting operators is much more complicated and can be
presented by the following way. Let A = B(X), and let a = (a1, ...,a,) be a family of commuting
operators in A. The latter family automatically involves the canonical algebra homomorphism
Pn — A, p— p(a), where P, is the algebra of all complex polynomials in n variables z1, ..., z,.
For which domains D C C™ the canonical algebra homomorphism P,, — A can be extended up to a
continuous algebra homomorphism O (D) — A, that is, whether X tuns out to be a Banach O (D)-
module? The problem was completely solved by J. L. Taylor [66] in terms of the joint spectrum
ot (a) (now called Taylor spectrum) [65] of the operator family a. The joint spectrum oy (a) is
defined as a set of those A = (A1,...,\,) € C™ such that the Koszul complex Kos (X, a — )
generated by the operator family a — A = (a3 — A1, ..., a, — A\,) fails to be exact. If a domain D C
C™ contains Taylor spectrum ot (a) then required homomorphism I" : O (D) — A exists and again
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we could write f (a) instead of T (f), f € O (D). Thus the function f (a) of the operator family
a is obtained by means of the functional calculus or the homomorphism I'. The basic property
of the holomorphic functional calculus is the spectral mapping theorem o (f (a)) = f (o (a)),
where f = (f1,...,fm) : D — C™ is a holomorphic mapping. The latter property is closely
related to the functional calculus problem itself and it really demonstrates how the homomorphism
I': O(D) — A acts in. Taylor proposed two different methods to solve the multivariable functional
calculus problem. The first one is based on so called an abstract version of the Cauchy-Weyl integral
[64]. The constructions developed in [64] turned out to be very progressive in various questions of
spectral theory like spectral decompositions of an operator family and invariant subspace problem.
All these aspects of the theory were kindly collected in the monograph [74] by F.-H. Vasilescu. In
the Hilbert space case, more canonical integral representation of Taylor’s functional calculus have
been obtained in [73] and later improved by V. Muller (see [55, 4.30]).

The second method [66] has used topological homology and allows to present a general frame-
work of the functional calculus problem even for a noncommutative operator family. The arguments
suggested in [66] by somewhat simplified and were nicely exposed in the monograph [49] by Helem-
skii. Further advancement of the homological ideas to study functional calculus associated with
the algebras O (D), where D are domains in the Stein space U, were reflected in the monograph by
Eschmeier and Putinar [44]. That is an essentially general case than the Taylor functional calculus,
where it is assumed U = C".

Although far investigation of the commutative functional problem, almost nothing were done
toward noncommutative case. Taylor’s approach to the noncommutative holomorphic functional
calculus proposed in [66], remained undeveloped. The main reason of that uncertainty probably was
the construction of noncommutative algebras of holomorphic functions. In this concern Taylor in
[66] had considered a different completions of the free algebra. Analytic versions of the algebras with
polynomial identities were developed in [53], [54] by D. Luminet. Noncommutative generalizations
of the function theory based on quantum groups are reflected in the papers [42], [63], [71], [72]
by L. L. Vaskman, S. D. Sinelshikov and D. L. Shklyarov. Noncommutative generalization of
the algebras of holomorphic functions on complex varieties have been developed in author’s papers
[10]-[41], and in the papers [58], [59] by A. Yu. Pirkovskii. Noncommutative versions of Taylor type
spectra were independently developed in the papers [1], [3], [4], [22]-[35], [46], [56] by E. Boasso, A.
Laratonda, D. Beltita, A.S. Fainstein, S. Ott, and the author. Let us also notice dissertations [57]
by S. Ott, and [20] by the author, and also the monograph [2] by D. Beltita and M. Sabac, which
are dedicated exactly to these matters. As the basic concept of investigations are mainly considered
various spectra of representations of a finite dimensional Lie algebra based on parametrized (over
Lie characters of the considered Lie algebra) Koszul complexes of representations. It turns out that
all desirable properties of these spectra are obtained for representations of a nilpotent Lie algebra.
These investigations on the spectral theory put forward a hypothesis on existence of Taylor’s
holomorphic functional calculus for a certain class of noncommutative operator families generating
finite dimensional nilpotent Lie algebras. The main result of the paper [14] has confirmed this
hypothesis. That is the operator families generating supernilpotent Lie subalgebras.

The goal of the paper is to present a survey of noncommutative spectral theory within a general
framework of spectra of parametrized Banach space complexes. We propose a general theory of
Taylor type joint spectra based upon infinite parametrized Banach space complexes. Let 2 be a
topological space, X = {X,, : n € Z} a family of Banach spaces, and let 0 = {d,, : n € Z}, d,, : Q@ —
L (Xnt1,X,) be a family of continuous mappings such that (X,0 (X)) (here 0 (A) = {d,, (\)}) is a
chain Banach space complex

dn 1) g dn )
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for each A € Q. In this case, we say that the family (X,0) = {(X,0()\)) : A € Q} of Banach space
complexes is a parametrized at € chain Banach space complex, or briefly Q2-Banach complex.
Slodkowski (in particular, Taylor) spectrum o (X,0) (of type 7 or §) of this complex is defined to
be the set of those points A € Q such that the Banach space complex (%,9 (\)) admits nontrivial
homologies in a certain places (see Definition 3.1). Similarly, it is defined spectra of a cochain
complex, and the class of all Slodkowski spectra is denoted by &. Using the chain and cochain
versions of Banach space complexes, each spectrum o € & associates its dual spectrum o* € &
(see Section 3). It is proved that (see Theorem 3.1) if (X*,0*) is the dual to (X,0) complex, then

o(X*,0") =0"(%,0),

for all 0 € &. Furthermore
g (xv 0) =0 (xilv Dil) )

where (X, 0y) is the ultrapower of the Q-Banach complex (X,0). If Y is a projective Banach space
then
o(X,0)=0(L(Y,(%,0))),

(see Theorems 3.2 and 3.3). One of the central properties of spectra is the Projection Property
which is investigated in Section 4. If § is a bounded endomorphism of Q-Banach complex (X,9),
then the cone Cong (%,9) of the endomorphism turns into 2 x C-Banach complex. Consider the
canonical projection IT: Q x C — Q. Then we have the projection property

o (%X,0) =11 (0o (Cong (X,2))),

whenever (X,9) has a stable behavior with respect to the spectrum o (see Theorem 4.1). In
Section 5, a general scheme of spectral mapping properties for 7 type Slodkowski spectra has been
presented. A couple (%,0) and (2),5) of Banach space complexes parametrized at the spaces €2
and A, respectively, are connected with a certain Banach space bicomplex, and a spectral mapping
f Q2 — A acting from the parameter set {2 into another set A has been introduced. We prove (see
Theorems 5.1, 5.2) the forward

flo(%,0) Co(D,0),
and backward

flo(X,0)20(9.9),

spectral mapping theorems under certain restrictions on the connecting bicomplex. This is a
general framework of spectral theory for parametrized Banach space complexes. Further, the
proposed framework is applied to the Banach space representations of Banach-Lie algebras.

We fix a Banach module (X, ) over Banach-Lie algebra E, where oo : E — B (X) is a bounded
Lie representation of the Lie algebra E on a Banach space X. The module X generates (co)chain
(in the general case, it is an infinite) Banach space complex C, (a) (resp., C* («)) (see Section 6),
which is a Koszul type complex. The space of Lie characters (equipped with x-weak topology) of
the considered Banach-Lie algebra E is denoted by A (E). Thus there is a parametrized at the
space A (E) (co)chain Banach space complex

Co(@) ={Cs(a—N): A€ A(E)},

(resp., C* (a) = {C* (a — A\) : A € A (E)}), whose spectra are denoted by o («) and they are called
Slodkowski spectra of the Lie representation . These spectra with their chain and cochain versions
are connected with the relation o (o) = o* (a*), where a* : E°? — B(X*), a* (a) = a(a)” is the
dual to « Lie representation, or (X*, a*) is the dual to X module. The union of all spectra o ()
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of ultrapowers agy : E — B (Xy) taken over all countably incomplete ultrafilters  is called the
ultraspectrum oy (o) of the representation a. In Section 6 we establish a connection between the
approximate point spectrum, ultrapoint spectrum and ultraspectrum of the Lie representation «.
In particular, it is shown that the ultraspectrum of a solvable Banach-Lie algebra representation
is always nonempty.

For the spectral mapping properties it is important to deal with the quasinilpotent Lie algebras.
That is the case when all operators of the adjoint representation of a Banach-Lie algebra E are
quansinilpotents. For the finite dimensional F, such algebra is nilpotent. If F' is a closed ideal
of finite codimension in a quasinilpotent Lie algebra F, and (X, «) is a Banach E-module, then
o(a)|r C o (a|p). Moreover, if a ([E, E]) consists of quasinilpotent operators, then

o(a)|r =o(alr).

In particular, the projection property onto Lie subalgebras is satisfied for a finite dimensional
nilpotent Lie algebra and arbitrary Slodkowski spectrum, that is, o (a)|r = o (a|F) for any Lie
subalgebra F' of a finite dimensional nilpotent Lie algebra FE, and ¢ € & (see Theorem 7.1). In
the infinite dimensional case, we have the inclusion o (@) |r C o (a|r) for a finite dimensional Lie
subalgebra F' of a quasinilpotent Lie algebra E, whenever E is a projective Banach space.

In order to have a comprehensive spectral mapping property for Banach-Lie algebra represen-
tations, it is necessary to postulate noncommutative functions in elements of a Lie algebra and
their actions over the Banach module, that is, noncommutative functional calculus. Pursuing our
central goal, we fix a finite dimensional nilpotent Lie algebra g as a space of noncommutative
variables, and consider a locally convex algebra Ay with the fixed Lie homomorphism 7 : g — A,
whose motivation is the algebra of noncommutative functions in elements of g. Without going into
the specifics of the functional calculus problem (for instance, holomorphic functional calculus), we
introduce the property to be dominating of the algebra A4 over the g-module (X, «). Namely,
let B be another locally convex algebra with the Lie homomorphism « : g — B. For instance,
B =B (X) and « is the Lie representation of g on the Banach space X. Note that the Lie homo-
morphism « taken together with the adjoint representation of g, defines a new Lie homomorphism
(see Subsection 7.1) 6 : g — M, (B) into the matrix algebra M}, (B) over B, where k = 24im(g),
More precisely, 6 (u) is represented as the uppertriangular matrix whose main diagonal consists of
the same element a (u), where u € g. For the commutative Lie algebra g, the Lie homomorphism
0 is reduced to the diagonal inflation of . The algebra Ayq is said to be dominating over the pair
(B, @) (resp., over the module (X, a) if B = B (X)) and we write Ay > (B, @) (resp., Ay > (X, a)),
if there exists a continuous algebra homomorphism

014 = Ag — My (B),

extending 6 (in the sense that ] - 7 = ) such that the range of the inverse closed subalgebra in
Ay generated by 7 (g) turns out to be dense in the range of the representation 0|4 itself. In the
commutative case, the latter property is reduced to the problem whether the Lie homomorphism
« : g — B might be extended up to a continuous algebra homomorphism

alts i Ay = B, a1 =a,

with the property stated above, that is, there is Ag-calculus in B. Certainly, the existence of a
continuous algebra homomorphism @|*s in the noncommutative case defines Ag-calculus af4s :
Ag — B in the algebra B, automatically. But the reverse is not true in general, mostly it depends
on the structure of the nilpotent Lie algebra g, and the algebra A itself. Thus the noncommutative
effect in that statement of the problem is appeared in replacement of the original algebra B by
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the matrix algebra My, (B) over B, which reminds us the main idea of the quantization of a locally
convex space. Recall that in quantum functional analysis [43], [51], [75] or the theory of quantum
space, the quantizations are considered instead of locally convex spaces, that is, locally convex
topologies in the matrix space over the original linear space which are compatible with the main
quantum (or matrix) operations. It turns out that the property to be dominating is quite distinctly
described within the framework of quantum spaces [9]. In that concern, the author has several
published papers [10], [13], [17], [36], [37] related to the theory of quantum spaces itself, and its
applications to the quantum moment problem [16], [35].

Now let (X, ) be a Banach g-module, and let Ay > (X, ). Then each point A of the spectrum
o (a) of the representation « admits unique extension /\|Ag up to a continuous character of the
algebra Ay, that is, A\|'s € Spec A, (see Corollary 8.4). In this case, we write o (a) |[As C Spec A,.
In particular, o (a) |[s |3 denotes the the set of all restrictions A\|“s | of those extended functionals
from the spectrum onto the Lie subalgebra § CAg4. In Subsection 8.2, the forward spectral map-
ping theorem has been proven. Namely, if § C Ay is a normed Lie subalgebra whose completion
is a projective Banach space then the inclusion o (a) [As|z C oy (a?e|3) is true for all 7-type
Slodkowski spectra o. The assumption on the completion of the Lie subalgebra § CAg4 to be pro-
jective has purely technical nature and can easily be satisfied in practice (see [33]). The reverse
inclusion on spectral mapping demands additional assumptions. The elements of the normed Lie
algebra § have to be appeared themselves as noncommutative functions in elements of the Lie
algebra g. Such property turned out the splitness of an element a € A, over the g-module X (see
Definition 8.2). Roughly speaking, for each A € o () certain power of the operator (8 — \)|4s (a)
splits the complex C® (o — \). In particular, the action (6 — \) [Ae (a) over cohomologies of the
complex C* (o — A) turn out nilpotent. If S is a subset in A4 of splitting over the Banach g-module
(X, a) elements generating a quasinilpotent normed Lie subalgebra § CAg4, whose completion is a
projective Banach space, then

ou (ale]5) = o (@) [e]5,

for all m-type Slodkowski spectra o (see Theorem 8.3). Let us note that if the Lie subalgebra §
generated by the set S is finite dimensional, then § is automatically projective Banach space, and
in addition § is a nilpotent Lie algebra. Then o (a|4s|5) = o (a|*¢|5) and we have the equality

o (al*e]5) = o (a) [*e 5,

for all Slodkowski spectra o € &. We emphasize that in the case of polynomial Lie subalgebra §
and Taylor spectrum oy the latter result was obtained by A. S. Fainshtein in [46].

The main technical details of this theory were published in author’s papers [22] - [29], [32], [33].
The elements of noncommutative Fredholm theory has been considered in [24]. Noncommutative
subspectra and regularity in unital Banach algebras were considered in [38]. It was proved that
there is a correspondence between them which in turn involves the radical in the class of Banach
algebras equipped with a subspectrum. Note that Slodkowski spectra are the main examples of
subspectra in the noncommutative case.

2. Preliminaries

In this section we briefly recall the main tools (or methods) and notations which we use through-
out the whole text.

If S is a set then 2° denotes the set of all subsets of S. All considered linear spaces (in
particular, algebras, modules) are complex. The identity operator on a linear space X is denoted
by 1x. For the norm of a normed space X and for its dual space we use notations |-|| y and X*
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respectively. The unit set of X is denoted by ball X, whereas X indicates the norm-completion of
X. Let A, B,C and D be arbitrary sets such that C C B C A, and let f : B — D be a function.
Then, f|c denotes the restriction of f onto C, and if f is extended up to a function g : A — D by
some rule then we write g = f|*. For any set of functions F defined on B with values in D we set
Fle ={flc: f € Fyand FJ* = {f|: f € F}.

The Jacobson radical of A € LCA is denoted by Rad A as usual. The space of all continuous
characters (multiplicative linear functionals) of A furnished with the x-weak topology is denoted
by Spec A. If A € BA and n € N then Banach algebra of all n x n-matrices (with the max-norm)
over the algebra A is denoted by M,, (A). The left (resp., right) multiplication operator on an
associative algebra A is denoted by L, (resp., R,), that is, L, (v) = ax (resp., Ry () = xa), where
a,r € A. The unit element of A is denoted by 14.

2.1. Complexes of linear spaces

Let BS (resp., BA) be the category of all Banach spaces (resp., unital associative algebras), FS
(resp., FA) the category of all Fréchet spaces (resp., unital associative algebras) and let LCS (resp.,
LCA) be the category of all Hausdorff complete locally convex spaces (shortly, l.c.s.) (resp., unital
associative algebras with jointly continuous multiplication, shortly, l.c.a.). Let X, Y € LCS. The
space of all continuous linear operators X — Y is denoted by £ (X,Y) and let £(X) = L (X, X)
be the algebra of all continuous linear operators on X. If X € BS then £(X) € BA with
respect to the operator norm and £ (X) = B(X) is the algebra of all bounded linear operators
acting on X. The kernel and the image of an operator T' € £ (X,Y’) are denoted by ker (T") and
im (T") respectively. We use conventional denotation X QY for the projective tensor product. Let
T :X — Y be a morphism. The morphism 7 is called to be a (co)retraction if TS =1 (ST = 1)
for a certain morphism S : Y — X. In this case Y is called a (co)retract of X. The algebra of
all complex continuous functions on a compact topological space 2 is denoted by C (). It is well
known that C (Q2) € BA with respect to the sup-norm.

Let ® be a subcategory in LCS. A chain complex in ® is the pair (X,0), where X =
{X, :n € Z} are objects and ® = {d, : n € Z} are morphisms from &, such that d,_1d,, = 0
for all n. We also write (X,0) as a sequence:

dn 1

e X £ X, X

A cochain complex in ® is defined as a sequence

_ dn—l dm
—>Xn 1 N )(’n,_>)(’n—i-1_>_'_7

of objects and morphism from @ such that d"d"~! = 0 for all n. The category of all (co)chain
complexes in ® is denoted by ® (®). If ® = BS then we say that (X,?) is a Banach space complex.
The quotient space H, (X,0) = ker (dy—1) /im (dy,) (vesp., H™ (%X,9) = ker (d") /im (d""')), n €
Z is called (co)homology of the complex (X,0). The complex (%,9) is said to be nonnegative if

X, = {0} (resp., X™ = {0}) for all n, n < 0. Note that each (co)chaln complex (% 0) makes into
a cochain (resp., chain) complex (% 0) (resp., (X,0)) by setting X = X_, andd =d_n, n € Z.
This defines a functor BS — BS (resp., BS — E) called the conjugation functor. Let Y € BS.
Using the functors £ (Y,0), £(0,Y), o®Y one can associate new Banach space complexes from
the original complex (X,0). Note that differentials of £ (Y, (%,0)), £ ((¥,2),Y) and (X,0) ®Y are
given by the operators Ly, ,, Rq, and di_; ® 1y, respectively.
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2.2. Ultrapowers

Let S be an infinite set and 4 be a nontrivial (i.e. (\,cq M = 0) ultrafilter in S. The
ultrafilter i is said to be countably incomplete (see [48], [7]) if there exists a countable partition
{8, : n € N} of S such that S,, ¢ 4l for each n € N. The filter of complements of finite subsets in
N is called Fréchet filter. Any nontrivial ultrafilter in N is countably incomplete, as it dominates
Fréchet filter. There exist countably incomplete ultrafilters in any infinite set S [7]. In the sequel,
by an ultrafilter we mean a nontrivial countably incomplete ultrafilter, if it is not specially be
indicated. Let X € BS and let £ (S, X) be a Banach space of all bounded families (z), g from
X furnished with sup-norm. For an ultrafilter & in I, let Ny (X) be a closed subspace in £« (9, X)
comprising those (z,),. ¢ with limg 2s = 0. The ultrapower of X following i is called the quotient
space Xy = loo (S, X) /Ny (X). The element of Xy which includes a representative of the family
(74)4eg € oo (S, X) is denoted by [z5]. One can easily check that the norm ||[z]|| is limy [|z4||. The
space X is contained in Xy as a subspace generated by constant families in £, (S, X), and Xy = X
iff X is finite-dimensional space (see [7, Proposition 7]). For a subset C' C X, the ultrapower of C
following $1 is Cy = {[cs] € Xy : ¢s € C}. Consider ultrafilters 4 and 2 in S and T respectively.
Let Ay ={se€S:(s,t)e A}, te€T,and Ty ={t €T : A € U} for A C S xT. The production
3 x 37 is defined as a family of subsets A C S x T for which T4 € U. Then U x U is an ultrafilter
[7]. The following assertion was proved in [7].

Lemma 2.1. Let 3 and U be nontrivial ultrafilters in S and T, respectively. If one of them is
countably incomplete, then so is L X U . Moreover, the canonical operator

Xuxw = (X 5 [x(Sxt)](s,t)ESXT = Ux(slt)}ses}te:r’

is an tsometric isomorphism.

Let X,Y € BS. An operator T' € £ (X,Y) is extended up to Ty € £ (Xy, Yy), Ty [zs] = [Txs]
and ||Ty|| = ||T||. Thus the assignment X +— Xy, T +— Ty, is a functor oy : BS — BS called an
ultrapower functor. The following assertion was proved in [7, Propositions 15,16,20,22 |.

Lemma 2.2. Let T € L(X,Y). Then ker(T), C ker(Ty), im (Ty) € im(T), and im(T) =
Y Nim (Ty). Moreover, the following statements are equivalent:

(i) im (T') is closed;

(ii) im (Ty) is closed;

(iii) ker (T), = ker (Ty);

(iv) im (Ty) = im (T),,.

Finally, let us recall that a Banach space X is said to be a super-reflexive if its each ultrapower
Xy is reflexive. For more detailed properties of super-reflexive spaces we refer the reader to [48].
We just mention the following result from [48] that will be used later.

Proposition 2.1. If{ is countably incomplete, then (X*), = (Xu)* iff X is super-reflezive.

If (X,0) € BS (or (X,0) € BS) then its image by the ultrapower functor oy is called ultrapower
of the complex and it is denoted by (X, 0y).

2.3. The dual of a Banach space complex

Let X, Y € BS. If T € £L(X,Y) then T* € L(Y*,X*) denotes the dual operator. Let
(X,0) € BS and let (X*,0*) be its dual complex:

*
dn -1

dn
..._>X;_1 _>X;_>X;‘+1_>
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Undoubtedly, (X*,2%) = £ ((X,02),C) € BS.
The following classical result is well known [49, Ch. 0, item 5.2].

Theorem 2.1. Let (X,0) be a (co)chain Banach space complex. Then following assertions are
true.

(i) If (X,0) is exact at the terms X,_1 and X,, (resp., X™ and X"*1), then (X*,0%) is evact
at X (resp., X"™*);

(ii) If (X*,0%) is ezvact Xy (resp., X"7'*), then im (dy) (resp., im (d"~')) is closed in X,
(resp., X™);

(iii) if (X*,0%) is ezact at X}, (resp., X™*), then im (dy) (resp., im (d"~1)) is a dense subset
of ker (d,,—1) (resp., ker (d")).

Now let T': X — Y be a Banach space operator with closed range and let T : X/ ker (T') —
im (T), T~ (z~ modker (T')) = Tz, be the induced operator. The latter has a bounded inverse
and the norm of this inverse operator is called the inversion constant of T and it is denoted by
ic(T). Further, let P = (S,T), S € L(X,Y), T € L(Y,Z) be a Banach space operators. We
say that P = (S,T) is an operator pair if TS = 0, and an operator pair P is said to be exact if
im (S) = ker (T') and im (7T') is closed.

The following lemma was proved by A.S. Fainshtein [45, Lemma 1.2].

Lemma 2.3. Let XY, Z € BS and let P = (5,T), S € L(X,Y), T € L(Y,Z), be an operator
pair. Then P is not exact iff there exist bounded sequences {yn} CY and {fn} C Y™ such that

im Ty, =0, lmS*f, =0, fn(y)=1.

Proof. Let us assume that im (S) # ker (T'), that is, the operator S : X — ker (T') does not
epimorphism. There exists a sequence {g,,} C ker (T)" such that ||g,| = 1 and lim,, S*g,, = 0 (see
Theorem 2.1). For each g, one can find y,, € ker (T') such that g, (y,) = 1 and |ly,|| < 2. We
may extend g, up to a functional f, € Y* such that ||fn| = fn (yn) = 1. Then Ty, = 0 and
lim,, S* f, = 0.

Now let us assume that im (7") is not closed, or the induced operator

T~ :Y/ker (T) — Z, T~ (y~ modker(T)) =Ty,

has unclosed image. There exists a sequence {y,'} C Y/ ker (T') such that ||y, || = 1 and lim,, Ty, =
0. Take functionals {g,} from (Y/ker(T))* such that ||g,|| = gn(yy) = 1. Let f, € Y*,
fo(y) = g0 (y) and yn € Yy, [lynll < 2. 1t is clear that || full = [|gnll = 1, fo (¥n) = gn (yp) = 1,
lim,, Ty, = 0 and (S*f,,) (z) = g, (Sz)” =0 for all x € X. Hence sequences {y,} and {f,} satisfy
required conditions.

Conversely, let {y,} and {f,} be given sequences, but ker (") = im (S) and im (7') is closed.
Since lim,, T'y,, = 0, there exists a sequence {u, } C Y, such that lim,, u,, = 0 and T'u,, = T'y,,. Then
the sequence {y, — uy} is bounded and belongs to im (.S). There exists a bounded sequence {z,} C
X such that Sz, = y, — u,. But lim, f, (Sz,) = lim,, (S*f,) z, = 0 and lim,, f,, (yn — un) = 1,
a contradiction. <

The following assertion belongs to B. E. Johnson [52].

Lemma 2.4. Let X,Y,Z € BS and let S = (51,52), S1 € L(X,Y), S2 € L(Y,Z) be an ezact
operator pair. Then so is an operator pair sufficiently close to S. Namely, if T = (T1,T5),
Ty € LX,Y), Ty € L(Y,Z) is an operator pair and kr < 1, then T is exact, where kp =
c1 |81 — Tl + 2 ||S2 — To|| + cic2 |S1 — Th || |S2 — T2|l, ¢ > ic (S;), i = 1,2. Moreover,

ic (Tl) S (1 — kT)il C1 (]. + co ||SQ — T2||) B ic (TQ) § (]. — kT)71 Co (1 +c ||Sl — T1||) .
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Proof. We set e; = ||S; —T;||, i = 1,2. Take y € Y. Then ||Say|| < ||Toy|| + e2ly|l. By
very definition of ic (S2), there exists y' € Y such that Say’ = Soy and [|y/|| < c2||Say|| <
& (I Toyll + &2 llyl)- Moreover, ly — /| < e [ Toyll+ (1 + ca2) [ly] and y—y' € ker (Sa) = im (5.
Again, by definition of ic (S1), we conclude that y —y' = S1z and ||z|| < a1 |ly — ¢ || < cre2 || Tyl +
c1 (14 c2e2) ||ly||. Further,

ly — Thz| < lly — Swzl| + [|S1z — Tz| < [|y']| + &1 fl=]| <
< o ([ Tyl + 2 llyll) + ercaca [Tyl + 11 (1 + cae2) [ly]l =
= (1 +e1er) ez | Toyll + kr |yl -
Thus for arbitrary taken y € Y we find z € X such that

ly — Thzl| < (14 erer) ez [Tyl + Er [yl
]| < crca [|[Toyll + 1 (1 + cae2) ||yl -

If y € ker (Ty) then ||y — Tiao|| < Er||ly|| for some zg € X, |lzo|| < c1 (1 + cae2) |ly||, and
y1 =y — Tizy € ker (T2). On the same ground, ||y1 — Thx1]| < kr ||y1|| for some 21 € X, ||1]] <
c1 (1 + coe2) ||ly1]]- Thus we define sequences z;, y; inductively by setting yo = v, y; = yi—1 —T12i-1,
llyill < k7 |lyi—1]], and [|z;—1]] < ¢1 (1 + cae2) ||yi—1]|. It follows that the series 2’ = )", x; converges
in X and Th2' = y. Indeed, taking into account that ||y;|| < k% ||ly|| and kr < 1, we infer Y, ||2;]| <

e1 (14 cago) S, ki lyll < (1= kr) ™' er (14 caga) |ly|| < oo, that is
2| < (1= kr) " e (14 cae2) ||yl - (2.1)

Moreover, Hy—T1 Zi:o xgH = |lyi — Thzill = lyita] < k‘?’l |lyl|, thereby y = Tya’. Conse-
quently, we have proven that ker (T2) = im (7). In particular, im (77) is closed and ic(71) <
(1 —kp) e (14 cae2) due to (2.1).
It remains to prove that T has the closed range. Using (2.3), we obtain that
ly™ modker (T3)|| = ||y~ modim (T1)|| = inf {|ly — Thz|| :z € X} <
< A +erer) e [[Tayll + ko llyll

whence ||y~ modker (T)|| = ||(y + )" modker (T2)|| < (1+e1c1) 2 || Toy| + krlly + 2| for all
z € ker (T3). It follows that

ly™ modker (Tz)|| < (1= kr) ™" (1 +er¢1) ez [| oyl

thereby im (T) is closed and ic (T3) < (1 — kp) ™" (14 £1¢1) ¢o. 4

2.4. The cone of an endomorphism

By the direct sum X &Y of Banach spaces X, Y, we mean the {1-norm sum, that is, the norm
on the algebraic direct sum X @Y is given by the rule: [|(z,y)| = ||z| x + [l¥lly, (z,y) € X ® Y.
Let (X,0) € BS and let 8 = {8, € B(X,,)} be a bounded endomorphism of this complex, thus
dnfBrn = Brn—1dn, n € Z. The cone Con ((X,9), ) of the endomorphism S is the chain Banach space
complex -+ < Z,_1 P Zy < -+, where Z,, = X110 ® X, Y1 (z,y) = (dnz + Bry, —dn-1vy),

(z,y) € Z,. If (X,0) € BS then Con ((%,0), 8) is the cochain complex - - - — Z" 2 Zn+1 5 ...
where Z" = X" @ X", 4" (z,y) = (d"z, —d" "'y + "), (z,y) € Z".
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Exercise 1. Prove that Con ((X,2), )" = Con ((X*,0*), 8*)to within an isomorphism in BS (or
BS if (X,0) € BS).

The following assertion demonstrates slight difference between chain and cochain versions of
the cone.

Proposition 2.2. Let (X,0) € BS and 3 be a bounded endomorphism of (%X,0). Then
Con ((%X,0),8) = Con((X,2), )
to within an isomorphism in BS.

Proof. The relevant isomorphism of complexes can be implemented by the family of isomor-
phisms /" : X" @ X" - X" 1o X" (2,9) — (=1)" (~y,z), n € Z, in BS. Indeed, let us verify
that the following diagram

xntl DX L X" @ xn-1

\L i \L A

X" @ xntl }”_—1 xn-1 P ‘X'n7
is commutative, where v (v,—1) is the differential of the complex Con ((X,0), 8) (Con ((X,2),3)).
Take (z,y) € X" @ X"~ 1. Then

Yomat” (@) = v (0" ()" 2) = ()" Ay 4 (<) B ()" e ) =

_ <(_1)n (—dnily—l—ﬁnaﬁ) , (_1)77,—1 d"x) _ ntl (dnx7 —dn71y+ﬁn$) _

="y (3,y),

that is, 7, _1t™ = ("1y" for all n € Z.«

Lemma 2.5. Let (X,0) € BS (resp., (X,0) € BS) and let 3 be a bounded endomorphism of (X,0).
IfH, (X,0) = {0} and Hp41 (%,0) = {0} then H, (Con ((X,0),8)) = {0} (resp., if H™ (%,0) = {0}
and H" 1 (X,0) = {0} then H™ (Con ((X,2),3)) = {0}).

Proof. Let (%X,0) € BS. Take (z,y) € ker (y,-1) € Xn41 ® X,,. Then d,,_1y = 0 and
dpr = —Bny. Since H, (X,9) = {0}, it follows that y = d,,z for some z € X, ;1. Moreover,
—dpx = Bpy = Pndnz = dpPn+12, which in turn implies that = + Bh412 = dpt1w, w € Xy 49,
owing to Hy41 (%,0) = {0}. One can easily check that (z,y) = v, (w, —z). Finally, the assertion
for the cochain case can be reduced to the chain one on the ground of Proposition 2.2. 4

Lemma 2.6. Let (X,0) € BS, 8 a bounded endomorphism of (X,9), and let Ll be an ultrafilter.
Then Con ((X,9),3)y = Con ((Xg,0u) , Byu) to within an isomorphism in BS.

Proof. One can easily verify that the linear operator
fn : (Xn-i—l ® Xn)n — Xn—i—lil S¥ Xni,lv fn [(xsays)] = ([Jﬁg] 5 [ye]) 5

is an isometric isomorphism. Note that

fnflfynfl).l [(xsa ys)] = fnfl [(dnxs + Bnysa _dnflys)] = ([dnxs + Bnys] , [_dnflys]) =

= (dnil [:ES] + Bnu [ys] y —dn—1y [ys]) = VYin—1 ([:CS] y [ys]) = ’Yilnflfn [(ifs, ys)] y

where vy,—1 is the differential of Con ((Xy,0u),Bu). Thus frn_1¥n—14 = Yun—1Sn, that is, the
family {f,} implements relevant isomorphism of complexes.«
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2.5. The projective and flat Banach spaces

The projective (resp., flat) Banach spaces are important from infinite-dimensional spectral
mapping properties view. Let us remind relevant definitions and simple properties of these spaces.

Let X € BS, X®n = X®---®X (n-times) the projective tensor product, S,, the group of all
permutations over the finite set {1,...,n}, ¢ (1) the sign of a permutation 7 € Sy, and let

0, € B(X@)") , 0 (11 ® - Qu@y) =Tr1) @ ®Zrm), TE Sn, mne€N.
We define the exterior power A" X of X as the image of the projection

A, €B (X®”’), A=) Y ()6

TESH

Weset 21 A Axy = Ay (21 ®--@x,) and X = A°X =C. Takez =2y A--- Az, € A"X.
The following denotation is very convenient: &, = z1 A= AZ; A+ A&y € € A"~ 1 X, where £; means
the omission of z;. If we omit two elements x; ‘and Zj from the expression of z then we write z;, i
Note that £ (A"X,Y) = C™ (X,Y) to within an isometric isomorphism, where Y € BS, C™ (X,Y)
is the Banach space of all continuous skewsymmetric n-linear forms on X with values in Y.

Let Y € BS and let (X,9) € BS. The functor £ (Y,0) : BS — BS transforms the complex
(X,0) into a new complex L (Y, (%,9)):

e LY, X)) LY X)) £

LY, X))
where 8, (T) =d, - T, T € L(Y, X,). Respectively, it is defined a cochain Banach space complex
L((%,9),Y). A Banachspace Y is said to be projective (resp., injective) if the complex £ (Y, (X,9))
(resp., L((X,0),Y)) is exact for each exact Banach space complex (X,0). A Banach space Y is said
to be flat if its dual space Y* is injective. The class of all projective (resp., injective, flat) Banach
spaces is denoted by Proj (resp., Inj, Flat). It is easy to prove that Y € Proj if and only if for an
epimorphism of Banach spaces T : X — Z and an operator ¢ € L (Y, Z) there exist ¢ € L (Y, X)
such that T -9 = ¢. By analogy, Y € Inj iff for a topologically injective operator of Banach
spaces T : X — Z and an operator ¢ € L (X,Y) there exist ¢p € B(Z,Y) such that ¢ - T = ¢.
In particular, if Y7,Ys € Proj (resp., Y1,Ys € Inj), then Y7 @ Ys € Proj (resp., Y1 @ Ya € Inj),
moreover, Y1<§>Y2 € Proj.

For instance, the Banach space ¢; (S) (in particular, ¢; = ¢; (N)) of all absolutely summable
complex functions on a set S is projective [67, Proposition 4.3]. Obviously, each finite-dimensional
normed space is projective, injective and flat simultaneously.

Lemma 2.7. Let Y € BS. ThenY € Flat iff (X,0) ®Y is ezact whenever (X,0) € BS is an ezact
complex.

~

Proof. Note that (X,0) ®Y is exact iff its dual (x,0)® ) is exact due to Theorem 2.1. But,

(x,0) @Y)* =L ((%X,9),Y™") to within an 1somorphlsm in BS. Thereby, Y* € Inj iff (X,0) ®Y is
exact whenever (X, 0) is exact. <

In particular, the space of the form L' (1) is flat by virtue of Lemma 2.7, [67, Proposition 4.2].

Lemma 2.8. Let Y € BS. Then A"Y € Proj (resp., A"Y € Flat) whenever Y € Proj (resp.,
Y € Flat), n € N.
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Proof. We have already noted that yén ¢ Proj if Y € Proj. Now take a Banach epimorphism
T:X = Zand p € L(A"Y,Z). Then p- A, € L (Y®", Z), where A,, is the projection onto A™Y.

Thereby, there exists ¢ € £ (Y®",X) such that T-v¢ = - A,. Then T-- A, = p- A2 = ¢ A,.
The latter means that T - ¢|sny = ¢. Thus A"Y € Proj.

Now let us assume that Y € Flat. To prove that A”Y € Flat, we use Lemma 2.7. Take an
exact complex (X,0) € BS. By using induction on n, and using Lemma 2.7, we infer that the

complex (X,0) ®Y®" remains exact. On the other hand, A™Y is a complemented subspace in yéen,
Therefore (%,0) ® A" Y is also exact.«

2.6. Banach space bicomplexes

One of the main role in our consideration will play Banach space bicomplexes, their total
complexes, ”diagonal chase” method and so on. Here we remind necessary definitions and results.

By a Banach space bicomplex we mean the triple (¥,9,,0/) with X = {X™™ :n,m € Z},
Xmm e BS, o = {d"" € £ (X X Lm0 = {d)™ € £(X™™, X b such that the
following diagram

Xn-l—l,m

qrm
T )
dnm
X nm N Xn,erl \ e

T T

is commutative, and all columns (X"m,a,"m) and all rows (%””,07") are Banach space com-
plexes, where X*™ = {X*m € Z}, X* = (X" ik e Z} and 08 = {d" ke 2}, o0 =

P Z}. If we reverse the horizontal and (or) vertical arrows one occurs other versions
of bicomplexes as well as chain and cochain complexes were for usual complexes. For us main
interest will present suggested ”double-cochain” and also ”double-chain” versions of a bicomplex.
The latter is dictated by our future applications to the spectral theory. We also say chain (resp.,
cochain) bicomplex instead of ”double-chain” (resp., ”double-cochain”).

The operators d;"™ and d;;’"" are called the horizontal and vertical differentials, respectively.

Note that d™™ (ker (d“")) C ker (df?’“’m) and d™™ (im (dﬁ”m_l)) Cim (df,”’l’m_l), therefore

the operator
DI H (X000 ) = H (X0 DI (o) = d ()

is defined soundly. Moreover, the sequence

n,m

RN = KL (:{n,o7 ITIL,O) ’_> H™ (anrl,o’aZ}Jrl,o) —

is a complex called m-th vertical cohomology complex of the bicomplex. By analogy, one defines
nth horizontal cohomology complex

n,m

cee—y HT (}:o,myal',m) L> H"™ (xo,erl’a,’,erl) —
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of the bicomplex.

We say that a bicomplex (X,0/,0~) is bounded (below) if one can find N € Z such that
Xmm = {0} whenever n < N or m < N. The space X'V is called the base space of the
bicomplex. If N = 0 then we say that (X,0,,0~) is a nonnegative bicomplex with the base space
X009,

Now let (X,9,,0~) be a Banach space bicomplex with bounded diagonals and let

x"= @ x**eBs,
k+s=n

be a sum of (bounded) diagonals of the bicomplex. One defines a Banach space complex
_>X"i>X"+1 — e,

where 6" (z) = d¥° (z) + (=1)°dP* (z) whenever © € X** k4 s = n, n € Z. The latter is
called the total complex of (X,9,,0~) and it is denoted by Tot (X,0,,0.). Note that the cone of
an endomorphism of a Banach space complex is a particular case of the total complex of a certain
bicomplex. Namely, take (¥,9) € BS and let 3 be an endomorphism of (X,0). The following
diagram
— xn o xmt
tar tant

d7l
— X" — Xt

!

is commutative, where a™ = (—1)" ", n € Z. Thereby, the latter defines a bicomplex (X, a,?)
and Tot (X, «,0) = Con ((X,0), 9).

Finally, if (X,0:,0~) is a Banach space bicomplex and 4l is an ultrafilter then (X, 0/¢(, 0rg)
is a bicomplex called an ultrapower of (X,0,,0.), and Tot ((Xg,0:5,0r5)) = Tot (X,9,,0) by
the same argument carried out in the proof of Lemma 2.6, where Xy = {X{™}, 0y = {d/{"},
Vg = {dﬁﬂn .

2.7. The diagonal chase

The diagonal chase phenomena is appeared in the following lemmas and belong to so-called
mathematical folklore.

Lemma 2.9. Let (X,0/,0+) be a nonnegative cochain bicomplex such that all its rows are exact at
firsti—1 terms, H (%0”,09/') # {0} and the differential D" : H' (%0”,09,") — H? (%1”,0,1,")
of the ith vertical cohomology complex is trivial, where i > 1. Then

HE (30 08 £ {0},
for some m, k < i.

Proof. Let us assume that first i columns are exact at first ¢ terms. By assumption H* (%0”, 09,")
{0}, therefore there is an element x € ker (dg’i) \ im (d?,’i_l). Since D' = 0, d)”" (z) € im (d},’i_l),
that is, d> (z) = dhit (z1,—1) for some z1,;_1 € X7, Note that

?,’i_ld,l’i_l (.23171'_1) = d}’id}/i_l (1‘1771—1) = d/17d971 (.23) =0,
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dthat is, d* (x1,i-1) € ker d2"'). But, the row 1{2",0,2,") is exact at first ¢ — 1 terms
by assumption, therefore ker (d?/iil) = im (d,z,’ifz) and 41 (T1,-1) = d>i=2 (w2,i—2) for some
Toi—2 € X272, By induction, we could find some diagonal elements Tsi—s € X553 such that

A7 (2aima) = 4T (Tagrimam)

and zo; = x. Roughly speaking, we rise by the ith diagonal of the bicomplex obtaining these
elements. To finish the proof we just need to go down by the ¢ — 1th diagonal. Namely, note that

d?,‘kl’od%o (xiyo) = d?’ldf;o (1'7;70) = df’ldziilyl (xi,Ll) = 0,

which implies that d}° (xi0) € ker (df,H’O) = {0} and ;0 € ker (df’o). But, first ¢ columns are

exact at first i terms as we have assumed. Therefore z; ¢ = qi—t0 (yi—1,0) for some ;10 € X710,
Further,
i—1, i—1,0 i,0 ,0
dit (%‘4,1 —d " (%4,0)) =d;" (z50) — dii (250) =0,
which implies that z;_1 1 — di 10 (Yi—1,0) = di=*t (yi—2,1) for some y;_o1 € X*~>1. By induction,
we find elements y;_ -1 € X#=Fkk=1 guch that Ti—kk — dikk=1 (Yiek—1) = dik Lk (Yi—k—1.k)-
Then y = yo,i—1 € X%~1 and

B9 (- 850 ) = a5 (s~ 5 () =
=d,t (xl,z'—l —X1,i-1+ dyi? (yl,i—z)) = 0.

Since ker (df”) = {0}, it follows that = = d>" " (y) € im (d?,’i_l), a contradiction. <

Exercise 2. Prove the chain version of the assertion stated in Lemma 2.9. Namely, let (%, O,, a”)
be a nonnegative chain bicomplex such that all its rows are exact at first i—1 terms, H; (%07., Og,,) #+
{0} and the differential D(,J,i - H; (%17., Ol,) — H; (%07., 087.) of the ith vertical homology complex

’

1s trivial, where 1 > 1. Then Hj (%.7m,0.7m) # {0} for some m,k <.

Lemma 2.10. Let (%,0:,0+) be a nonnegative cochain bicomplex such that all its rows (or columns)
are exact at first n terms. Then Tot (X,0/,0/) is exact at first n terms.

Proof. Observing that the assertion is trivial for n = 0, we proceed by induction on n. Take
v = (Trs) € X" = Dppoen X% such that 6"z = 0. Then d>" (z0,,) = 0 and dv"™ " (z1,_1) +
(-=1)" don (zo.n) = 0. Since the first row is exact at X", zq, = don-1 (yo,n—1) for a certain
Yo,n—1 € X%n=1 Moreover,

a ™ (e = (G o)) = (1" (o) — (<1 (g0, 1) =0,

Using the exactness of the second row, we infer 1 ,,—1 — (—1)"_1 ot (Yon—1) = dym—? (Y1,n—2)
for some y; ,—2 € X" 72, By induction, we find some y;; € X**, s+t =mn — 1, such that

Th—k = (—1)"Fgptnk (Yk—1,n—k) + dimkt (Yrn—k—1)
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for all k, 1 < k < n. But, the latter equalities mean that z = §"~! (y), where y = (ys.) € X" 1.
Thus the total complex is exact at X™, and by induction hypothesis, Tot (X,0,,0.) is exact at first
n — 1 terms. <

Exercise 3. Formulate and prove the chain version of the assertion from Lemma 2.10.

Using the same idea on diagonal chase carried out in lemmas 2.9, 2.10, prove the following more
general fact on bicomplexes.

Exercise 4. Let (X,0/,,0+) be a nonnegative (co)chain bicomplex such that first n wvertical (or
horizontal) (co)homology complezes are exact. Then Tot (X,0:,01) is exact at first n terms.

2.8. The inverse closed subalgebras

Let A be a unital associative algebra. The spectrum (in A) of an element ¢ € A is denoted
by spy (a). For A = £(X) and an operator T' € £ (X), we write sp (T) instead of spy (7). A
subalgebra B C A is said to be an inverse closed subalgebra [5, 1.1.4], if any invertible in A
element of B is invertible in B. Thus sp4 (b) = spp (b) for all b € B. One can easily verify that
the inverse closed subalgebras are stable with respect to any intersections, so it makes sense to
define the inverse closed subalgebra R (M) in A generated by a subset M C A. The elements of the
subalgebra R (M) can be interpreted as a set of values of all formal ”rational functions” in variables
M in the algebra A (see [69], [25, Section 2]). Namely, let .S be a set with a mapping 7 : S — A
into the algebra A and let M = im (7). One can define the "rational functions” with the set S of
variables and their actions in A as a collection of formal expressions from R = U, ez, RS » with
the canonical mapping 7@ : Rs» — A, @ (f (S)) = f (M), extending 7, which is inductively defined
by the following way. Let R%Jr be the free algebra (of all polynomials) generated by the set S, and
let RO (M) = {f(M): f(S)e R%Jr} be their values in A by means of 7. If the collection Rg;l
and their images R"~" (M) in A have been defined, then R . is defined as the free algebra (of all
polynomials) generated by Rg;l and all formal expressions f~! (S), f (S) € Rg;rl, for which f (M)
is invertible in A. We set 7 (71 (5)) = f~1 (M) = f (M)~". Thus R (M) = U,¢z, R" (M). If
f(S) € RS, then we say that f (5) has an order n. Note also that if ¢ : A — B is a unital algebra
homomorphism and N = ¢ (M) then Rgr C Rger and € (f (M)) = f(N), f(S) € Rg .

Lemma 2.11. Let S be a set and let w1 : S — A, ¢ : S — B be mappings into algebras A and
B, respectively. If Rsx C Rg and spy (f (7 (5))) = spg (f (s(S))) for all f(S) € Rs,r, then
Rsx=TRs;-

Proof. We proceed by induction on the order of rational functions taken from Rg.. It is
beyond a doubt R%S C Rsx Take f(S5) € R . By its very definition, f(S) = p(®) is a

(free) polynomial taken by a finite set ® = {gL (9),9:1(59):9.(8), 9. (9) € Rgzl } By induction
hypothesis, UZ;& R’g”g C Rs,x. Therefore, one suffices to set that f (S) = g~ (S) for some ¢ (S) €
Rg:l Then ¢ (S) € Rs,» and g (s (S)) is invertible in B. With sp4 (g (7 (S))) =spg (g (s (5))) in
mind, infer that g (7 (9)) is invertible in A, too. The latter in turn implies that g=1 (S) € Rs.r,
that is, f(S) € Rg .4

Now let S and W be sets with a surjective mapping 7 : S — W and let ¢ : W — A be a
mapping into an algebra. We have the mappings <: Ry, — A and 7 : Rg » — A extending ¢ and
m, respectively, where m =¢ - 7.
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Lemma 2.12. There exists a unique mapping T : Rs,» — Rw,c extending T such that < -7 = 7.

Proof. We proceed by induction on the order of rational functions. Note that 7 is uniquely
extended up to an algebra homomorphism 7° : R%Jr — R?M@’ 7 (f(9)) = f(W). Evidently,
S0 =7,

By induction hypothesis, it uniquely defines a mapping 777! : Rg;l — Rrvlv}l such that ¢ -
=1 = 7. Take f~!(S) € Rs, such that f(S) € R%,'. By its very definition, f (7 (9)) is
invertible in A. But, f(7(S)) = 7(f(S)) = ¢! (f(S)), whence g~! (W) € Ry, where

g(W) =7""1(f(5)). We set " (f_1 (S)) =g~ 1 (W). Then

S (THE)) =Sl W) = SV =R )T =R (T (S)).

We have the mapping 7" : Rg;l U ﬁg;l — Ry, where ﬁg;l = {f—l (S): f(S) e Rg;l}
The latter is uniquely extended up to an algebra homomorphism 7" : RS . — Ry, .. Obviously,

ST =T.<4

Now let g be a finite-dimensional Lie algebra. The lower central series of g is defined as a
sequences of the Lie ideals g, i € N, where g() = g, g(9 = [g, g(ifl)] for i > 1. A Lie algebra g is
said to be a nilpotent if g} = {0} for a certain k. If g*+1) = {0} and g(®) # {0} then k is called
the nilpotent step of g. In particular, a Lie algebra with the nilpotent step 1 is a commutative
Lie algebra and a non-commutative Lie algebra g has the nilpotent step 2, iff [g,[g, g]] = {0}. A
nilpotent Lie algebra g is said to be a Heisenberg algebra if dim ([g,g]) = 1, in particular, g has
the nilpotent step 2. A simple example of a Heisenberg algebra is the Lie algebra with the basis
e1, ez, e3 and relations [e, es] = e3 and [e;, e3] = 0 for all i. Finally, a Lie algebra g is said to be
a solvable if D¥ (g) = {0} for a certain k, where D' (g) = g and D’ (g) = [D'~! (g), D"~ (g)] for
i > 1. Note that a nilpotent Lie algebra is automatically solvable one, for D’ (g) C g, ieN.
A simple example of a solvable Lie algebra which is not nilpotent is 2-dimensional Lie algebra
g = Cey @ Ceg such that [e1, ea] = ea.

Let g be a finite-dimensional solvable (resp., nilpotent) Lie algebra. There exists a basis e =
(e1,...,en) in g such that the adjoint representation of g is reduced to the (resp., strictly) upper
triangular form with respect to e due to Engel and Lie theorems [6, 1.4.2, 1.5.3] In particular,
¢y = 0if k < max{i,j} (resp., k < max {i, j}), where cf; are structure constants of g calculated
by e. We call e a (resp., strongly) triangular basis in g. The space of all Lie characters of a Lie
algebra g is denoted by A (g), that is,

A(g) = {/\ €g": A (9(2)) = {0}} :

The universal enveloping algebra of a Lie algebra g is denoted by U (g), which is a locally convex
algebra equipped with the finest locally convex topology. The character space Specl (g) is iden-
tified with A (g), that is, each Lie character A € A (g) has unique extension up to a character on
U (g) denoted by A also. By Poincare-Birkhoff-Witt theorem (see [6, 1.2.7], [8, Ch. 2, item 2.1]),
the subset M, = {e’ : J € Z} CU(g) (here e/ = €]’ ---er) of all ordered monomials taken by
any basis e = (e1,...,e,) in g, is an algebraic basis in U (g).

The following key lemma was proved by Yu. V. Turovskii [68], [70].

Lemma 2.13. Let B € BA and let g be its finite-dimensional nilpotent (resp., solvable) Lie
subalgebra such that the inverse closed (resp., associative) subalgebra R (g) C B (resp., RY (g) C B)
generated by g is dense in B. Then B is commutative modulo its Jacobson radical Rad B.
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Now let A € BA and let g be its finite-dimensional nilpotent Lie subalgebra. The closed
associative hull B(= R%(g)) of g in A is a commutative algebra modulo its Jacobson radical
Rad B by virtue of by Turovskii lemma 2.13. Therefore Rad B is the set of all quasinilpotent
elements in B, and it is the (left or right) closed ideal generated by the Lie ideal [g, g].

2.9. The joint spectral radius

One of the main tools of our investigations is the joint spectral radius technique. More deep
exposition of this technique has been presented in the paper [61], we refer the reader to this paper
for details.

Let A€ BA andlet M C A. Weset M™ = {a1---a, : a; € M}, n € N. The union | J,, .y M" is
the multiplicative semigroup generated by M in A, denoted by SG (M). For a bounded set M we
set |M]|| =sup{|lall : a € M} and p (M) = lim, HM"HI/n The number p (M) is called the (joint)
spectral radius of a bounded set M [60]. Note that the limit lim,, || M ”Hl/ " exists and it equals to
inf {|| M7/ e N},

Exercise 5. Let A € BA and let M C A be a bounded subset. If p(M) < 1 then SG (M) is
bounded in A, that is, ||SG (M)| < oo.

The following properties of the joint spectral radius can be easily verified:
(1) p(M) < [M];
(2) p(AM) = A p (M), A€ €
(3) p(N) < p(M) for N C M;
(4) p(M) = p (M), where M is the norm-closure;
(5) p(MN) = p(NM) for any bounded M, N C A.

Let NV (A) be a set of all algebraic norms on A which are equivalent to the original norm on A.
It is proved [60] that p (M) = inf {q (M) : ¢ € N'(A)}. The absolutely convex hull in A of a subset
M C A is denoted by abc (M), by definition abc (M) consists of all finite absolutely convex linear
combinations Y. ; Nia; € A, >, [Ni] < 1.

Exercise 6. Let ¢ € N (A). Prove that q(abc(M)) = q (M) for a bounded subset M C A. In
particular, p (abc (M)) = p (M).

Now let A € BA. We write [a, b] instead of ab — ba for all a,b € A. If M and N are subsets in
A then we write [M, N] instead of {[a,b] : a € M,b € N}. The following lemma was suggested in
[61].

Lemma 2.14. Let M and N be bounded subsets in a Banach algebra A. If [M,N] = {0} then
p(M+N)<p(M)+p(N).

Proof. Take Ay > p(M) and Ay > p(N). Then [|[M™| < pA} and |[N"|| < pAy, n € N, for a
certain p € Ry. Note that (M 4+ N)" C >0, (Zl(i)l M’“N"—k), for [M, N] = {0}. Therefore,

n (%) n
O NP 3D v < 32 () = o o
k=0 i=1 k=0

whence p (M + N) < A1 + A2 and therefore p (M + N) < p(M) + p(N).«

Let again A € BA. Consider the left (resp., right) representation L : A — B(A), a — L,
(resp.,, R: A — B(A), a— R,). One can easily verify that ||Ly| < ||a| (resp., ||Rall < ||lal|). For
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a subset M C A we set Ly, = {Lg:a € M} (resp., Ry = {Rq:a € M}). Then || Ly < [|M||
(resp., ||Ru|| < ||M]]). Moreover, LyyLy = Lyn and Ry Ry = Ry . In particular, L7, = Ly
and R}, = Rym, n € N. The latter in turn implies that p (Las) < p (M) for a bounded subset
M C A.

3. Slodkowski spectra

In this section we introduce Slodkowski spectra of parametrized Banach space complexes. We
prove that these spectra are stable under taking functors £ (Y,0) (Y € Proj), L (o,C), o®Y
(Y € Flat) and ultrapowers og.

Let © be a topological space and let X = {X,, : n € Z} be a family of Banach spaces. Assume
that there exists a family of continuous mappings @ = {d, : n € Z}, dp, : Q@ = L(Xp+1, X»n), such
that (X,0 (X)) (with 9 (A) = {d, (\)}) is a chain Banach space complex

dn 1) g dn )

e — Xy Xy — Xpg1 — -+, (3.1)

for each A € Q. The family of Banach space complexes (X,0()\)), A € Q, is called a parametrized
chain Banach space complex or briefly chain Q-Banach complex and it is denoted by (X,0). If
(%,9(N)) is a cochain complex for each A € Q then (X,9) is said to be a parametrized cochain
Banach space complez or cochain Q-Banach complex. A morphism f : (¥£,0) — (2),0’) of (co)chain
)-Banach complexes is defined as a family of continuous mappings f ={f, :n € Z}, f, : Q@ —

L(X,,Y,), such that f(\) = {fu (N} : (X0 (V) = (9,0 ())) is a morphism in BS (BS) for
each \ € Q. Using functors £ (Y,0), £ (0,Y), o®Y, and oy, we can associate the new Q-Banach
complexes from the original Q-Banach complex (%,9). In particular, £((X,0),C) = (X*,0%),
where (X*,0%) = {(X*,0()\)") : A € Q} is the dual parametrized complex of (X,).

A parametrized (co)chain Banach space bicomplex is defined as a bicomplex (%,0,,0”) (see
Subsection 2.6) such that all its rows (Z{n,., D;’.) are {)-Banach complexes, columns (Z{.ﬁm, D/.m)
are A-Banach complexes, and (%,0' (A),0" (u)) is a Banach space bicomplex for all A € 2 and

u € A. In this case we say that (f{, 0, 0”) is a 2 x A-Banach bicomplex.

Let (%X,0) be a (co)chain parametrized Banach space complex,
o (X,0)={ e Q: H,(X,0) #{0}},
and X" (X,0) ={A € Q: H" (X,0) # {0}} if (X,90) is a cochain complex, n € Z. We set

o5 (X,0) = | =k (X,0),

k<n

Oen (3,0)=q A€ N € U Yk (%,0) or im (d,—1 (\)) is not closed
k>n

Similarly, we have

aTM (X)) =4 AeN:Ae U ¥ (%,0) or im (d" ()\)) is not closed p ,
k<n



A survey of spectra 21

whenever (X,9) is a cochain complex. One can easily verify that o%" (X,0) = 05, (X,0) and
Onm (X,0) =0™" (%,5), n € 7.

Definition 3.1. The set-valued functions o5, Oxn (057, ™), n € Z, defined on the class of
all parametrized (co)chain Banach space complexzes are called Slodkowski spectra. The set

71 (X,0) = 05,00 (X,0) = 0 oo (X,0) = | T (X,0),
nez

(or oy (X,0) = 0™ (X,0) = 0% (X,0) = U,z 2" (X,0) for the cochain complex (X,9)) is
called Taylor spectrum of (X,0). We set & = 6. UG, where 6. = S5 UG, (6=6°U67),
G5 = {osn:n € ZU{oc}}, & = {onn:n€{—00}UZ} (&° = {0®":n € {—c0}UZ}, 6™ =
{o™":n € ZU{c0}}).

In the sequel, the implication ¢ € & indicates that we have taken in a Slodkowski spectrum if
the latter will not specially be indicated. Moreover, it is convenient to introduce the conjugate to
o spectrum T by setting @ = 0%* (resp., & = 0™*) if 0 = o5 (vesp., 0 = 0r 1) and vice-verse,
and also the dual to o spectrum o* by setting 0* = ¢%F (resp., o* = o™F) if ¢ = oxk (resp.,
o = os) and vice-verse. For a subset S C & we write S = {T:0 € S} and S* = {¢*: 0 € S}.
Thus &5 = &°, G, = 6™, & = &5, 6™ = &, and &} = 6™, &% = &°, &% = G,, 6™ = &;.
In particular, we have the following identities

o (X,0)=0(%,0), o(X,0)=75(X),
for all o € &. Note also that * = o* for all o € G.

Lemma 3.1. Let (%,0) be a (co)chain Q-Banach complex. Then
(7') En (X*aa*) g En—l (xaa) U Zn (x7a) (Tesp., En (X*aa*) g Zn (xva) U 2n+1 (xva))7
(ii) X, (X,0) C X" (X*,0%) U™ (X*,0%) (resp., X" (X,0) C X1 (X*,0%) U D, (X*,0%)).

Proof. It X ¢ 3,1 (X,0)UX, (X,0), then the complex (X, 0 ()\)) is exact at terms X,,_; and X,.
By Theorem 2.1 (i), the dual complex (X*,0 (X\)") is exact at the term X7, that is, A ¢ X" (X*,0%).

Let us prove (i7). Assume that A ¢ X" (X*,0*) U X"*!(X*,0*). Then the dual complex
(X*,0(N)") is exact at terms X and X7, ;. By Theorem 2.1 (ii), (iii), (X,d(})) is exact at the
term X, that is, A ¢ 3, (X,0).4

Theorem 3.1. Let (X,0) be a Q-Banach complex. Then o (X*,0%) = o* (X,0) for all o € &.

Proof. Tt suffices to prove the equality for o € &5 and o € &™. Indeed, being proved that we
use the conjugate functor to calculate other Slodkowski spectra of the dual complex. For instance,
if (%,9) is a chain Q-Banach complex and o € &, then 7 € 6™ and

o(20) =7 (£3) =7 (X .7) =5 (F,7) = (F,7) =" (x",0").

By analogy, the same is valid for a spectrum o € &% and a cochain complex (¥,9).

Now let (X,9) be a chain Q-Banach complex and let 0 = 05, € G5. Then J, ., TF (X*,0*) C
Uk<n2k (X,0) by Lemma 3.1 (i). Moreover, if im (d, (A)*) is not closed then so is im (dn, (X)),
and therefore A € ¥, (X,9). Thus o™" (X*,0*) C 05, (X,9). Conversely, if A ¢ o™™ (X*,0%),
then im (d, (A\)*) is closed and A ¢ ., ¥ (X*,0%). By Theorem 2.1 (iii), A ¢ ¥, (X,0). Using
Lemma 3.1 (i4), we obtain that ¥, (¥,0) C XF (X*,0*)uXk+! (X*,0*) for all k, k < n. Thereupon,
A Upen 2k (X,0) = 05,5 (X,0). Thus o5, (X,0) = 0™ (X*,0%).



22 Anar Dosi

Now we assume that (X,0) is a cochain Q-Banach complex and ¢ = ¢™" € G&™. Take A ¢
o™ (X,0). Then A ¢ U<, Y (X,0) and im (d" (\)) is closed. By Lemma 3.1 (i),

U Yk (36*,0*) - U o (36,0),

k<n—1 k<n

whence A ¢ |U,.<,,_1 2k (X*,09%). Taking into account that o5, (X*,0") = (J,<,, Xk (X*,0%), we
need only to prove that A ¢ ¥, (X*,0*). But, bearing in mind that A\ ¢ X" (X,0) and im (d" (X))
is closed, we conclude that A ¢ 3, (X*,9*) by virtue of Theorem 2.1 (i). Thus o5, (X*,0%) C
o™ (X,9). Conversely, let A ¢ o5, (X*,0%) = Up<,, X (X*,0*). By Lemma 3.1 (i%),

U@ c | m@o,

k<n k<n

whence A ¢ [, X% (X,0). Moreover, im (d" ()\)) is closed out of that A\ ¢ X, (X*,0%) (see

Theorem 2.1 (i7)). Thus A ¢ o, (X*,0%).«

Theorem 3.2. Let (X,0) be a chain Q-Banach complex and let Y € BS. Then o(X%,9) C
o (LY, (X, 0))) forallo € &.. Moreover, o (X,0) =0 (L(Y,(%,0))) whenever Y € Proj.

Proof. Take A\ € o (X,0). By Lemma 2.3, there exist bounded sequences {z,} C Xj and
{x},} € X} such that lim,, dx_1 (\) 2, = 0, lim,, d, (\)" 2}, = 0, 2, (x,,) = 1, for some k. Take 2’ €
Y*, ||#’|| =1, and z € Y such that 2/ (x) = 1. Consider bounded sequences {2’ ® z,,} C L (Y, Xk)
and {F,} C L(Y,Xy)", where F, (u) = u* (z],) x. Note that lim, Lq, ,n2' ® 2, = lim, 2’ @
de—1 (A) zn = 0 and Ly Fn (u) = Fy - Ly, (u) = u* (de (N)" 2,) (y) for all u € L (Y, Xpi1).
Then lim, L} \Fn = 0. Appealing Lemma 2.3 again, we infer that A € o (L(Y,(%,0))).

Now let Y € Proj and let 0 = o, € &, for a certain n. Take A ¢ o (X,9). Thus the
complex (X,0) is exact at all members k, k& > n, and im (d,,—1 (A)) is closed. Then £ (Y, (%,0))
is also exact at all members k, k > n and im (L4, ,(»)) € £(Y,im(dy—1()))). Moreover, if
u € L(Y,im (d,—1 (A\))) then there exists v € L (Y, X,,) such that d,—; (A) - v = u, owing to
Y € Proj (see Subsection 2.5). The latter means that Ly, ,(nv = u, that is, im (Lg, () =
L(Y,im (dyp—1 (X)) and im (Lg, ,(x)) is closed. Therefore, A ¢ o, (£ (Y, (X,0))). Thus o (X,0) =
o (L(Y,(X,0))) for all o0 € &.

The same argument could be applied for the spectra o € G5.4

Exercise 7. Let (X,0) be a chain Q-Banach complex and let Y € BS. Using the same idea carried
out in the proof of Theorem 3.2, prove that o (X,0) C o ((%,D) @Y) for all 0 € &., moreover, the
latter inclusion becomes the equality whenever Y € Flat (see Subsection 2.5). What about the
same type relations with respect to the functor L(o,Y)? WhenY = C the assertion was proved in
Theorem 3.1.

Proposition 3.1. Let (X,0) be a nonnegative chain Q-Banach complex and let ™™ (X,0) be its
m-type Slodkowski spectrum. Then c™" (X,0) is closed for all n € Z .

Proof. Take X\g ¢ o™ (%,0). Then im (d*~*(X\g)) = ker(d®(\o)) for all s, 1 < s < n,
and the image im (d" (Ag)) is closed. Fix constants c¢s such that c¢s > ic(d® (o)), 1 < s < n.
Using continuity of 0, we infer that there exists an open neighborhood U in £ of \g such that
gs = [|[d* (N) —d® (M\o)|| < 2757 2¢; ! for all A € U. Demonstrate that U N o™" (X,0) = @. Take
A € U. Note that
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By Lemma 2.4, im (d*~* (X)) = ker (d* (\)) for all s, 1 < s < n, and im (d" ()\)) is closed. Thereby,
A¢o™™(X,0).4
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Now we investigate stability property of spectra with respect to the ultrapower functor (see
Subsection 2.2).

Lemma 3.2. Let (X,0) be a (co)chain Q-Banach complex and let 34 be an ultrafilter. Then
Onm (Xy,0y) = Ukz" Sk (Xy,04) forall op p € 6.

Proof. By Definition 3.1, Uk>n Sk (Xy,04) C Onm (X4, 04). Let X\ ¢ Xy (X, 0y) for all k,
k > n. To prove that A ¢ o, (Xy,0y) one needs to establish the closedness of the image
im (d,,—1 (A)). Note that ker (dn—1 (A)y) = im(d, (A)), therefore im (d, (A),) is closed. Then
im (d,, (A)) is closed too and

im (d,, (\)) = X, Nim (d,, (N)y) = X5, Nker (dn—1 (X)) = ker (dp—1 (X)),
by virtue of Lemma 2.2. It follows that
ker (dy,—1 (N))y = im (dn (X)) = im (dy, (A)g) = ker (dn—1 (X)) -

Appealing Lemma 2.2 once more, we conclude that im (d,,—1 (A),) is closed.
The cochain version of the assertion we left to the reader.«

Theorem 3.3. Let (X,9) be a (co)chain Q-Banach complex and let U be an ultrafilter in a set S.
Then o (X,9) = 0 (Xy,0y) for all 0 € G.

Proof. First, assume that (X,0) is a chain complex. Let us prove that X (X,0) C Xk (X, 0y)-
Take A € ¥j (X,9). If im (d (A)) is not closed then so is im (dj, (A),) by Lemma 2.2, therefore
A € Xg (Xy,0y). Let us assume that im (dg, (A)) is closed. Take x € ker (dx—1 (X)) \ im (dg (A)). By
Lemma 2.2, X Nim (dy (A)y) = im (dg (A)), therefore x ¢ im (di (\)y). But, x € ker (dr—1 (N))g
and ker (dp—1 (N))y € ker (dr—1(N)y). It follows that A € ¥y (Xy,0y). Thus we deduce that
5 (X,0) = Up<y, Zk (X,0) C 05,0 (X4, 04) and o7, (X,0) C 00 (Xy(, 050)-

Conversely, let us prove that

Y (Xy,09) C{A € Q:im (di—1 () is not closed} U3y (X,0) C i1 (X,0) UX, (X,0). (3.2)

Take A € ¥y, (Xy,0y). By Lemma 2.2, we could assume that the images im (dip—1 (A\),), im (di (A))
are closed. Further, ker (dr—1 (X)) = ker (di—1 (A)y), im (di (X)) = im (di (N),() by virtue Lemma
2.2. Take [x,] € ker (dr—1 (N)y) \im (di (X)), where x, € ker (di—1 (X)). Then, x,, ¢ im (di ()))
for some sg € S, whence x5, € ker (di—1 (A)) \im (d, (A)) and therefore A € 3, (%(,0).

In particular,

o5 (X, 00) = | ke (Xu,00) © | Tk (2,0) = 050 (X,0),
k<n k<n
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that is, 055 (Xg, 0y) = 05,0 (X,0).

Finally, take A € oz, (¥4,0y). Using Lemma 3.2, we infer that A € ¥j (X, 0y) for some k,
k > n. It follows that A € 3 (%X,0) or im (dx—1 (X)) is not closed due to (3.2). The latter merely
means that A € o, , (X,0), that is, o5, (X4, 04) = 05,0 (X,0).

For a cochain complex (¥,9) we apply the conjugate functor. Namely, if o € &% U &™ then
0 (%,0) =7 (X,0) =7 (Xy,0y) =7 (Xu,0u) = 0 (X, 0u)-«

Corollary 3.1. If 0 + (X,0) &L (9,0)) <& (3,0") « 0 is a short ezact sequence of (co)chain
Q-Banach complezes then o (),0) C o (X,0)Uoc (3,0”) for allo € &.

Proof. Take A € 0(9,?'). Using Theorem 3.3 and Lemma 3.2, one can assume that A €

i (D, 0l,) for some 7, i € Z. Then H; (Y, 0, (\)) # {0}. Note that 0+ X, 2%y, 2% 7,

0, u € Q, is a Q-Banach complex with the empty Taylor spectrum for each n € Z. It follows that
so its ultrapower on the ground of Theorem 3.3. The latter merely means that the following short
sequence of complexes

0 (X000 () ¥ (D, 0 () H2* (3,0 (V) 0,
is exact for all p € Q. It remains to use the long exact sequence of (co)homologies
e Hi (X, 00 (V) < Hi (D, 04 (V) = Hy (3,0 (V) = Higr (X, 00 (V) <=+,

induced by the short exact sequence for p = A. Then H; (X, 0y (N)) # {0} or H; (34,04 (N)) #
{0}.«

4. Projection property

In this section, we investigate the projection property of Slodkowski spectra.
First, let us introduce the following definition played important role for Slodkowski spectra of
infinite-parametrized Banach space complexes.

Definition 4.1. Let (X,0) be a chain Q-Banach complex. We say that (X,0) is w-stable (resp.,

d-stable) if N,z Upsn 2k (X,0) = @ (resp., ez Upen 2k (X,0) = @). If (X,0) is a cochain
Q-Banach complex then it is said to be m-stable (resp., d-stable) if so is the chain complex (X,0).

It is clear that a chain complex (X,0) is 7-stable (resp., d-stable) iff () ., 0rn (X,0) = ©
(resp., (,ez 6,n (X,0) = ©@). By analogy, a cochain complex (X,0) is 7m-stable (resp., 0-stable) iff
nneZ o™ (%, D) =0 (resp., nneZ oo (xa 0) = ®)

Lemma 4.1. Let (X,0) be a chain Q-Banach complex. Then
(i) (X,0) is m-stable (resp., d-stable) iff (X*,0%) is §-stable (resp., w-stable);
(ii) (%,9) is w-stable (resp., d-stable) iff so is its ultrapower (X, y).

Proof. The first assertion follows from Theorem 3.1, and the second one from Theorem 3.3.«

Note that if a chain 2-Banach complex (X,0) is vanishing to the right (resp., left), that is,
X, = {0}, k > n (resp., k < n) for some n, then (X,0) is automatically m-stable (resp., é-stable).
In particular, a finite parametrized Banach space complex is 7-stable and J-stable, simultaneously.

Now let (X,0) be a chain Q-Banach complex and let 8 = {8, € B(X,)} be a bounded endo-
morphism of (X,0) (dn (\) Bn = Bn_1dn (A\), A € Q, n € Z). We set —pu = {fn —p e B(X,)}
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whenever 1 € C, and the spectrum sp (8) of 8 is assumed to equal to the union of the ordinary
spectra sp (8,). It beyond a doubt 8 — p is an endomorphism of (X,0) for all u. The Q-Banach
complex

COH((:{,U),B—/L) = {COH((:{,U),B—M),)\EQ},

is called a cone of the endomorphism 5 — p. If Q is a sole point then the latter is none other than
the cone of a Banach space complex (see Subsection 2.4). The family of Banach space complexes
Con ((X,0), 8 — p) (for the differential we use notation , (A, u)), (A, p) € QxC, is a Q x C-Banach
complex (where © x C furnished with the product topology) and it is denoted by Cong (%,0).

Lemma 4.2. Let us assume that A € ¥, (X,0) and im (dy, (A\)) is closed. There exists pu € C such
that A € £, (Con ((%,0),5 — ) orim (yn—1 (A, 1)) is not closed.

Proof. Let Y, = X,,/im (d, (X)) and T}, € L (Yy, Xri1), Tnx™ = dp—1 (A) . Then ker (T},) # 0
and 8,171, = T,fB;, where B> € B(Y,), 87z~ = (B,z)”. Thus the kernel ker (T},) is invariant
under the operator §,’. By using nonvoidness of the approximate point spectrum o2P (3,) of the
operator f;’, we see that there exist u € C and a sequence {z3'} C ker(7},,), ||z7]| = 1, such
that limy (8 — p) zy’ = 0. One can find a sequence {yx} C Xp41 such that limy (8, — p) zx +
dn, (N) yr = 0. A direct computation shows that

Y1 (A 1) (Y, Tk) = (dn (N) yi + (Bn — 1) Tk, —dn—1 (A) k) = (dn (A) Y& + (Bn — p1) %, 0) — 0,

whenever k — co. If A ¢ X, (Con ((%X,9),5 — u)) then ker (y,—1 (A, 1)) = im (v, (A, p)) and the
norm 7 = || (yx, 2x)" || of (yk, 2k)” € Xpg1 @ Xy /im (7, (A, p)) is estimated below:

ry = inf (ks 28) + (dnr (V) 2+ (Brr = ) w, —dn N w)]| >
(z,w)EXn 2@ Xnt1
> dnf = dy (] = e = 1.

Thus, inf {ry : £ € N} > 1 and limg ¥,—1 (A, ) (Y, x1) = 0, whence the image of the operator
Xn—i—l S Xn/ ker (f)/n—l (Av ,u)) — Xn S Xn—l;

induced by 7y,—1 (A, 1) is not closed, thereby so is the image of v,—1 (A, 11).«

Theorem 4.1. Let (X,0) be a (co)chain Q-Banach complex, 5 a bounded endomorphism of (X,0)

and let 11 : Q x C — &£ is the canonical projection. If (X,0) is m-stable (resp., 6-stable) then
o (%X,0) =1 (0 (Cong (X,0))) for all 0 € &, (resp., 0 € &;).

Proof. First, let us assume that (X, ) is a chain >-Banach complex, 0 = o, € &, and let U be
an ultrafilter. By Lemma 2.6, Cong (X,0), = Cong, (Xy,0y) to within an isomorphism of Q x C-
Banach complexes. Using Theorem 3.3, infer o (Cong (%,0)) = o (Cong,, (X, 0y)). Moreover,

o (Cong, (Xy,0y4)) = U Yk (Cong, (Xg,04)),
k>n

by virtue of Lemma 3.2. Take (A, u) € X (Cong, (Xy,0y)) for some k, k > n. Then \ €
Yk (Con ((Xy,04), By — 1)). By Lemma 2.5

Yk (COH ((:{u, Uu) , By — M)) C Y (xu, Uu) UXkt+1 (:{u, Uu) .

Therefore X\ € s, 2k (X,04) € 0 (Xy,0y). By using Theorem 3.3 again, we obtain that
A € 0 (X,0). Thus II (o (Cong (X,0))) C o (X,0).
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Conversely, take A € o (%,9). By Lemma 4.1 (47), and Definition 4.1, A ¢ o ¢ (X, dy) for some
t, t > n. Moreover, by Theorem 3.3 and Lemma 3.2

o (36,0) =0 (:fu,au) = U Yk (%u,au),
k>n
and o ¢ (X, 04) = Upsy 2k (X4,04). Let s, n < s < ¢, be the greatest number such that
A € X (Xy, 0y). Then im (ds (X)) is closed. Indeed, if im (ds (X)) is not closed then by Definition
3.1, A € 07 541 (Xy,0y) and, by Lemma 3.2, X € J> 41 Xk (Xu,0u), which contradicts to the
choice of the number s. Now, we use Lemma 4.2, there exists u € C such that

(A 1) € o5 (Congy (X, 04)) € o (Cong, (Xu,0y))-

By Lemma 2.6 and Theorem 3.3, o (Cong, (Xy,9y)) = 0 (Cong (X,9)), so (A, 1) € o (Cong (X,9)).
Thus the assertion has been proven for all spectra o € &, if (X,0) is a chain 7-stable. If (X,0) is
a cochain 2-Banach complex then

o (%,0) =7 (X,2) = I1 (7 (Cong (X,2))) = I (5 (conﬁ (%, a))) = II (0 (Cong (%,0))),

by virtue of Proposition 2.2.
Now let us assume that (X,0) is a chain d-stable complex and o = 05, € 5. Using Lemma
4.1 (i), Theorem 3.1 and the assertion from Exercise 1, we deduce that

o(X,0) =0" (X%,0%) =11 (0" (Cong~ (X*,0%))) =11 (U* (Cong (%,0))*) =1II (o (Cong (%X,9))),

thus the assertion has been proven. <

5. Spectral mapping properties

In this section we present cochain version of the spectral mapping properties for mw-type Slod-
kowski spectra. As we will see below our approach strongly depends on the ultrapower functor.
We have noted above (Theorem 3.1) that J-type Slodkowski spectra of chain complexes are re-
duced to the m-type spectra of its dual complex. That would allow us to formulate the relevant
assertions for J-type spectra. But, it is well known that ultrapower functor and the dual functor
are not compatible (see Proposition 2.1). Therefore we present d-type spectra in the applications
of suggested in this section scheme to the spectral theory of Banach Lie algebra representations.

Let (X,9) and (2),9) be nonnegative (co)chain parametrized Banach space complexes such
that both complexes have the same first term X = Xo = Yy (X = X° = Y?) and let Q and A
be their space of parameters, respectively. We say that these complexes are §-spectrally connected

if there exists nonnegative cochain Q x A-Banach bicomplex (3,0’,9”) such (307.,08’,) = (%,9),
(3.70,01,!0) =(9,0) and o (3n7.,a;;’,) Co(X,0),0 (3.7m,0’,’m) C o (,9) for all o € &5, and n,
m € N. By analogy, we say that these complexes are m-spectrally connected if (30”, 09/') = (X,0),
(3”0,07’0) = (9,9) and

o (3””,07}") Co(X,0, o(3>™ ™) Co(V,0), ceb™,

for a nonnegative cochain ) x A-Banach bicomplex (3,0,,0~). Thus (3,9 (A),?” (u)) is a non-
negative Banach space bicomplex with the base space X for each (A, u) € © x A. Their total
complexes Tot (3,0 (N),0” (u)), (A, 1) € Q x A, define Q x A-Banach complex Tot (3,0',9”) and
let o (3,0',0”) denotes Slodkowski spectrum of the latter complex.
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Proposition 5.1. Let (X,0) and (2),5) be a m-spectrally connected cochain complexes and let
o € 6. Then o(3,0,0/) C o(X,0) X 0(2),5) for a parametrized Banach space bicomplex
(3,0/,01) connecting (X,9) and (2),9).

Proof. Let i be an ultrafilter. Undoubtedly, the ultrapower (3,0,,0/) (= (35, 05,015()) is a
parametrized Banach space bicomplex connecting (X, 9y) and (‘Qu,ﬁu). Using Theorem 3.3 and
Lemma 3.2, we infer

0(3,0,91) =0 (Tot (3,9,,0+)) = o (Tot (3,0/,0/)) = o (Tot (35,0151, 0v51)) = 0 (31, Vg1, Orrst)

and o (g, 03, 075) = Up<p ¥ (Tot (3y(, 051, 0r5)). Now take (A, ) € o (3,0,,01). If X & o (X,0)
then A ¢ U<, $F (Xy,0y). Since complexes (Xy,dy) and (g, dy) are m-spectrally connected,

it follows that A\ ¢ (<, Ek( ZL",OTJ) for all m € Z,. Thus all rows of the bicomplex

(31,07 (N) g, 0 (1)) are exact at first n terms, whence Tot (35,07 (A) g, 0 (1)) is exact at first
n terms by virtue of Lemma 2.10. The latter means that (A, 1) ¢ Uy<,, 3 (Tot (35, 041, 0g()), or
(X, 1) & o (3,0/,01), a contradiction. The same argument with columns of the bicomplex amounts

pea(D,0).<

Exercise 8. Prove the chain version of the assertion from above Proposition 5.1. Namely, let (X,0)
and (2),5) be a d-spectrally connected chain complexes. Then o (3,0/,0+) C o (X,0) X0 (2),5) for
a parametrized bicomplex (3,0:,0+) connecting (X,0) and (2),5), o € G5 (use Exercise 3).

Let us introduce the following key notions of the m-spectral mapping properties.

Definition 5.1. Let (%X,0) and (2),5) be m-spectrally connected complexes parametrized on the
topological spaces Q@ and A, respectively, and let (3,0,,0+) be a Q x A-bicomplex connecting these
complezes. By m-spectral mapping with respect to (3,0/,0+) we mean a continuous map f: Q — A
such that

1) all vertical cohomology complexes

D)™ ( D™ (u
0= H™ (X0 () oy g (3" e (/\)) ) g (3"+1v°, ntle (,\)) e,

of the bicomplex (3,0 (X),0~ (1)) are exact whenever p # f (A\);
2:) DY (f (\)) = 0 whenever the cohomology space H™ (X, (X)) is Hausdorff.
If just the condition 2, ) is satisfied then we say that f is w-prespectral mapping.

Let us prove the forward and backward spectral mapping theorems of m-spectrally connected
complexes.

Theorem 5.1. Let (X,0) and (2),5) be a cochain complexes parametrized on Q) and A, respectively,
U an ultrafilter, and let o € &™. If (Xy,0y) and (2),5) are m-spectrally connected and f: Q) — A
is w-prespectral mapping then f (o (X,0)) Co (2),5).

Proof. Let (3,0/,0+) be a  x A-bicomplex connecting (Xg, 0y) and (2),5), and let 0 = ¢™".
Take A € 0 (X,0) and let 4 = f (\). By Theorem 3.3 and Lemma 3.2,
o (X,0) = 0 (Xu,00) = | J = (Xu,0u).

k<n

Choose the lowest 4, such that A\ € X¢ (Xy,0g). One should note that such possibility is allowed
by the m-stability of the cochain complex (¥,0) (see Definition 4.1 and Lemma 4.1). Actually,
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herein ¥F (Xy(,0y) = @ for all negative k. Further, A ¢ o™ ~!(Xy,0y), in contrary case A\ €
ngi_l ¥F (X4, 0y) by virtue of Lemma 3.2. Since (Xg,0y) and (2),5) are m-spectrally connected

complexes (by means of (3,0/,0)), it follows that o™~1 (3””,0?") C o™i (Xy,0y) for all n.

Thus all rows of (3,0/,0/) are exact at first i — 1 terms and H® (Xy(, 0g ()\)) is a nontrivial Banach
space. Moreover, the differential

DYt (1) : H (Xy, 04 (\)) — H (31’.3'1/.) )

of the i-th vertical cohomology complex is trivial by Definition 5.1. Then H* (3*™,07"™) # {0}
for some m < i and k < 4, by virtue of Lemma 2.9. The latter means that u € o (3'”"‘, Of’m). But
o (3°™,07™) C o (,d), therefore p € 0 (2,0).«

Theorem 5.2. Let (X,0) and (2), 5) be a m-spectrally connected Banach space complexes parametrized
on Q and A, respectively, f : Q — A a w-spectral mapping with respect to a Q x A-bicomplex
(3,0/,0) connecting (X,0) and (9,9), and let 0 € &™. If 0(9,0) = Ha(c(3,0/,0r)) then
o (9,0) C f(o(X,0)), where Iy : Q x A — A is the canonical projection.

Proof. Take p € 0(2),9). By assumption, (\,p) € o (3,9,0/) for some A € Q. Then
A € 0 (X,0) by virtue of Proposition 5.1. If f () # u then all vertical cohomology complexes of
the bicomplex (3,0, (A),0~ (u)) are exact by Definition 5.1. Then Tot (3,0, (A),0~ (u)) is an exact
complex (see Exercise 4). But the latter means that (A, u) ¢ oy (3,0/,0~). In particular, (A, p) ¢
o (3,0/,0), a contradiction. Therefore, = f (X) € f (0 (X,0)). Thus 0 (2),9) C f (0 (X,0)).«

6. Ultraspectra of Banach Lie algebra representations

In this section, we consider a particular case of parametrized Banach space complexes. Namely,
we focus on a fixed Banach module over a Banach Lie algebra, which generates Banach space
complex parametrized at the character space of the Lie algebra. We investigate nonvoidness of
spectra of this parametrized Banach complex.

A normed Lie algebra (resp., Banach Lie (shortly, B-L) algebra) E is a normed (resp., Banach)
space and a Lie algebra with the continuous Lie brackets [-,-] : E x E — E, (a,b) — [a,b]. A
Banach module over a B-L algebra E (shortly, a Banach E-module) is a Banach space X with
a bounded Lie representation o : E — B (X). To indicate the Lie representation, we shortly say
that the pair (X, a) is a Banach E-module. A functional A € E* is said to be a Lie character of
E,if \([E, E]) = 0. The space of all Lie characters (equipped with the *-weak topology) of a B-L
algebra E is denoted by A (E) (C E*). The dual module to X is defined as the pair (X*, o*),
where a* 1 E? — B(X*), a* (a) = a(a)” is the dual Lie representation. A Banach E-module
(X, a) generates the following chain Banach space complex

C.(Oc):()(—X<d—0X<§E<i---({1—71X&x\)/\"E<ﬂ...7

with the differential

n+1
d"(z®a)= Z (D) a(a)r @+ Z () 2 @ [ai, a4 AR
i—1 i<j

where ¢ = a1 A ... A any1 € A"TIE. If dim (E) < oo then the latter complex is known as the
Koszul complex of the E-module X and it denoted by Kos (X, ). The E-module (X, o) generates
also cochain complex
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. d° d a7t dn
C*(): 0 X=C(E,X)=- = C"(E,X) = -,

with the differential

n+1 ] o
d"w (a) = Z (D" a(a)w(a;) + Z (D)™ w (lai, 0] Aay )

where w € C" (E, X) = L(A"E, X).
Exercise 9. Prove that Cy ()" = C*® (a*) up to an (isometric) isomorphism in BS.

The parametrized at the space A (E) (co)chain Banach space complex C, (o — A) (resp., C* (a—
A), A € A(E), is denoted by C, (a) (resp., C*® («)). It worth to note that Ce («) (resp., C* («))
is 0-stable (resp., m-stable) A (E)-Banach complex (see Definition 4.1). If (X, «) and (Y, ) are
Banach E-modules and ¢ : (X, a) — (Y, §) is a bounded E-module morphism (that is, ¢ (a (a) x) =
B (a)p (z)), then ¢ can be extended up to a morphism of Banach space complexes

Pe(N):Ce(a=A) =2 Ca(-2), ve(NrRa=¢(x)oa,

(resp., * (A) : C*(a—A) = C*(B—N), ¢* (M) w = ¢w), for each A € A(F). Therefore the
assignment

po:Co(@) 2 Co(B), wo={pa (N},
(resp., ¢* : C* () = C* (B), ¢* = {¢* (A)}) defines a morphism of A (E)-Banach complexes.

Lemma 6.1. Assume that
0 (X,a) <& (V,8) % (Z,7) « 0,

is a complex of Banach E-modules, which is either admissible or exact and E € Flat (resp.,
E € Proj). The sequence of A (E)-Banach complezes

04 Co (@) £ Co (B) &= Cu (7) 0,

(resp., 0 < C* (@) & B) & e (7) < 0) is exact.

Proof. In both assumptions, the sequence of Banach space complexes

0 Cola—N2Y o, 3-N%"Y o, (v- 2 o,

remains exact for each A € A (F), by Lemmas 2.7, 2.8. But, the latter means that the required
(co)chain complex of A (E)-Banach complexes is exact. <

Let us introduce spectra of Banach F-modules or bounded Lie representations.

Definition 6.1. Let (X, a) be a Banach E-module, o (Ce (o)), 0 € &., spectra of the chain A (E)-
Banach complez Co (o), and let o (C* (ex)), o € &', be spectra of the cochain A (E)-Banach complex
C*® (). We call these sets Slodkowski spectra (resp., Taylor spectrum) of the E-module X or the
Lie representation o and denote them by o (a), 0 € 6.
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Since Co (v — A)" = C® (a* — ) (see Exercise 9) to within an isomorphism in BS, it follows
using Theorem 3.1 that o (o) = ¢* (a*) for all o € &..

For brevity, further we consider only cochain case. Actually, all suggested below assertions have
their chain versions too, we left them to the reader.

The point spectrum oP («) (resp., approzimate point spectrum o®P («)) of a representation
a: E — L(X) is defined (see [69], [56]) as a set of functions A : E — C such that there exists
z € X, a(a)z = A(a)z (resp., there exists a net (z,) C X, |lz4]| =1, (a(a) — A(a)) 2z, — 0) for
all a € E. It is clear that o () = X9 (C* (a)), and X\ € E*, A(a) € o (a(a)), a € E, whenever
A € 0® (a). Moreover, «([a,b]) x4 — 0 for all a,b € E, that is, A € A (E). For each S C B (X),
we define oP (5) and o®P (S5) as the relevant spectra of the identity representation of the closed Lie
subalgebra in B (X) generated by S. Undoubtedly,

o?(a(E))-a=0cP(a), o®(a(E))-a=0"®(a) and oP(a)C o™ (a)C o™ (a).
If E is finite-dimensional then 0™ (o) = 0®P (). But, in the general case 0™ (a) # 0P ().

Example 6.1. Let E = {1 be a commutative B-L algebra and let « : E — B (X), a(fn) = Py, be
a bounded representation on a separable Hilbert space X, where {f,} is the canonical basis in E,
P, is the orthogonal projection onto the linear span of first n vectors with respect to a Hilbert basis
{em}men in X. Then limy, Pyen, = 0 for all n, that is, 0 € 0™ («). Nevertheless, 0 ¢ o™ ().
Indeed, take x =Y~ | amem € X. Then

m=1

n 1/2
2
[ %all = sup [ (@) full = sup | Posl c = sup (Z am| ) > Jlelx

where d° : X — L(E,X), (dox) fn = Pnx, is the differential of the complez C* (o). Thus im (do)
is closed, therefore 0 ¢ o™° ().

Now, let U be an ultrafilter, and let Xy be the ultrapower of the Banach space X. A Lie
representation « : F — B (X) induces the Lie representation

ay: B — L(Xy), ay(a)=al(a)y,
called the ultrapower of «. Thus (X, ay) is a Banach E-module.

Definition 6.2. Let (X, «) be a Banach E-module and o € &'. We define ultraspectrum oy ()
of the module (X,a) (or the Lie representation «) as the union of spectra o (ay) taken over
all countably incomplete ultrafilters 4, and we write oy (@) = oT" (a) (resp., o5 (a)) whenever
oc=0"" € B (0 =0 € &). The relevant union of all X°(C* (o)) we call the ultrapoint
spectrum of « and denote it by o"P ().

Lemma 6.2. If dim (F) < oo then C* (a)y = C*® (o) and oy (o) = 0 («) for all o € &'.
Proof. Consider the following linear operator
on  LIN"E, X))y = L(N"E, Xy), (onwi])u=w;(v)], uweA"E.

Note that ¢, 1 (d") = d{{pn, where dfj is the differential of C* (ag). The assumption dim (E) <
oo implies that ¢, is an isometry for all n (see [48, Lemma 7.4]). Thus C*® (o) = C* (o) to within
an isomorphism in BS and therefore o (ay) = o (C*(ay)) = o (C®(a)y). But, o(C*(a)y) =
0 (C* (o)) = o (@) by virtue of Theorem 3.3, that is, o, (o) = 0 (a). <
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Theorem 6.1. Let E be a B-L algebra and let (X, a) be a Banach E-module. Then
o7’ (@) = 0" (a) = 0™ (@)

Proof. Tt is clear that 0" (o) C o™ (a) N o® (a). Let us prove that o®P (o) C o ().
Take A € 0®P (o (E)). We should prove that A -« € ¢"P («). By definition, there exists a family
{zs},cq € X, such that ||z,|| = 1 and limz (T — A(T')) zs = 0 for each T' € a (E), where F is
a filter in the index set S. If 4l is an ultrafilter in S majorized F then limy (T — A (T)) s = 0,
T e a(E).

If $1 is a trivial filter then there exists a joint eigenvector x € X, ||z|| = 1, (T — X (T))z = 0,
T € a(E). Then (a(a)y — A(a(a)))[z] =0, a € E, for each countably incomplete ultrafilter 3,
that is, d3; (A - «) [z] = 0, where d¥; (A - «) is the differential of the complex C® (agg — A - ). Thus
A-a€X0(C(ay)) C o' (a).

Now, let us assume that & is a nontrivial (but not necessarily countably incomplete) ultrafil-
ter. Then S is an infinite set. Let us replace 4 by a countably incomplete ultrafilter. Take a
countably incomplete ultrafilter ¥ in N. By Lemma 2.1, 31 x U is countably incomplete. Now
assume that ;) = x5, n € N. Then limyxg (T'— A (T)) 2(5,n) = 0 for each T' € o (E), that is,
(Tuxg — A1) [#(sn)] =0 and X a € 6" (a). Thus 0P (@) C o"P ().

It remains to prove that o™% (o) C 0" (a). Take A € 0™ (agy) \XY (C* (o)), where il is an
ultrafilter in a certain set S. There exists a sequence {[z7]]}, .y € Xu, ||[z7]|| = 1, such that
lim, [(a(a) = A(a))z?] = 0, a € E, for im (d (X)) is not closed. Let U be an ultrafilter in
N majorized the Fréchet filter. It is clear that limy [(a(a) — A(a))2?] = 0. Consider the Lie
representation (asi)g; : £ — B((Xy)g). By Lemma 2.1, Xgxy = (Xgu)gy and auxy = (ou)y-
Take [[27]] € Xuxsy. Then | [[z2]]] = Hmeg o] = 1 and

Ili(a(a) = A(a)) &)l = lin [|(a(a) = A(a)) 2] = lim [[[(a (a) — A (a)) S]] = 0.

Thus d, o; (A\) [[z7]] =0 or X € X9 (C*® (ayxm)). It follows that A € 0P (a).«

Corollary 6.1. Let E be a solvable B-L algebra, (X,a) a Banach E-module and let 0 € &'. The
ultraspectrum o" («) is nonvoid.

Proof. Indeed, by assumption, « (F) is a solvable Lie algebra of operators. By [47], 0®P (a (E)) #
(). Then, also, o®P (o) # 0. Using Theorem 6.1, we infer that 0™ () = 0®P («). It remains to note
that 7% (o) C oy (o).«

Theorem 6.2. Let (X, «) be a Banach E-module. There exists an ultrafilter 3k such that
oP (ag) = 0™ (o) = 0™ (a).
In particular, o™° (o) = 0™° (ay).

Proof. Let S be the set of all pairs s = (N, n’l), where N is a finite subset in £ and n € N.
Assume that s; < s whenever N7 C Ny and nq < no, where s; = (Ni, ni_l). Then (5, <) is a poset
and for each pair s1, s2 € S there exists s3 € S, sup {s1, s2} < s3. Thus the set of all sections I (s),
s €S (here I' (s) = {y € S: s <~v}) generates a filter base in S. Let 4l be an ultrafilter majorized
this filter base. Then 4 is countably incomplete. Indeed, let S,, = {s €S :s= (N, n_l) }, n € N.
Evidently, S = |J,, S» and S, NI (s,) = 0 for each n € N, where s,, = (N, (n+ 1)71). Thereby

S, ¢ .
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Now let us prove that o®f (o) C oP (ay). Assume that 0 € oP (o). By definition, for each
finite subset N C F and n € N one can find z € X, ||z|| = 1, such that [|a(N)z| < n~!. We
set zs = = whenever s = (N,n’l). Then a (a)xs — 0 by the section filter in S, a € E, which
in turn implies that limg o (a) zs = 0 or a (a)y [zs] =0, a € E. With ||[z;]|| = 1 in mind, infer
0 € 0P (ag). Thus 6% (o) = 0P (ay). By Theorem 6.1, 0™ (ay) = 070 (a).

7. Quasinilpotent B-L algebras

In this section, we investigate the projection property of spectra o (), o € &, of a quasinilpo-
tent B-L algebra representation a. A Banach-Lie algebra E with quasinilpotent operators ad (a) €
B(E), ad (a)b = [a,b] (a € E), of its adjoint representation is called a quasinilpotent B-L algebra
(see [76]). In the sequel, we shall use B-L algebras for which sp (ad (a)) = 0, but only for elements
a € S from a subset S C FE of topological Lie generators (that is, the Lie subalgebra generated
by S is dense in F). In this case, we say that F is a quasinilpotent B-L algebra generated by S.
We will especially be interested in finitely generated quasinilpotent B-L algebras (see examples in
[33])-

7.1. The Lie representation 60
Let E be a B-L algebra and let I be its closed ideal. Then its exterior power A™I (see Subsection

2.5) turnes into a Banach E-module by means of the Lie representation

Tonr:E—B(AT), Tu( => (1) (ad (@) us) A

=1

where u = u1 A ... Au, € A"I. The latter extends the adjoint representation of E. If (X, «) is a
Banach E-module, then C" (I, X) is a Banach F-module with the 6-representation
HnJ B — B (Cn (Ia X)) ’ 9"71 (a) = La(a) B RTn.I(a)’

where Ly(q) (resp., Rz, ;(a)) is the left (resp., right) multiplication operator. We set T, = T), g
and 6, = 60, . Respectively, X ® A™ E is a E-module via the representation

Ut E—B(XOA"E), Y,(a)=a(@)®@1+10T,(a).
Let us remind the following well known (see [6, Ch. 1]) cohomological formulae
d"0, (a) = 0,41 (a)d™, (7.1)
d" i, (@) + ipgr (a)d™ =0, (a), (7.2)

On—1(a) in (b) — in (b) On (a) = in ([a, b)),
where d" is the differential of the complex C* («) and

in(a):C"(E,X) = C" Y (E,X), (in(a)w)b=w(aAb),
is so called homotopy operator. The relevant homological formulae are also true, namely,
dp—1Y, (a) = 91 (a) dp-1,
dpkn (@) + kn—1 (a)dn—1 = Uy (a),

Unt1 (@) £n (b) = kn (b) Un (a) = £n ([a,0]),
where £, (a) : XOA"E = X@ A" E, Ky (a) (zQu) =z @aAu.
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Lemma 7.1. Let E be a B-L algebra. If sp (ad (a)) = {0} for some a € E, then sp (T, (a)) = {0},
n € Zy. Moreover, sp (0, (a)) =sp (a(a)) for a Banach E-module (X, o).

Proof. Let ad;(a) =1®...®ad(a)®...®1 € B(E@’"), 1 < i < n, where ad (a) stands
at i-th place, and let S, (a) = Y., ad; (a). It is beyond a doubt S, (a) is a sum of mutually
commuting operators. By assumption, sp (ad; (a)) = {0}, therefore sp (S, (a)) = {0}. Evidently,
A, Sy, (a) = Sy, (a) Ay, where A, € B (E®”’) is the projection onto A™ E defined in Subsection 2.5.

Moreover, T, (a) is the restriction of the operator S, (a) to the invariant subspace A" E, whence
sp (T (a)) = {0}.

Finally, let (X, @) be a Banach E-module. Since [La(a), RTn(a)} = 0 and Ry, (4) is a quasinilpo-
tent operator, it follows using spectral (for instance, Taylor spectrum of commuting families)
mapping theorem that sp (6, (a)) = sp (La(a)) = sp (a (a)). <«

Exercise 10. If (X, «) is a Banach E-module and sp (ad (a)) = {0} for a certain a € E, then
sp (Un (a)) = sp (a ().

Lemma 7.2. Let E be a B-L algebra, (X, ) a Banach E-module and let p (0, (ball E)) be the
joint spectral radius of the bounded set 0,, (ball E'). Then

p (0, (ballE)) < p(«a (ballE)) + p (T}, (ball E)) .
Moreover, p (T, (ball E)) = 0 whenever E is a finite-dimensional nilpotent Lie algebra.

Proof. Let M = Lowan gy and let N = —Rp, (vang). By definition, 6, (v) = Lo — Rr, (u),
u € E. Therefore, 0,, (ball E) C M + N. Moreover, [M, N] = {0}. Using Lemma 2.14, infer that

p (O (ball E)) < p(M + N) < p(M) +p(N) < p(a(ball E)) + p (T, (ball E)) .

Now assume that dim (F) < oo and E is nilpotent. By Lemma 7.1, T}, (E) is a nilpotent Lie algebra
comprising nilpotent operators acting on the finite-dimensional space A" E. Thereby, T}, (E) gener-

ates a nilpotent associative subalgebra in B (A™E) by virtue of Engel theorem. Then T}, (E)]C = {0}
for sufficiently large k. It follows that p (T, (ball E)) = 0.«

Exercise 11. Prove that p (9, (ballE)) < p (a (ball E)) + p (T, (ball E)).

Lemma 7.3. Let E be a quasinilpotent B-L algebra and let 0 € &. If A € o(a) then A(a) €
sp (a (a)) for alla € E. In particular, the spectrum o («) is precompact, and it is compact whenever
dim (F) < co.
Proof. We prove cochain version leaving the chain version to the reader. By Lemma 7.1,
Sp (On (a)) = sp(a(a)), n € Zy. If A(a) ¢ sp («(a)) for a certain a € E, then A(a) ¢ Uz, sp (n
(a)). But
1 () i (@) + g1 (@) d (V) = 0 (a) = A(a),

by virtue of (7.2), where d” () is the differential of the complex C*® (o — A). Taking into account
that 6, (a) — A (a) is invertible and using (7.1), infer that

A" (N) (-1 (a) = X (@) " in (@) + (0 (@) = M(@)) ™ ing1 (@) d™ (N) = 1,

which in turn follows that the complex C® (o — \) is admissible. In particular, A ¢ X" (C* («)) for
all n. Therefore \ ¢ o («), a contradiction.
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Thus A(a) € sp(a(a)) for every a € E. In particular, o («) is embedded into the topological
direct product [],.psp(a(a)). Bearing in mind that o () furnished with the *-weak topology
(inherited from A (F)), we conclude that o («) is a x-weak precompact subset in E*.

Now let dim (E) < 0o. Then C*® () is a finite parametrized A (E)-complex, whence its spectrum
o (C* («)) is closed due to Proposition 3.1. Consequently, o («) is a compact set.«

Proposition 7.1. Let ¢, : (X@ A" E)* — L(A"E, X*) be the canonical isomorphism in BS
given by the rule v, (f) () (z) = f(x®@u), z € X, u € A"E. Then 0., (a) tn, = tn¥y (a)”, where
0, : B — B(C"(E,X%)), 0;,(a) = La=(a) — Rrer(a), s the O-representation induced by the dual
representation o : E°P — B(X™*).

Proof. Let TP : E°? — B(A"™E) be the extension of the adjoint representation of E°P. Note
that TP (a) = =T, (a), a € E. Then
Ryge(aytn (F) (@) (2) = =tn (f) (Tn (@) w) (2) = = f (x @ T (@) w) =

=-(1®Ta(a))" (/) @®u) = —t (10 Th (a)" (f)) (w) (2) ,
that is, —Rzor (q)tn = tn (1 ® T, (a))". Further

Lo @ytn (f) () (x) = o

that is, Lo« (aytn (f) = tn (((a) ® 1)* (f)). It follows that
0; (a) ln = (La*(a) - RT,?p(a)) ln = ln ((a (a) ® 1)* + (1 ®T, (a))*) = 1pVUn (a)* s
that is, 0/, (a) tn, = 1,95 (a)" <.

Note that all ¢, are isomorphisms and (X® A" E)" = X*& (A"E)* whenever dim (E) <
0o, and in this case, the dual representation ¥* : E°°? — B ((X@ A E)*), 9* (a) = 9 (a)"
(¥ (a) =3, Un(a)), is reduced (to within an isomorphism) to the Lie representation ¢’ : E°P —
B(L(ANE, X)), 0 (a) =), 0, (a), by Proposition 7.1.

Corollary 7.1. Let E be a finite-dimensional nilpotent Lie algebra and let (X, «) be a Banach E-
module. The dual representation 0% : E°P — B (L (AE, X)"), 0* (a) =0 (a)", is reduced (to within
an isomorphism) to the O-representation 0’ : E°® — B (L (AE, X*)), 0’ (a) = La+(a) — Rrov(a)-

Proof. Let n = dim (E). Note that AFE* = (/\kE)* and the map v, : XQAPE* — L (A\*E, X),
(@ f)(w) = fw ez, f € AFE*, u € AFE, is an isomorphism in BS. Moreover, 0y, (a) v, =
Y (a(a) ®1 —1®@ Ty (a)*). Now let Tﬁ) : AFE* — A"FE be an isomorphism depending on the
choice of some fixed w € A"E (see [2, Ch.1, Section 11]). Taking into account that F is a nilpotent
Lie algebra, we conclude Tf)Tk (a)" = —Th_i (a) Tﬁ) by virtue of Corollary 1 from [2, Ch. 1,
Section 11]. It follows that

(Ixer®) (@@e1-18T(@)) = (@@ @1+ 16 Tk (0) (1x 2 7).

Thus the linear mape =), (IX ® TE)) 7,;1 implements a topological isomorphism £ (AE, X) —

X ® AE such that €0 (a) = 9 (a) e for all a € E, that is, § = 9 to within an isomorphism. Using
Proposition 7.1, we infer that 6* = 9* = 6’ to within an isomorphism. <
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7.2. Projection property

Now we suggest the forward projection property onto closed ideals of a quasinilpotent B-L
algebra. As a corollary we obtain the projection property onto Lie subalgebras of a nilpotent Lie
algebra.

Lemma 7.4. Let E be a B-L algebra, F a closed ideal in E of codimension one, e € E\F and let
(X, a) be a Banach E-module. Then C™ (E,X)=C"(F,X)®&C" ' (F,X), n € Z. The operator
0y, (e) leaves invariant the subspace C™ (F, X), and

C* (@) = Con (C* (a|F),0(e)),
where 0 (e) = {0, (e)}.
Proof. By assumption, E = Ce @ F. We define the following bounded linear operator
fo 1 CM(B,X) = C"(F.X)®C" N (F.X),  fa(w) = (@|F, (in (e) @) |F),

where w|r and (i, (€)

w) | are restrictions of the relevant forms onto F'. Tt is clear that ker (f,,) =
{0}. Take (w,v) € C™(

)
F,X)® C" 1 (F,X) and we set

w(cre+ul,...,cne+up) =w (ug, ..., u,) —l—z(—1)i+lciv(u1,...ﬁi,...,un),
i=1
where u; € F,¢; € C. Undoubtedly, w € C"(E,X) and w|p = w, (in(e)w)|r = v. Thus
C™ (F, X) is identified with a complemented subspace in C™ (E, X). Let us prove that C™ (F, X)
is invariant under the operator 0, (¢). Take w € C™ (F, X) and let

€ty tn) = (€)@ (1t ) + 3 (1) w0 (e i)ty o tm)
=1

Then £ € C™ (F, X) and (0, (e) @) | = £, where w = f,7! (w,0). We have 0,, (¢)w = .

Now let d, d’ be the differentials of complexes C* () and C*® (a|F), respectively. It is clear
that (dw)|r = d’' (w|Fr), and by (7.1), d'0, (e) (w|r) = On (e)d (w|r),w € C™ (¥, X), that is,
0(e) = {0, (e)} is an endomorphism of C® (a|r). By (7.2), (int1(e)dw)|r = (0, (e)w)|F —
(din (e) @) [P = On (€) (w|p) = d' (in () @w|p). Finally, foy1dw = (d' (w|r), —d' (in () @|F) + On
(e) (w|r)) = v fnw, where 7 is the differential of the cone Con (C*® (a|r), 0 (e)). Thus the family
{f»} implements required isomorphism of complexes. <

Remark 7.1. For each n, we can identify C" (E,X) = C" (F,X) & C" ' (F,X). We have just
proven that C™ (F, X) is invariant with respect to the operators 6, (a), a € E, that means C™ (F, X)
is a closed E-submodule in C™ (E, X). It worth to note that the second summand C"~1 (F, X) is
also E-submodule. Indeed, if v € C"~1 (F, X) then there exists w € C™ (E, X) such that w|r =0
and v = (i (e) w) |F. By using (7.3), we obtain that

On—1(a)v = (On-1(a)in () @) [F = (in (¢) bn (@) @) |F + (in ([0, €]) @) |F = (in (€) On (a) @) |,
where a € E, [a,e] € F.

Exercise 12. Find the matriz of the operator 0, (a) € B(C™ (E, X)) (a € E) with respect to the
decomposition from Lemma 7.4.
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Exercise 13. Prove that Ce (o) = Con (Cs (a|F), ¥ (€)) (the chain version of the decomposition
from Lemma 7.4).

Corollary 7.2. Let E be a finite-dimensional nilpotent Lie algebra and let (X, a) be a Banach
E-module. The topological isomorphism € : L(AE,X) — X ® AE suggested in Corollary 7.1
implements an isomorphism A (E)-Banach complezes C* (o)) — Co (a). In particular, o (o) =7 ()
forallo € 6.

The proof of this assertion is based on Lemma 7.4, Exercise 13, Corollary 7.1, and the inductive
argument on dim (E). For details we refer the reader to [4], [2, 1.11], [46].

Theorem 7.1. Let E be a quasinilpotent B-L algebra, F a closed ideal in E of finite codimen-
sion, 0 € 65 UG™, and let (X, a) be a Banach E-module. Then o (o) | C o (a|p). Moreover, if
a ([E, E]) consists of quasinilpotent operators then o (&) |p = o (a|r). In particular, the projection
property onto all Lie subalgebras of a finite-dimensional nilpotent Lie algebra is valid for all Slod-
kowski spectra, that is, o (a)|r = o (a|r) whenever F is a Lie subalgebra of a finite-dimensional
nilpotent Lie algebra E and 0 € G.

Proof. The chain case is reduced to the cochain case by using the dual representation. Namely,
o(a)|r =0c* (a*)|F (see Section 6) for all o € &, and a*|p = (a|r)".

Fix 0 € ™. Evidently, E/F is a quasinilpotent B-L algebra. Then E/F is a finite-dimensional
nilpotent Lie algebra due to Engel theorem. Using the central lower series of E/F, we could
reduce the situation to the case when F' has codimension one. So, assume dim (E/F) = 1. Take
A€o (a)=0(C (a)) and e € E\F. By Lemma 7.4,

C* (o= A) = Con (C* (0= A) [),0(e) ~ A(e), A€ A(E),

that is, C' (a) = Conge) (C* (a|F)). Then, A|p € A(F) and (|, A(e)) € o (Cong(e) (C* (a|F))).
Bearing in mind that C® («|F) is m-stable (see Definition 4.1), we conclude that A|r € o (C*® (a|F))
by Theorem 4.1, therefore A|r € o (a|Fp).

Conversely, take u € o (a|p) and assume that o ([E, E]) consists of quasinilpotent operators.
Since [F, E] C F and F is a quasinilpotent B-L algebra, it follows using Lemma 7.3 that p (a) =0
for all a € [E, E]. Thereby, arbitrary linear extension of the functional y to E is a Lie character
on E. By Theorem 4.1, (1, ¢) € o (Cong() C* (a|r)) for some ¢ € C. Let

Aze+u)=zc+p(u), z€C, uekF

By Lemma 7.4, A € 0 () and A\|p = p.

Finally, let us assume that dim (F) < oco. Then E is a nilpotent Lie algebra and consequently
each Lie subalgebra F' C E is subnormal [6, Ch. 1, Section 4 ], that is, there exists a sequence of
Lie subalgebras F' = Fy C F} C -+ C Fy_1 C Fx, = F such that Fs_; is an ideal in F§ for each s,
s > 1. Moreover, « ([E, E]) comprises quasinilpotent operators by virtue of Turovskii lemma 2.13.
Then we could apply the projection property to each gap Fy/Fs_1. It follows that

g (a) |F =0 (0&) |Fk-—1|F0 =0 (O‘|Fk71) |F0 =0 (0‘|Fk-71) |Fk—2|FO =0 (0‘|ka2) |F0 = =0 (a|F)7

that is, o (&) | = o (a|F). Thus the assertion has been proven for all 0 € &5 U &™. Since F is a
nilpotent Lie algebra, it follows using Corollary 7.2 that o () =@ (a) forall o € G° UG, «.
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7.3. Projection property onto finite-dimensional Lie subalgebras

Now we prove the inclusion o () | C o (a|r) for finite-dimensional Lie subalgebras F of a B-L
algebra E. First, we suggest necessary lemmas.

Lemma 7.5. Let E be a B-L algebra, (X, ) a Banach module, o € &, and let Y € Proj. Then
0 (L) =0 (), where Lo : E— B(L(Y, X)), La (a) = Laa), is the left reqular representation.

Proof. Note that there exists a canonical isomorphism between Banach space complexes C*® (L)
and £ (Y,C*® («)). By appealing Theorem 3.2, we conclude that

0 (La) =0 (C* (La)) = 0 (L(Y,C* (@))) = 0 (C* (a)) = 0 (a),

that is, 0 (Lo) = 0 () . «

Exercise 14. Let E be a B-L algebra, (X, ) a Banach module, 0 € &., and let Y € Flat. Then
oc(a®1)=o0c(a), wherea®1: E — B(X®Y), a®1(a)=a(a)®ly.

Lemma 7.6. Let E be a quasinilpotent B-L algebra, F' a finite-dimensional Lie subalgebra in F,
o €&, and let (X,a) be a Banach E-module. If E € Proj then o (0,|r) = o (a|r) for alln € Z,.

Proof. By Engel theorem, F' is a nilpotent Lie subalgebra. Let us prove that o (6,|r) =
0 (LalF). Let 61 = Lo|r and 62 = — Ry, | be the left and right regular representations of the Lie
algebra F' on the space £ (A"E,X). Since [01 (a),d2 (b)] = 0 for all a,b € F, it follows that the
linear operator 0 : F X F' — B (L (A"E, X)), § (a,b) = §1 (a) + 2 (b), is a Lie representation of the
Lie algebra F' x F. Let M = {(a,a) : a € F'} be a Lie subalgebra in F x F and let ¢ : F — M,
¢ (a) = (a,a), be a canonical isomorphism of Lie algebras. Consider also a Lie subalgebra F'x {0} C
F x F and a canonical isomorphism € : F — F x {0}, € (a) = (a,0). Obviously, 0, |r = d|a - ¢ and
01 = 5|Fx{0} - €.

Further, if A € o (4) then by lemmas 7.1, 7.3, A(0,a) € sp(d(0,a)) = —sp(Ty (a)) = {0},
a € F. Therefore A (a,b) = A(a,0) for each pair (a,b) € F' x F'. Thus A|pyqo} - € = A|as - ¢. Using
Theorem 7.1 (see also [46]), infer that

0(9n|p)=0(5|M)-L=0(5)|M-L={)\|M-L:)\60(5)}2{)\|FX{0}-6:)\60(5)}:

=0 (0lpxqo}) - € =0 (8lpxqo} - €) = 0 (1),

that is, 0 (0,,|F) = 0 (Lo|r). But, all A" E € Proj by virtue of Lemma 2.8. Then o (Ly|r) = 0 (a|F)
by Lemma 7.5.4

Exercise 15. Let E be a quasinilpotent B-L algebra, F' a finite-dimensional Lie subalgebra in F,
o€ 6., and let (X,a) be a Banach E-module. If E € Flat then o (9,|r) = o (a|r) for all n.

Theorem 7.2. Let E be a quasinilpotent B-L algebra, F' a finite-dimensional Lie subalgebra in F,
o€ 6;UB™, and let (X, a) be a Banach E-module. If E € Proj then o (o) |r C o (aF).

Proof. First, let us reduce the assertion to the case o € &™. Indeed, if the assertion has been
proven for all ¢ € &7, then we infer that o (@) [r = 0* (a*) [per C 0™ (@*[por) = 0* ((a|per)”) =
o(alr), o € Gs.

Now let 4 be an ultrafilter in a certain set S, C® («), the ultrapower of the cochain A (E)-
Banach complex C® («) and let C* (ay|r) be A (F)-Banach complex generated by the Lie repre-
sentation ay : F — B(Xy), where oy is the ultrapower of . These complexes are connected by
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means of the following diagram £ (A, p):

Blw) 4 Blw) 4

W coFeorEx)) W ocironex),) W
ﬁ(u)T ﬁ(u)T
B cov(p e x),) W ocvmoenEx)) W

Bu) 4 Bu) 4

where € (A\) (@) =d(\) @, ® € C1(F,C" (E,X),) (here d()) is the differential of C* (v — \),)
and 3 (u) is the differential of the complex C* ((6,,|r)y — it). As a simple consequence of the first
cohomological formula (7.1), we obtain that the latter diagram is a commutative Banach space
bicomplex with rows £ (ATF,C® (av — X)), q € Z4, and columns C* ((0,|r)y — ), n € Z4.. Thus
B={BA\p): A€ A(E), p€ A(F)}isa A(F)x A (F)-Banach bicomplex. Since dim (F') < oo,
it follows that o (L (A?F,C® (o)) = 0 (C*® ()y) by Theorem 3.2. Moreover

7 (C* ((Onlr)g)) = o ((On|F)y) = 0 (On|r) = 0 (a]F) = o (aulr) = o (C* (aulF)),

by lemmas 6.2, 7.6. Thus, by definition (see Section 5), C*® (a)y and C*® (ag|r) are m-spectrally
connected (by dint of B) complexes.

Now let f : A(E) — A(F), f()\) = Mr, be the projection map. Let us prove that f is a
m-prespectral mapping (see Definition 5.1) with respect to B. Let pn = f (), B (u) : C™ (E, X ) —
L(F,C"(E, X)), (B(p)[ws])a=1[(0n(a) — p(a))ws], be the differential of the n-th column of B,
and let [w,] € C™ (E,X) such that d(\), [ws] =0. If I,y € L(F,C" Y (E,X)y), In-1(a) =
in (@) [ws], then using (7.2), we infer

[(0n (a) = p(a)) ws] = [d (A) in (@) ws] + [int1 (@) d (N) ws] = d (N in (@) [ws] +
Fint1 (a)y d Ny [ws] = d (N in (a)y [ws] = & (A) (In-1) (a),
that is, the induced cohomology operator 8 ()™~ : H" (C® (v — X)y) — L(F,H™ (C* (v — X)) is
trivial for all n € Z,. Thus f is a m-prespectral mapping with respect to B. By using Theorem 5.1,
we obtain that f (o (C*® (a))) C o (C® (ay|r)). But, o (C* (ay|r)) = o (ay|r) = 0 (o|F) by Lemma
6.2, therefore f (0 (o)) C o (alr). <«

Let E be a closed subspace in B (X) generated by a family of mutually commuting operators
T = {T,: ¢ € A}, that is, F is a commutative B-L algebra. If T is a bounded family then there
exists a bounded linear representation € : ¢1 (A) — B(X), e (> ae,) = a,T,, where {e, : 1 € A}
is the canonical basis of the Banach space ¢; (A). The images of both spectra of the identity
representation of £ and the representation £ under the injective maps E* — C* X+ (X (T.)),ens
and {1 (A)" — C* X (X(e,)),cn, we denote by o (T') and ¢10 (T), respectively. By Lemma 7.3,
spectra o (T) and ¢,0 (T') are precompact in C*. Let o (T) (resp., £10" (T)) be the union of o (Ty)
(resp., £10 (Ty)) over all ultrafilters $(, where Ty = {T,5(: ¢ € A}. By Corollary 6.1, o* (T') # () and
fl o! (T)J) 75 @

Corollary 7.3. Let T = {T, : . € A} be a bounded family in B (X) and let T' = {T, : v € Z} with
E C A having the finite complement A\E = {t1,...,tn}. Then

o(IT) =0 (D)|z, o"(T)=0"(T)|z, lo(T)=lo(T)|z, Go"(T)=lo" (T)

Moreover, £10" (T) a2 C o (T,,,...,T.,).
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Proof. Tt suffices to note that the closed subspace in E generated by the family 7" has finite
codimension and use theorems 7.1, 7.2.4

If T is a finite family, then o (T) = l10(T) = o (T) = t10" (T) and we obtain the known
[65], [62] projection properties for Taylor and Slodkowski spectra of finite commutative operator
families.

8. The dominating algebras

In this section we apply suggested in Section 5 spectral mapping framework to spectral theory
of B-L algebra representations.

In this section g denotes a finite-dimensional nilpotent Lie algebra, I/ (g) is the universal en-
veloping algebra of g, and (X, «a) is a Banach g-module. Let A be a topological algebra. By a
normed Lie subalgebra in .4 we mean a Lie subalgebra § CA equipped with a certain norm |||
such that (F, ||-]|) is a normed Lie algebra and the identity embedding § < A is continuous. For
instance, if A is a Banach algebra then a normed Lie algebra (§,||-||) is a normed Lie subalgebra
in A whenever § CA and [jul| > [[ul| 4, v € §.

8.1. Properties of the dominating algebras

The following definition generalizes the dominated Banach algebras suggested in [27, Section
7).

Definition 8.1. Let Ay € LCA with a fized Lie algebra homomorphism m : g — Ay. We say
that Ay dominates over the module (X, o) and write Ay = (X, @), if there is a continuous algebra
homomorphism 0 : Ay = B(L(Ag, X)) such that 0-7=0and 5(im (7)) is dense in 5(./49), where
T Rgx — Ay is the extension of the map 7 (see Section 2.8). The elements from the subalgebra
im (7) (= R (im (7)) ) are called rational functions in Ag acting on X.

Example 8.1. If A, is the universal enveloping algebra U (g) equipped with the finest locally convex
topology and 7 is the canonical embedding g —U (g), then Ay = (X, a) for each g-module X .

Example 8.2. With respect to each g-module (X, a) one can suggest a dominating over that mod-
ule Banach algebra Ag as the closure of the inverse closed subalgebra R (0 (g)) C B (L (Ag, X))
generated by the Lie subalgebra 0 (g), and the representation 6 stands itself instead of a Lie homo-
morphism w1 g — Ag. Undoubtedly, Ap > (X, ).

Other examples will be considered later (see also [27]).

Lemma 8.1. If Ay > (X, ) then AR = (X*,a*). Moreover, Ay = (Xyu ,ay ) for an ultrafilter
10

Proof. By Corollary 7.1, the dual (to §) representation 6* : g°° — B (£ (Ag, X)") is reduced (to
within an isomorphism) to the representation 6 : g°® — B (L (Ag, X)), ' (a) = L+ (a) — Rror(a),
extended the dual representation a*. Then a*w(a) = ¢’ (a) to within an isomorphism for all
a € g, where 0 : A — B(L(Ag, X)), 6% (a) = 0(a)", is the dual to 0 : Ag = B(L(Ng, X))
representation, the latter exists on the matter Ay > (X, ). By Definition 8.1, Ag” > (X*, a*).

Further, consider the ultrapower Oy : Ay — B(L(Ag, X),) of the representation 6. Since
dim (Ag) < oo, we conclude that the canonical map L (Ag, X), — L (Ag, Xy) is an isomor-
phism in BS [48]. Moreover, by (m(u)) = 5(71' (u)y = 0(u)y for each v € g, and 0 (u), =
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(La(u) — R;p(u))il = Loy (u) — Ry = Ou (u). Thus @1 extends 6y, that is, 511 = 5; Consequently,
Ag > (XLL 9 aﬂ ) . 4

Now let Ay > (X,«). By Definition 8.1, g(R (im(7))) is dense in 5(./49), therefore each
subspace C* (g, X) in £(Ag,X) is a complemented Ag-invariant subspace. We set Oy, (a) =
§(G)|Ck(g7x), a € Ag. In particular, X € Ag-mod, for X = C%(g, X). We denote the rele-
vant bounded representation A, — B(X) by a|?s, thus a|*s - 7 = o and af4s (R (im (7))) is
dense in a4 (Ay).

Let I be a Lie ideal in g. Then C* (I, X) is a g-module by the representation

Ok, 19 =B (C*(1,X)), Ok (u) = Law) — By ()

(see Subsection 7.1) and the restriction map C* (g, X) — C* (I, X), w + w|; (here w|; = w|xx ),
is a g-module homomorphism.

Proposition 8.1. Let Ay = (X, ). Then C* (I, X) makes into a Banach Ag-module extending its
g-module structure such that the restriction map C* (g, X) — C* (I, X) is a morphism in Ag-mod.

Proof. Since g is a nilpotent Lie algebra, the ideal I can be included into a Jordan-Holder series
of ideals having one dimensional gaps by virtue of Engel theorem [6, Ch. 1, Section 4]. Therefore,
one suffices to prove the assertion for an ideal I of codimension 1. Take such an ideal I and let
e ¢ I. Note that the map

CHg,X)=»CrI, X)aC*" " (1,X), wr (wlr (ik(e)w)lr),

implements a topological isomorphism in BS by Lemma 7.4. If we identify C* (g, X) with the direct
sum C* (I, X) @ C*~1 (I, X) by means of the isomorphism then the restriction map C* (g, X) —
C* (I, X) would be the projection onto the first summand. Fix a € g. The operator 0y (a) has the

following matrix form
0.1 (a) 0
( 8.1
( Gr ([e,a]) Or—11(a) )’ (8.1)

with respect to the decomposition (see Exercise 12), where Gy (b) : C* (I, X) — CF 1 (I, X),
Gr (b) (w]r) = (ix )W) |1, w € C*¥ (g, X), b € I. Indeed, if A is the matrix (8.1) then using the
third cohomological formula (7.3), we deduce

Aw = A(wlr, (i (€)w) [1) = (Ok,1 (a) (w]r), Gk ([e, a]) (Wr) + Ok—1,1 (a) (ix (e)w) 1) =

= ((Ox (@) w) |1, (ik ([e, a]) w + Ok 1 (a) ik (e) w) [1) = ((Ok (@) W) |1, (ik (€) Ok (@) ) [1) = O (a) w.

Now let us introduce the following operators

o= (" L ) M= (el o)

where a € g, b € I. Using (7.3) again, we infer that
[D (a), Ni (b)] = Nk ([a,0]) ,  [Dy (a1) , Dk (a2)] = Dy ([a1, a2]),  Ni (b1) Nk (b2) =0,

foralla; € gand b; € I, i = 1,2. It follows that the Lie subalgebra E C B (C* (I, X)) generated by
these operators is a finite-dimensional nilpotent Lie algebra. By Turovskii lemma 2.13, the closure
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B of the inverse closed subalgebra R (E) C B (C* (I, X)) generated by E is commutative modulo its

radical Rad B. Then Ny, (b) € Rad B, b € I, and Ry, p, C Rgq,9. Moreover, Oy, (r(g) —r(Dk(g)) €
Rad B, r (g) € Rq,p,, where g = im (7). Taking into account that B is an inverse closed subalgebra,
we deduce that

b (r (Dk (8))) = sp (r (D (8))) = sp5 (B (r (@) ) =0 (O (@) .

for all 7 (g) € Ry,p,- By Lemma 2.11, Ry p, = R4, and

oo (01 (9) 0
Ok (r(9)) = ( k»f r(Ok—1,1 (9)) ) ,

for all r (g) € Rgye. It follows that C* (I, X) is invariant under 0, (r(g)) and (é\k (r (ﬁ))w) lr =

7 (0.1 (9)) (w]r), w € C*(g,X). But, O, (im (7)) is dense in O (Ag) (see Definition 8.1), there-
fore C* (I, X) is a Ag-submodule and the restriction map C* (g, X) — C* (I, X) is a Ag-module
homomorphism. <«

Let é\kJ : Ag = B (C* (I, X)) be the continuous representation defining Ag-module structure on
C* (I, X) suggested in Proposition 8.1. Then 6 ;-7 = 0 ; and B (A, X) turns into a Banach A,-
module by the representation 0y = @rez, Ok,1, that is, Ag >~ (X, a|r). Note also that 6y, = alAs.

Corollary 8.1. Let Ay = (X,a) and let § be a normed Lie subalgebra in Ay. Then o (éﬂg) C

o (a|A9 |3), o €6, keN. In particular, o (§|g) =0 (a|A9 |3) for all 0 € G.

Proof. One suffices to prove that o (§k1|3) C o (afe|z) for all ideals I C g. We proceed by

induction on the pair (k,dim (I)). Take an ideal J C I such that dim (I/J) =1 and [g,I] C J.
We have an admissible (C-split) sequence

0—CFH1Y(JX)—CFI,X)— C*(J,X)—0,

of Banach Ag-modules by virtue of Proposition 8.1, and this in turn associates exact sequences of
A (F)-Banach complexes

0—C. (é\k_17j|g) — C. (é\k,lh) — C. (é\k7j|3) — 0,

and 0 — C (5;6,17J|3) —C (§k1|g) —C (é\kL]h:) — 0 by Lemma 6.1. Then

o (5k11|5) Co (é\k,LJh‘") Uo (gk,ﬂg) , O0€EGB,

by Corollary 3.1. By induction hypothesis, o (é\k_17J|g) Uo (é\kﬂg) Co (oz|“49|g), therefore
o (é\k,1|3) Co (05|'A9|3).

Finally, o (é\|g) =0 (@kez+§k|3) = UkeZ+ o (§k|3) =0 (a|-'49|3) . 4
Corollary 8.2. Let Ay > (X,«). Then d()\)g(a) = g(a)d(A), sp (5(@)) = sp (a4 (a)) for

all a € Ay, where d(X) is the differential of the complex C*® (o —X), A € A(g). In particular,
C* (a—)\) € Ag-mod.
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Proof. By Definition 8.1, im (5) C Ay, where Ag = R (0 (g)) (see Example 8.2). Moreover,

using the first cohomological formula (7.1), we conclude that d (X) 0 (a) = 05 (a) d (X) forall a € g,
where 0 (a) = L(a—x)(a) — B1(a). Note that 0y (a) = 0 (a) — A (a), whence d (A) 0 (a) = 0 (a) d (N).
The latter obviously implies that d (\) T = T'd (A\) for all T € Ay.

To prove the equality sp (g(a)) = sp (a|“49 (a)), one suffices to set § = Ca and ¢ = oy in
Corollary 8.1.«

Corollary 8.3. Let (X, ) be a Banach g-module. Then Rgo = Rg,a-

Proof. By definition, § = ®rez, 0 and 0y = a. It follows that Ry e C Rg,o. Further, if Ag
is the closed inverse closed subalgebra in B (£ (Ag, X)) generated by 6 (g), then Ay = (X, ) (see
Example 8.2). By Corollary 8.2, sp (r (6 (g))) = sp (r (a(g))) for all r (g) € Rq,9. It remains to use
Lemma 2.11.«

Now let Ay > (X, ), § a normed Lie subalgebra in Ay and let § be the norm-completion
of §. Let us introduce a bicomplex connecting parametrized Banach space complexes C® («) and
c* (04|Ag |§) By Corollary 8.2, the following diagram

ﬁ“:T
LY CS(§,C’<(9,X)) LIS
Bu 4

is commutative, where Jy (®) = d*(\) - ®, & € C* (§, Cc* (g,X)) (here d* ()\) is the differ-

ential of the complex C*® (o — A)) and S, is the differential of C* (§k|g - u). Thus we deal
with a parametrized Banach space bicomplex By, (9,3, X), A € A(g), p € A(F), with rows
L (AS§, C*(a— )\)), s € Z4, and columns C* (éﬂg — ,u), k € Z,, for which we use the denota-
tion B (g,§, X ). The total complex of By , (g,F,X) is denoted by Toty , (g, F, X ). Then

Tot (9,8, X) = {Totx . (8,8, X) : (A, ) € A(g) x A ()},

is a parametrized Banach space complex and their Slodkowski spectra are denoted by o (g,5, X),
o€ 6.

Proposition 8.2. Let Ay > (X,a), § a normed Lie subalgebra in Ay, Y an ultrafilter and let
a = alte. If § € Proj then the parametrized Banach space complezes C* (cu() and C® (a|z) are
m-spectrally connected by means of the A (g) x A (F)-Banach bicomplex B (g, T, Xu).

Proof. By Lemma 8.1, Ay > (Xy,ay). Let By : Ay — B(L(Ag, Xg)) be the representation
extending ag. Since C® (ay) € Ag-mod, it follows that B (g, §, Xyu) is a A(g) x A (§)-Banach
bicomplex. Further, o (C' (§u|§)) =Ukez, @ (é\kmg) C o (aylz), o € 6™, by virtue of Corollary

8.1. Moreover, ez, @ (L (/\S@Co (Oéu))) Co(C*(ay)), o € 6™, by Lemma 2.8 and Theorem

3.2. Tt follows that the Banach space complexes C® (ay) and C® (agl|z) are m-spectrally connected
(see Section 5) by means of B(g,§, Xy) . <
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Remark 8.1. One can prove the chain version (using the chain complex Co (ayy)) of this result
replacing the requirement § € Proj with § € Flat and using Exercise 7.

Let again (X, «) be a Banach g-module. As follows from the second cohomological formula
(7.2), 0 (w) — A(u) = d(N)i(u) +i(u)d(N) for all uw € g, where A € A(g), d(\) € B(L(Ag, X))
is the differential of the complex C® (o — \) and i (u) € B(L (Ag, X)) is the homotopy operator
induced by u. The latter relation can be enlarged to all rational functions acting on X by the
following way.

Proposition 8.3. Let Ay = (X, ), u: Ay — C a character and let a be a rational function in
Ay acting on X. There exists an operator i, (a) € B(L (Ag, X)) such that

0(a)—p(a) =d(u-m)iy(a) +iy(a)d(u-m).

Moreover, if X € oy (a) then the assignment X:R(O(g) = C, r(0(g) — r(A(g)), defines a
character A € Spec Ag. In particular, 0 (a) — AAs (@) = d(\) iy (a) 4+ iy (a) d()), where NAs =
A6 € Spec Ay and iy (a) € B(L(Ag, X)).

Proof. To prove the first equality, one suffices to proceed by induction on the order of rational
function a and use the cohomological formulae (7.2) and (7.1). Indeed, assume that the equality
has been proven for all rational functions a = 7(g) of order < n — 1, where 7(g) = 7 (r (g)),
r(9) € Uren ngm. Take a = 7(g) € R (im (7)) such that r(g) € Ry .. By definition (see
Section 2.8), r(g) = p(r. (g),7:"' (g)) is a polynomial of a finite set variables ® = {r, (g)} and

VR

¥ = {r;'(g)} such that all 7, (g),rx (g) € Ri;'. Thena =p (r_L (g9) ,H(g)_l) in Ay. Now one

suffices to prove that if the equality are true for some a,b € R (im (7)) then the same is true for
their multiplication ab, and if @ is invertible then the equality remains true for its inverse a~'. But
these statements immediately follow from Corollary 8.2. Indeed,

0 (ab) — p(ab) = (@) (06) = (0) + ) (0(a) = 1 (a)) =

= d () (B(a)in 0)+ 1 B)in (@) + (0(@)i O) + 1 )i (@) d (o), (82)
further, if a is invertible then

-~

0@ —p(a)=0(") (fa)— (@) p(-a) =

=d(u-m) 5(a_1) ip(a)p(=a™") + é\(a_l) ip(a)p(—a™ ) d(p ). (8.3)
Now take A € oy (a). Let us prove that Ry 9 C Ry » and
r(0(g)) —7(A(g)) =d(N)ix(r(g)) +ix(r(g))d(A), (8.4)

for all v (g) € Rgq,9, where iy (r (g)) € B(L (Ag, X)). We proceed again by induction on the order of
a rational function. As above one suffices to prove the statement for the multiplication r17r2 (6 (g))
and the inverse 7= (0 (g)). With r1ra (A(g)) = r1(A(g))72 (A (g)) in mind, the statement for
rira (0 (g)) follows from (8.2). Now assume that 7 (8 (g)) is invertible in B (£ (Ag, X)). By induction
hypothesis, 7 (g) € Rgx and (8.4) is valid. If 7 (A(g)) = 0 then 1 = d(\)r (0 (@) tix(r(g)) +
(6 (g)) " ix (r(g))d(\) by Corollary 8.2, which in turn implies that the complex C" (o — ) is
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admissible. Then A\ ¢ oy (), a contradiction. Hence r (A (g)) # 0 and ! (g) € Rg,x. By (8.3),
we end the proof of (8.4).

Thus (8.4) is valid and consequently r (A (g)) € sp(r (6 (g))) for all 7 (g) € Rg,6. If 71 (6 (g)) =
r2 (6 (g)) for some r1(g), r2 (@) € Ryq,0, then (r1 —r2) (A(g)) € sp ((r1 —r2) (0 (g))) = {0}, whence
the assignment A : R (6 (g)) — C, (0 (g)) — 7 (A (g)), is defined soundly. Moreover, X is continuous
owing to A (r (0 (g))) € sp (r (6 (g))). Hence X € Spec Ag and A[As = X - be Spec Ag.

The rest is clear.«

Remark 8.2. Note that i, (a) = lezl g(al cras_1)i(as) p(asyy -+ ax) whenever a = ay - - - ay,
a; =7 (u;), u; €9, i(as) € B(L(Ag, X)) is the homotopy operator. The latter immediately follows
from the first two cohomological formulae (7.1) and (7.2).

Corollary 8.4. The assignment oy (o) — Spec Ag, A+ \A9, is a continuous mapping.

Proof. Fix a € Ag. We have to prove that the function f, : oy (o) — C, fo (A) = M4 (a),
is continuous. If a = 7 (r(g)) for some r(g) € Rg,x, then f, is reduced to a usual rational
function A — r( ( )) by virtue of Proposition 8.3. Therefore f, is continuous. In general case,
g(a) = hmkﬁ (ax) of some sequence ar = 7 (7% (9)), {rx (9)} C Ry, by Definition 8.1. Then

fa (V) ( ) ( (ak)) = limy \|[?s (a) = limg fi (A) for each point A € oy (),
where fr € C (O't ( % = fas, k € N. Moreover, bearing in mind that the norm of all characters
(in particular, A ot () of a Banach algebra are at most one, we infer that

sup [fa (A) = fx (A)| = sup
A€o (o) A€oy ()

A (a(a) - g(ak)) ’ < sup

A€oy ()

51000

< Hg(a) - g(ak)H =0, n—oo.

Thus f, as a uniform limit of the sequence {fx} of continuous functions on the compact space
ot (o) (see Lemma 7.3) is turning into a continuous mapping, that is, f, € C (o (o)) . «

The image of a Slodkowski spectrum o (a), o € &, under the mapping from Corollary 8.4 is
denoted by o (a) [4s, thus o (a) |[As C Spec A,.

Proposition 8.4. Let Ay = (X, a) and let § be a normed Lie subalgebra in Ay. Then o (a) [As |5 C
o (afAs5) .

Proof. Let i be an ultrafilter in a set S such that oP (ay) = 0™ (ay) = 0®" (o). Such
possibility is allowed under will of Theorem 6.2. Take A € 0® (a) and let A|4s|3 = pu. Taking
into account that A € oP (ay), we conclude that it follows that (ag (u) —A(u))y =0, u € g, for
a nonzero y € Xy. The latter merely means that dg (A\)y = 0, where d{ (A) is the differential of

C* (ag — A). By Lemma 8.1, Ay = (Xg, cvy), therefore 5;1 = 511, in particular, é\ou = ay|4s = ay,
where & = a|4e. Using Proposition 8.3, we obtain that Bos (7 (9)) — A2 (7 (g)) = et (F(g)) d (M)
for all7 (g) = 7 (r (g)), 7 (g) € Rg,». The latter in turn implies that (ay (7 (g)) — A[4e (F(g))) y = 0
for all r (g) € Rg,». Take a € A,. Bearing in mind that by (R (im (m))) is dense in by (Ay), one
can choose a sequence {r,, (g)},cy C Ry, such that by (a) = lim, by (7 (g)). Then ay (a) =
limy, dig( (75, (g)) and A[As (a) = A - Oy (a) = lim, A\|*e (7, (g)). Moreover,

du (a)y = limay (77 (9)) y = lim A (77 (9)) y = Al (a) y,
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that is, u € oP (aylz). Thus p € 0P (a|z). Moreover, 070 (alz) = o' (a|z) = o (alz) by
Theorem 6.1, whence p € 0P (a|z) . «

Note that the forward spectral mapping property for the approximate point spectrum suggested
in Proposition 8.4 can be rewritten as 0™ () [4e|z C 070 (a[4|5). Indeed, 0P (@) = 070 (a) =
0™9 (o) by Theorem 6.1 and Lemma 6.2. Moreover, o®P (as|5) = o070 (a[4s]3) (§ may be
infinite-dimensional Lie subalgebra). Below we generalize the latter inclusion for all Slodkowski
spectra ¢ € &™ under the condition that the norm-completion of § is a projective Banach space.

The splitting elements over a g-module play a fundamental role in the backward spectral map-
ping property.

Definition 8.2. Let Ay > (X, ). An element a € Ag is said to be splitting over g-module X if

for each X € oy («) there exists n € N (called splitting power with respect to \) and an operator
ina(a) € B(L(Ag, X)) such that

(5 (a) — A[As (a))” = d (N ina (@) +inn (@) d(N) .

An element a € Ay is said to be weakly splitting over g-module X if for each X € oy (o) the actions
of 0 (a) — \|!s (a) on cohomologies H*C® (o — \), k € Zy (see Corollary 8.2), are nilpotent. The
set of all (resp., weakly) splitting over g-module X elements is denoted by Ag (o) (resp., Ag{(a)).

Obviously, Ay (a) C A4 (@), and im (7) C Ag («) by virtue of Proposition 8.3, where 7 : g —.A,
is the given Lie homomorphism. Moreover, all rational functions have splitting powers equal to 1
with respect to all characters A taken from o (o). Let us note that a subset in A (a) of those
elements having splitting powers 1 with respect to all A € oy () generates a subalgebra in A,
containing im (7). Indeed, for a such couple a, b € Ay (o), using the same argument as in (8.2)
and Corollary 8.2, we have

0 (ab) = A (ab) = d () (0 (@) inn (6) + AP (B)inn (@)) + (B (@) inn () + A (0) i1 (a)) (N,

that is, the splitting power of ab equals 1.

8.2. The forward spectral mapping property

Now let Ay > (X, a) and let § be a normed Lie subalgebra in .A,. Evidently, the projection map
Spec Ag = A (F), A — Alg, is continuous, and using Corollary 8.4, we obtain a continuous mapping
or (a) = A(F), A — AAe|z. Consider an arbitrary continuous extension f : A (g) — A (F) of the
latter mapping.

Lemma 8.2. Let Ay = (X, ), § a normed Lie subalgebra in Ag, St an ultrafilter and let & = a|4s .

If 3 e Proj then f : A(g) — A(F) is a w-prespectral mapping with respect to the bicomplex
B (9,8, Xy) connecting C* (ay() and C* (ayz).

Proof. First, note that the complexes C® (ay) and C*® (ay|z) are m-spectrally connected by means
of the bicomplex B (g, §, Xy) due to Proposition 8.2. Now take A € A (g). If A ¢ o (o) then noting
is left to prove (see Definition 5.1). So, assume that H™C*® (o — A) is a nontrivial Banach space,
p=f(A), and let By, : H"C® (ay — A) = H™L (@, C* (g — )\)) be the differential of the m-th
vertical cohomology complex of the bicomplex By, (g, 5, Xg). One should prove that 6§u = 0.
Take w € ker (dif (A)) \im (dif ™" (X)), where di? (\) (resp., df ™" ())) is the differential of the
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complex C® (ayy — A). Then By, (w) € £ (@, cm (g,Xu)), Bup (w)a = (@1 (a) — (a)) w, a € §.

By Lemma 8.1, Ay > (X , ay ), therefore by (a) = limy, By (ay) for a certain sequence {a},cy of
rational functions in A, acting on Xy. Moreover, i (a) = A|*s (a). Appealing Proposition 8.3, we
deduce that

(ﬁu (@) — (a)) w =Tlim (@1 (ax) — A (ak)) w = lim (dff = (V) ia (ar) + i (an) dif (V) w =
— 1i£nd$’1 (A)ix (ap)w € im (dif ™" (V) = im (dF =" (V)

that is, im (By, (w)) C im (&2~ (N)). With § € Proj in mind, infer By, (w) = d7"*(\) - T =
dun (T') for acertain T € L (@, cm1 (g, Xu)) (see Subsection 2.5), where dgy is the row differential
of B(g, 3, Xu). But the latter merely means that 8§, (w) = 0. Thus f is a m-prespectral mapping. <

Theorem 8.1. Let Ay = (X,a), § a normed Lie subalgebra in Ay and let 0 € G™. If§ € Proj
then o (a) [As]5 C oy (a]As5).

Proof. Let 4 be an ultrafilter and let @ = a|4s. By Lemma 6.2, C* (a), = C* (cvy). Moreover,
the parametrized Banach space complexes C*® («) and C® (aylz) are m-spectrally connected by
means of A (g) x A (§)-Banach bicomplex B (g, §, Xy) due to Proposition 8.2. Now let f : A (g) —
A (%) be arbitrary continuous extension of the map o (o) — A (F), A = AAe|z. Then f is a 7-
prespectral mapping with respect to the bicomplex B (g, §, Xy) connecting C* («), and C*® (qu|g)
by Lemma 8.2. Using Theorem 5.1, we deduce that

flo(@)) = f(a(C*(a))) Ca(C*(aulz)) = o (C* ((alz)y)) € oulals),

(see Definition 6.2), that is, f (0 (a)) C oy (@]F) - <

Corollary 8.5. Let Ay > (X,a) and let § be a finite-dimensional Lie subalgebra in Ag. Then
o(a) Al Co(afsls) forallo € S5 UB™.

Proof. Taking into account that § € Proj, the inclusion for spectra o € &™ immediately follows
Theorem 8.1 and Lemma 6.2.
Now fix o € &5. By Lemma 8.1, Ag” > (X*, o*). Using Theorem 8.1, we obtain that

oP op *
7 (0) [Aelg = 0" (@) 147 [gor C i (0 [V [gon ) = 0" ((alels) ") = o (al*el5).
that is, o (@) [4e]5 € o (a]As]5) . <

Corollary 8.6. Let Ay > (X,«a) and let § be a normed Lie subalgebra in Agy. If § € Proj
then o5 (a) [Ae|g C o ((Oz|Ag|8)*), o € &s. In particular, o (a) [As]g C " (a|te]5), 0 € &,

whenever X is superreflezive.

Proof. Using Lemma 8.1 and Theorem 8.1, we infer that o (a) |4z = o* (o) |4 [gor C
ol (7*), where v = afAs|5. If X is super-reflexive then (X*), = (Xy)" for a countably incomplete
ultrafilter & by Proposition 2.1. In particular, (v*)y = (yu)* and o (v*) = Uy o* (7F)y) =

Uy o™ (()") = Ug o (7a) = 0" (7) by Definition 6.2.«
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8.3. The backward spectral mapping property

Now we investigate the problem whether or not a continuous extension f : A (g) — A (F) of the
map ot (@) = A (F), A = AA9]3, is a m-spectral mapping with respect to the A (g) x A (§)-Banach
bicomplex B (g, §, Xy) connecting the complexes C® (ay) and C*® (dy|3), where & = as.

Fix m € Z4 and let ay = a— A, A € A(g). Then

0= H™C® (an) 2% H™C (3.0 (an) =+ B (§,0° (a)) %o @®85)

is the m-th vertical cohomology complex of the bicomplex B, (g,§,X). By Corollary 8.2,
kerd™ (X) is a closed Ay (in particular, §)-submodule in C™ (g, X), where d™ (\) is the differ-
ential of (0-th row) the complex C*® («y). The cochain complex C* (§|3 — pl kerd™ ()\)) generated
by the §-module (ker dm™ (N, é\| F— ,u) is a Banach space complex of §-modules and it is a sub-

complex of the m-th column of By , (g, 5, X). The F-module structure on this complex is defined
by the f-representation (see Subsection 7.1)

@S,H 55— B (,C (/\53'7 ker d™ ()\))) , 657/1 ((L) = L(@_N)(a) — RTS((L),

extending §|g—u, and let I (a) (here a € §) be the homotopy operator on C* <§|g — p] ker d™ ()\))
Using Corollary 8.2, one easily verify that Lg(a)ég’“l = 5?71L§(a), ]:ufTS(a)é;\’“1 = 5;171RTS(G)
and I (a) 67"~ = 67" 'I, (a), where 67"~ " is the row differential of By, (g,F, X). In particular,
O (a) 0y = 6770, (a) and the image im (6}'") is invariant under all operators Lia):
R, (a), Os,u (a) and I (a), a € §, whence they induce operators on cohomologies
05, (@), Ry, (o) € B(H™C® (§,C* (),

I7 (a) € B(H™C® (3,C° (o)), H™C* 1 (F,C* (an)))

L@(a)’

by the canonical way. Using the first and second cohomological formulae (7.1), (7.2) for the
complex C* (§|g — p| ker d™ ()\)) and by passing to cohomologies, we obtain that

Ba 65, (a) =05, (a) By, (8.6)

Bu I3 (a) + I7 (a) B, =©7, (a). (8.7)
The following lemma describes the operator ©7, (a) when a € Ag («).
Lemma 8.3. Assume that a € §N Ag (), or a € FN Ay (o) and dim (§) < oco. Then O7F, (a) =

A4 (a) — p(a) — Ry (o) + N, where N is a nilpotent operator. In particular, 0 ¢ sp (07, (a)
whenever sp (ad (a) |3) = {0} and \|*s (a) # u(a).

Proof. By definition of ©F, (a), one suffices to prove that N = Lef(a) — M5 (@) is a nilpotent
operator on the cohomology H™C? (§,C*® (ay)). Take ® € C* (F,kerd™ (A)). By Definition 8.2,
(g(a) — \[Ae (a)) = d™ 1 (N)ina (a) + in,a (a)d™ (N) for a certain n € N and some operator

ina (@) € B(L(Ag, X)) whenever a € §N Ay (). Then

(Lt = A% (@) ® = ™ () ir (@) @ i (@)™ () @ = 677 (L, (0)®)
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whence (Lef(a) — \As (a))n &~ = (601 (Lin‘x(a)@))N =0. Ifa € §N A, () and dim (F) < oo,

then ((Ls, . — A4 (@) @) (w) = (8(a) = A4 (@) (@ () € im (@™ (V) for all u € A3,
0(a)

and therefore <L§(a) — \|As (a))n ® =dm 1 (\) - U for some ¥ € C* (F,C™ ! (g,X)). It follows

again that (Lef(a) — AAs (a))n o~ =0.
Now let us assume that sp (ad(a) |z) = {0} and z, = A" (a) — pu(a) # 0. Obviously, the

operator of the adjoint representation ad (a) € B §) is quasinilpotent, thereby so are all opera-

tors Ts (a) € B (/\S§>, s € Zy, by virtue of Lemma 7.1. The latter involves that sp (RTS((L)) =
{0} for all s. But, Ry () € B(C®(F,kerd™ ()))) is a Banach space operator, so, the series
Gs(a) = Y0ty (z;lRTs(a))k converges absolutely in B (C® (§,kerd™ (\))) and 6y "G, (a) =
G (a)6y"'. Moreover, the operator G (a) € L (H™C*® (§,C*® (ay))) commutes with N. In-

~

deed, [G5 (a),N] = [GS (a),Lg(a)}N = (Ezozo 27t {R%(a)’lﬁ(a)D = 0~. Note also that
-1
201G (@) = (0 — Brw) " and G2 (@) = (20— Ry () - Finally

271G () O7, (a) = 7,107, (a) G (@) = 271G (a) (z — Ry () + N) _

=1+2,'G7 (a) N.
It is clear that 1 + 2z, !G7 (a) N is invertible and

(1+2'6GT@N) " =3 (-1 (25'GY (@) N)

Thus 0 ¢ sp (@;M (a)).<

Proposition 8.5. Let Ay > (X,«) and let S be a subset in Ag () (resp., Ag(a)) generating
a quasinilpotent normed (resp., finite-dimensional) Lie subalgebra § CA,. If§ € Proj then f :
A(g) = A(F) is a w-spectral mapping with respect to the bicomplex B (g, T, Xyu) connecting C® ()
and C* (ay|z), where & = alts.

Proof. First, note that if S C Ay (a) generates a finite-dimensional Lie subalgebra § CA4
then automatically § = § € Proj. We have already proven (see Lemma 8.2) that f is a -
prespectral mapping whenever § € Proj. So, it remains (see Definition 5.1) to prove that all vertical
cohomology complexes (8.5) for the bicomplex Bj , (g,§, Xy) are exact, whenever f () # pu.
Note that f(\) = A4 and if f(\) # p then A\|[4s (a) # p(a) for a certain a € S, for S is a
topological Lie generator set of § (or §) By assumption, a € Ay (a) (resp., a € Ay (a)) and
sp (ad (a) |3) = {0}. Using Lemma 8.3, we conclude that all operators ©F , (a), s € Z, acting on
the vertical cohomology complexes of the bicomplex By ,, (g, , Xs) are invertible. But, the latter
implies that all vertical cohomology complexes are exact by virtue of (8.6) and (8.7).«

As follows from Proposition 8.5, to prove the backward spectral mapping property for normed
Lie subalgebras of the dominating algebra one remains to establish the projection property sug-
gested in Theorem 5.2. The following assertion implements our aim, it is a topological version of
Fainshtein’s lemma [46, Lemma 5.2].
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Lemma 8.4. Let Ay = (X,a), § a normed Lie subalgebra in Ay, I and J ideals in g, such
that J C I, dim(I/J) =1, X € A(I), p € A(F), and let w € I\J. There exists a bounded
endomorphism k (u) of the Banach space complex Toty,, , (J,§, X) such that

TOt)\,u (I, 37 X) = Con (TOt)\\J,/L (Jv 37 X) y R (u) A (u)) s
Moreover, sp (k (u)) = sp (a (u)).
Proof. We denote the restriction of w € C* (I, X) onto A*J by w|;. The map
s 1 O (§,CF (1, X)) = C° (3,C" (J, X)) @ C* (3,0 (1, X)),
ks ((I)) = ((I)|Ja (Z (u) (I)) |J) )
is a topological isomorphism by virtue of Lemma 7.4, where ®|; (h) = ® (h) |, h € AFF. By defi-
nition, the differential vy ,, of Toty , (I,§,X) is given by the rule vy , (®) = dx (®) + (—1)k B (@),
® € C* (§,C*(I1,X)). Let us find the components of 41,5 (6x (®)) and s, 541 ((—1)k By (<I>)) in
the relevant decompositions. Note that §y (®) = d - ® and
(dx @) |7 (h) = dx (® (h)) |5 = dxj, (B (R)5) = (3n, (@11)) (h), h €A,

where dy is differential of C* (a|r — A). To transform the second term of s¢,41 s (dx (®)), we use
the second cohomological formula (7.2):

(i (w) (dx - ®)) |1 (h) = (i (w) dx (2 (h))) |1 = —dx, (i (w) @ (R)) [5 + (0 = A) (u) (2 () ).
(

s+1 . ~ P
Bu (@15 (@) =D () (B n) (@)@ (@) s+ X (-1 @ (a0 Aaiy) | =

= Bu (®]s) (@),

where a = a1 A ... Aasy1 € ASTLF. Thus Bu (®) |5 = By (®|s). To transform the second term, we
introduce the operator

I: A, = B(L(ALX)), T(a)= [i(u),é(a)}.

Demonstrate that if w € C* (I, X), w|; = 0, then (T'(a)w)|; = 0 for all @ € A,. Taking into
account that g(im (7)) is dense in 5(./49) (see Definition 8.1), one suffices to prove the latter for
the rational functions a = r (7 (g)), 7 (g) € Rg,x, in Ay acting on X. We proceed by induction on
the order of rational functions r (g). We divide our inductive arguments into several steps.

Step 1. If the assertion is valid for some r (g) € Rq,» and a = r (7 (g)) is invertible in Ay then
the same is true for r—! (g). Indeed, let w|; = 0. Obviously

-~

(T (@)l == (0@ T (@8 @ w)l.
By Proposition 8.1, the restriction map C* (I, X) — C* (J,X), w = wly, is a morphism in Ay-
mod, therefore (5(@)_1w) |7 = 0, for w|; = 0. By assumption, (F (a)é\(a)_lw) |; = 0. Then
again <§(a)_1 I (a) g(a)_1 w) |; =0, whence (T (a7')w)|; = 0.
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Step 2. If the assertion is valid for some subset S C Ry » then the same is true for a polynomial
p in variables S. One suffices to prove the assertion when p is a monomial. Let w|; = 0 and let
p=711(9) " Tm(g) € Rygx, ri(g) € S, be a monomial. We set a; = r; (7 (g)) and b = a1 - am.

As in Step 1, we have (5(@2 . -am)w) |; = 0. Further

(C®)w) s =0(ar) (T (a2 am)w) s +T (@) (B(az---an)w) [ =

=0 (a1) (T (az- - am)w)|s.
By induction on length m of the monomial, we obtain that (" (b)w)|; = 0.

Step 3. The assertion is valid for all a € g. Indeed, in this case I' (a) = i ([u, a]) by the third
cohomological formula (7.3), and [u,a] € J, for g is nilpotent. Thus (i ([u, a]) w) |; = 0 because of
w|J =0.

Now using statements from Step 2 and 3, we obtain that the assertion is valid for all polynomials
r(g) € Ry . By induction hypothesis, the assertion is valid for all r (g), 7 (g) € Ry;;'. Using Step
1 and 2, we obtain that the assertion is valid for all r (g) € Ry . too.

Thus (T (a)w)|; = 0 for all a € Ay, whenever w € C* (I, X) and w|; = 0. We set

s+1 )
PA®eC ™ (§.CFH(ILX)), TA®) (@)= (-1)""T'(a)®(a),
i=1
where & € C* (S, Cck (I,X)) and @ = a3 A ... Aasy1 € A*TLIF. Using the assertion just proved
above, we conclude that the assignment
C* (3,0 (1, X)) » ¢ (3, CF 1 (U, X)), ;= (1) T AD)|,,
is a bounded linear operator denoted by I'y. Then

s+1

(i (w) B (@)1 (@) = Y2 (1) (i (w) (9 1) (@) @ (@) |+

i=1
+Y (=) (i () @ ([ai,a5) Aag ) s = Bu (i (W) @) [1) (@) + (T A D) [ (a).-
1<j
Thus st s41 (B, (D)) = (ﬁﬂ (@), B, ((E (w) @) |s) + (—l)k Iy (<I>|J)) and for the differential v , =
Sx 4 (=1)F B,, of the complex Toty , (I,§,X) we obtain (to within an isomorphism) the following
expression

Y (@1, (@ (W) @) 1) = (Vs (RL) s =710 (0 () @) [5) + (5 (u) = A(w)) (2]))

where  (u) = Lg(y) + >, . The operator « (u) is presented by a triangular operator matrix
with diagonal elements Lg(,). Then sp(x (u)) = sp (0 (u)), and sp (6 (u)) = sp (a (u)) by virtue
of Lemma 7.1. The condition *yi , = 0 implies that « (u) is an endomorphism of the complex
Toty[, . (J;§,X), and the expression for v, , demonstrates that it is the differential of the cone
(see Subsection 2.4).«

Theorem 8.2. Let Ay ~ (X,a), I and J ideals in g, such that J C I, dim(I/J) =1, and let §
be a normed Lie subalgebra in Agy. If § € Proj then

U(I;S;X)L]XS:U(J)SaX)v
for all o € &™. In particular, 0 (9,8, X) [{o}xg =0 (Oé|‘A9|g).
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Proof. By Lemma 8.4, o (I,§,X) = o (Tot(1,§,X)) C o (Conn(u) Tot (J, S,X)), where u €
I\J. Conversely, take (1,¢) € o (Conn(u) Tot (J, F, X)) Using projection property stated in The-
orem 4.1, we infer that 7 € o (Tot (J,F, X)). Note that the parametrized Banach space complexes
C® (o) and C* (afAe|3) are m-spectrally connected by means of A (J) x A (§)-Banach bicomplex
B(J,3,X) due to Proposition 8.2 (since § € Proj). Then 7; € oy (a|y) by virtue of Proposition
5.1, where 77 = 7| 7% {0} By Turovskii lemma 2.13, a ([/, I]) consists of quasinilpotent operators,
and [I,I] C J, for g is a nilpotent Lie algebra. It follows that 7 ([I, I]) = 0 by Theorem 7.1. Thus
each linear extension of 7; up to a functional on I is a Lie charter. Take A € I* such that A|; = 75
and A (u) = ¢. By Lemma 8.4

Tot,ry (1,8, X) = Con (Totr, s (J,§, X), K (u) —c),

where 75 = 7|01 x5. Thereby, (1,¢) € o (1,§, X ). Consequently
o(l,§,X)=0 (C(or)lTot (J,S,X)) ,0 € 6",

Now we can deduce that o (1,5, X) |sx5 = o (J,§, X) by virtue of Theorem 4.1. Further, let
g:hDIQD--~DInDIn+1:{O},

be a chain of ideals in g such that dim (/;/l;11) = 1, 1 < i < n. Then o (Ix, 3, X) |5,,,x5 =
o (Ix+1,8,X) for all k. Finally

7 (9,3, X) lfoyx5 = 0 (12,8, X) l{oyx5 = -~ = 0 (In, §, X) [{oy x5 = 0 (o]0 [5) ,
that is, o (g, 8, X) [{oyx5 = 0 (a]*¢]3). <

Corollary 8.7. Let Ay = (X, ), 4 an ultrafilter and let § be a normed Lie subalgebra in Ag. If
§ € Proj then

o (gaga Xﬂ) |{0}><&' =0 (aﬂ|Ag |3) ’
forallo € &.
Proof. One suffices to apply Theorem 8.2 to the ultrapower Xy .«

Now we are in a position to prove the spectral mapping theorem.

Theorem 8.3. Let Ay > (X,a) and let S be a subset in Ay () (resp., Ag{a)) generating a
quasinilpotent normed (resp., finite-dimensional) Lie subalgebra § CAg. If § € Proj then

ou (ae[5) = 0 () [o]5, o€ 6™

Proof. The inclusion o (@) [4e |3 C oy (a|4¢|3) was proved in Theorem 8.1. The reverse inclu-
sion follows from Proposition 8.5, Corollary 8.7 and Theorem 5.2. <

Corollary 8.8. Let Ay >~ (X, ), and let § CA, () be a finite-dimensional nilpotent Lie subalge-
bra. Then

o (alt|z) =0 (a) M|z, o €6
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Proof. If 0 € &7 then result follows from Theorem 8.3. To prove the equality for spectra
o € G5 we use the same argument carried out in the proof of Corollary 8.5. Namely using Lemma
8.1 and Theorem 8.3, we obtain that

o (altels) = " ((al*els)") = i (0" ¥ lger ) € 0" (@) 4 [gor = 7 (@) [ 4o,

and by Corollary 8.5, o (a[4s[5) = o (@) [4s]5.

Thus the equality has been proven for all ¢ € G5 U &™. For other spectra one suffices to
use Corollary 7.2. Namely, if 0 € &° U &, then 7 € 65 UG™ and o (as|5) = 7 (a[4]5) =
7 (a) Ao = o () [Ao5.4
Corollary 8.9. Let Ay > (X,a) and let S be a subset in Ay (a) generating a quasinilpotent
normed Lie subalgebra § CAg such that 3 € Proj. Then o () [As|g = o ((04“4g |g)*), 0€G6Bs. In

particular, o" (a|4e|5) = o (@) [Ae|5, 0 € &5, whenever X is super-reflezive.

Proof. The inclusion o («) ||z C o7 ((a|A9 |3:)*) was proved in Corollary 8.6. The reverse

inclusion follows from Theorem 8.3. Namely,
ou ((alel5)") = i (@14 gon ) € 0" (a*) |4 [gor = o (@) [
If X is super-reflexive then o ((04“4g |g)*) = 0" (a|*e|3) (see Corollary 8.6). Therefore
o (@) M)z =" (ale]z),0 € Gs. <

To obtain the classical version (o (f (a)) = f(o(a))) of our spectral mapping theorem, we
use the following standard argument as in Subsection 7.3. Let § be a B-L algebra, S a set
of Lie generators, and let (X,a) be a Banach F-module. The assignment S : A(F) — C¥,
§()\) = (A (s))4eg» is an injective continuous linear map. We set o (a (S)) = §(0“ (), 0 € 6,
which we call Slodkowski §-spectra of the operator family « (S). Now let Ay = (X, @), w a set
of Lie generators of g, § a normed Lie subalgebra in Ay with a set of Lie generators f and let
T = a(u), f(T) = as (f). Consider a continuous algebra homomorphism A, — C (o (T)),
a = @aq, where o, (0 (\)) = N4 (a), A € oy (a)(= o (). We identify ¢, with a. Under the
assumptions of spectral mapping theorem (Theorem 8.3), we obtain that

o (£(T) = F (0" (al*]5)) = F (o (@) [*ols) = { (A (@) o, s A€ 0 (@)} =

={@W)ey i pea(m)} =1 (1)
thus o (f (T)) = f (o (T)) for all o € &7.
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