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Approximation of some classes of holomorphic functions
and properties of generating kernels

Viktor Savchuk *

Abstract. Let ¢ =) 77, Jk z* be a holomorphic function in the unit disk and H;f’ ={f=gx*¢:
llgll; < 1} be a functional class with generating kernel 1) (under Hadamard convolution *). We
P

construct some method for approximation of holomorphic functions from H;f’. We explore the
question of when the introduced method will be best linear method of approximation on H;f’ In
this case we also find an asymptotic formula for the upper bounds of deviations of partial sums of
Taylor’s series on the classes H;f . Some interesting properties of generating kernels v are indicated.
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1. Introduction

Let H be a set of functions holomorphic in the disk D := {z € C: |2] < 1}.
If functions g(2) = Y poo gr2” and ¥(z) = > 70, ¥r2"® belong to H, then the sum of
the series

Sl N ) (0
(0o = L, 3= S,

defines a function from A and is called the Hadamard convolution (product) of the func-
tions f and g.
For a given function ¢ € H and p € [1, 00] we define the class Hy as follows

HY = {f=g=v:lgll, <1},
where H), is a Hardy space endowed with the norm

21 . di\ /P
sup </ lg(oe™)[” —> , 1<p<oo,
0<o<1 \Jo 2m

lall, =

sup [g(z)], p = 00.
z€D
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We say that a function ¢ € H is the generating kernel of the class Hg’ if \$k| > 0 for
all k € Z.
It is clear that if ¢ is the generating kernel and f € Hg} , then the function

€>|ks>

waHH <land f = f¥x.

Thg aim of this paper is to investigate the polynomial approximations of functions from
classes Hg’ . More precisely, we find out what properties of generating kernels 7 influence
on the rate of approximation on class Hg’ . For this reason we construct the polynomial
linear method of approximation U, , and find exact values of the upper bounds for the
deviations of U, ,(f) from functions f € H} in the norm | - || H,"

The paper is written according to the following scheme. In Sec. 2, we consider the
sequence of linear operators {U, ,} that is acting from Hg’ into the set P, of algebraic
polynomials of degree n at most. These operators essentially are the sequence of multi-
pliers of partial sums of Taylor series generated by a fixed sequence of complex numbers
depending on the kernel .

In Sec. 3, we introduce the set R,, of generating kernels 1. It is shown that the best
polynomial approximation on H;‘; coincides with the best linear approximation and to
take a minimum iff ¢ € R,,.

In Sec. 4, we indicate how the techniques developed in previous sections may be used
to study the rate of convergence of the Taylor series for functions from the classes H;f .

In Sec. 5, we give certain properties of generating kernels from R,. The result is
closely related to the properties of holomorphic functions with positive real part. They
also have of independent interest.

2. On some linear method of approximation of holomorphic functions

Suppose ¥ is a generating kernel and denote

?
L

V() = ) Uiz
mg := inf Rew( 2) my, ;= inf Re k=0 , neN.
2€D ¢O 2€D ¢nzn
Further assume that inf,cz, m, > —oo.
Let p = {un};2, be a minorant sequence for m := {my,}>2, i.e. p, < m, for all

n e Z+.
Consider the sequence of linear operators {U, , }>2, defined on Hg’ and acting accord-
ing to the rule

Uo(f) = (20 — 1) fo,
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~

n—1 ~
Unu(F)(2) = <1 ~ Dok 62"“”") Fe?® + 2pn — 1) 2", n €N
k=0 U,

Theorem 1. Let m = {my}2, be as above, 1 < q¢ < p < oo. Then for any minorant
sequence (4 of m

max [|f = U (£, =200 =) [ G|, ¥k ey &

feHY Hq

For each k € Z4 the maximum is attained for a function fi(z) = w2k, lw| = 1.
To prove of (1) we use the following lemma due to Goluzin [6, pp. 515. 516].

Lemma 1. Let g € Hy and ) ;> j¢,z2” € H, ¢o = 1. Then for allk € N and z € D

ot k—1
, dt
/ g(e’t)e <1+2Re g c,ZVe “’t> or = g G2V + E Goe_p2" k.
0 v=0

Proof. Suppose f = gx1, so is g = f¥. If we set in lemma ¢, = J,,Jrk/{/)\k we get
27 o >
—~ ; ; - dt
Z (1/)% 1/>_k V""Z l,zﬁyz” k / g(ei)eikt (1+2Rez 1/)li+uzue—wt> a
v=0 w 0 v=1 wk 2m
which is equivalent to

k‘*l -
f(Z) . Z (1 . 1/12/1371/ €2iargwk‘z|2(k—y)> ﬁ,ZV _

Yy

) o ~
—~ . , : dt

= Q/szk/ geMe * [ 2Re g —djkjy et 1| .
0 = 2T

g,

Combining this with the formula

R R 21
(%wﬂmfsz/g@)qu—Uﬁ
0 7T

we get

k_l - N
f(Z) . Z (1 . Q/)Z/Iffu e2iargwk|z‘2(k—u)> f,,ZV _ (QHk _ 1)szk —
v=0 ¢V
dt

2m
ok zt fzkt ¢l€+l’ SV 7wt
= 2¢yz /0 g(e (Re E Mk;) o
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Applying Minkowski’s integral inequality, we obtain

k—1 B R R R
flo-)— Z <1 - % eziargwkgz(ku)> Folo ) — Cuk — 1) frlo )
v=0 v

where || - ||, is usual L,-norm on the interval [0, 27].

D
fo| < Yy
(e ) = Uru(F)le)ll, <

Ly

< , we have

Since for any function f € H;f )

k—1 ’(Z ' -~
Z(l o QZ(kfu)) 2/]3—11 621arg1/)kfy(g ')I/

<I(o)+
=0 Yy

2k

<21 — )" (%( +(1-0") Y

v=k+1

~

Yy -

Passing to the limit as ¢ — 1— in this inequality and applying the Riesz theorem (see, for
example, [6, Ch. XI]) || f(-) = f(e )ll, — 0, ¢ = 1—, we obtain the relation
P

I = Uk Dll, < 20— ) [

Hp

This yields an upper bound for

sup ||f = Ur,u(f)

0
feHy a

For a lower bound we take the function fi(2) = w2k, lw| = 1. It is readily verified
that Uy ,(fx)(2) = w(2ug — 132", Thus

i = Uk Bl gy, = 200 = ) |9

<

Remark 1. For a function f.(z) = Uni12"1 we have f«(2) = Upm(fe)(2) = P12t
Thus

~

Un|.

=2(1 —my)

An = *_Unm * < _Unm
Fnit| = e = Unml ), < s 1 = Vs,

It follows that
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Remark 2. For any generating kernel

my = inf (1 + Z ¢T |w|*~™ cos (), + (k—n)t)) >
webh
k=n+1
Ui
>1-— Z |, Vne Z+,
k=n+1 ¢

where 0 = arg sz —arg z/p\n and t = argw.

Remark 3. Suppose ¢ is a generating kernel. Then m, — 1 as n — oo if and only if

{/}\nJrl‘/ {b\n — 0, n — oo.
Corollary 1. Let m = {m,}}°, be as above, 1 <p < oco. If
o |~
M := sup Qﬁk < 00,
TZGZ+ k:Tlr‘rl
then
m:= inf my, >1— M,
TZGZ+
and
2(1 — )¢n<max||f Up ()] H_QZ‘¢k‘<2M¢n, VkeZy,
fE€H, P k=n+1
where N
_ U,
k=n+1 Q/)

3. Best approximation

Let P, be a set of algebraic polynomials of degree n,n € Z,, at most.
The quantity
Eo(Hy:Hy) = sup [1F],
fEH

En(H; Hy) =, inf |f = Pacally,, €N,
e » n— n—

is called the best polynomial approximation of order n of the class Hg’ in the space H,.
Consider the sequence of linear operators {T,}>° ; defined on H and acting according
to the rule

n—1
To(f)(z) =0, Tu(£)(2) = Tua(£)(2) = Y Menfrz®, n €N,
k=0
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where \i,, are elements of the infinite lower triangular matrix A := {\;,}, n € N, k =
0,1,...,n — 1, over the field of complex numbers.
The quantity
En(Hy';s Hy) i=f sup ||f = Toa(f)

HH )
feHy !

where the lower bound is taken over the set of all lower triangular numerical matrices A,
is called the best linear approximation of the class Hg} in the space H,. If there exists a

matrix A* that generates a sequence of operators {T¥}°° , such that

sup |1 = TPy, = EnlHY: Hy),
feHY

then one says that the matrix A* generates the best linear method of approximation of
the class Hg’ in the space H,.
It is easy to see that for any generating kernel v

¥n

< E,(HY; Hy) < En(HY3 Hy), n=0,1,2,.... (2)

It follows from (1) that equality occurs here if m,, > 1/2. Indeed

En(HyY; Hp) < max [|f = Up ()l = [0l
feHy r
for pu, = 1/2.
Moreover, for p = oo equality in (2) implies a relation m, > 1/2.
Set

R”::{¢EH:§§£mk>1/Q}'

Theorem 2. Suppose ¢ is a generating kernel and m = {m, }>>, is as above. Then:

i)

b€ Ry == B, (H;Z’O;HOO> — & (H;Z’O;HOO) - ‘@Zk . Vk>n
it) for 1 <q<p< o0
b€ Ry = By (HyiHy) = & (HY:H) = 0], v k= n.

This statement is known. First time it was formulated without proof in [4].

From the Theorem 2, we can easily deduce the results of Babenko [1], Taikov [17], [16],
[18], Scheick [13], Belyi and Dveirin [3], where the quantities En(Hg), H,) and En(Hg), H,)
were evaluated on the classes Hg’ for specific values of the parameter v and in the general
case.

It should be noted that the statement ) is essentially contained in a Goluzin’s theorem
[6, p. 515] obtained in 1950, but this fact was not noticed.
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Remark 4. It was shown in [12] that for ¢ € Ry, the linear method Uy, , with p, = 1/2

18 unique best linear method for the approximation of the classes HY.
Proof. Clearly, it is sufficient to prove the implication ” < 7.
Set HfO’O = Hg’o and
", {feHw 7 =0, u_o,1,...,k—1}, k> n.

Fix k > n and consider the function fi = g * ¢, where

Z—«
P —,
1—-az

9(z) = laf <1,

It is easy to verify that fj € H;/’O . and

fk( )—_1/1ka2 —|— ]_—‘a| Z ¢V—I/ k—1 1/

v=k+1

It follows from Schwarz lemma that | fx(2)| < \z|k\|fk||H . On the other hand, accord-
ing to the duality relation (see, for example, [9, p. 25, 81]),

< — B (HY. H :(A(.
||fk\|Hmfhg§g< 1l g w(H3 Hoo) = |9

0o,k

Thus, |fi(2)] < |2|* ‘1//1\4 for all z € D, or equivalently

‘_ Z 1/} a1l <
e <1
v=n+1
Exponentiating both parts of this inequality, we obtain
2
1—|a? & ~ 1—|af? ~
laf> — 2Re (# Z 1/)1,@”_”2”> + | — o] Z | <1,
%Z” v=n+1 nzn v=n-+1

and consequently

—2Re< w”*”—” ”) (1—|al?)

Passing to the limit as |a| — 1—, we obtain

o ~
e (Z Mei”gz”> >1, VzeD, 0e€]0,2n]

v=0 n

2
<1

Zwl/—l/nllln

V= n+1
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4. Approximation by partial sums

In this section we apply a previous results to examine a remainder of Taylor series on
classes H;f . More precisely, we consider the quantity

Ry (HY:H,) = sup | = S(F)ly,.

feHy
where
k—1
So(f)(z) =0, Sp(f)(2) == nyz”, keN
v=0

The following is immediate from Theorem 2.

Theorem 3. Suppose 1 < ¢<2<p< 0. Ifv € Ry, n € Z,, then
Ry (H;/’;Hq) - (&k‘ vV k> .
Proof. By Holder inequality and Theorem 2, we get
1f = Sy, < Nf = Se(P)ll, < Br(Hy; Ha) <
< Ep(H}); Hy) < ‘@/b\k;‘

The inequalities are sharp. They become equalities for f(z) = wz/p\kzk , Jw| = 1.

<
Let UH, be a unit ball of Hardy space. Set
k—1_
Go(¥)p,g =0, Gr(¢)pq = sup Z¢2k—u§u2u , keN,
9€UHyp ||, 2

Hq
and

Gopq =0, Grpg:= sup [[Sk(g)ll, -
geUH, a

The quantity G}, 0,00 is called the Landau constant. It is well known [10] that

1
Grpp = — Ink+0O(1), k— o0, p=1,00. (3)

Suppose ¥y € Ry, n € Z,. For a given function f € H;f, f = g =1, consider a
polynomial Uy ,(f),k > n, where p,, = 1/2. It is easy to see that

v

I S
1) = S = F(2) = Up () () — e2omedn 32 Y2hor f v,
v=0
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Hence, according to Theorems 1 and 2, we have
i (Hy'sHy) < wax 1f = Un D)y, + G =[] + G
€ p

On the other hand R
Gr(¥)pg < By (Hg};Hq> + ‘¢k‘ :
Summing these relations we get

Theorem 4. Suppose 1 < qg<p<oo. Ifp € Ry, n € Z,, then

ity - |

< Ry (HY:Hy) < Ge@pa + [B], ¥ k=

Corollary 2. Suppose p =1,00. Ifp € Ry, n € Z4, and

lim | £26) 2 q,
k—o0 1/%

then

Ry (H;f;Hp> :%Wk lnn—i—O(‘Jk‘), k — oo.

o~ (e}
Such an asymptotic relation was obtained in [15] in a case when sequences {Re 1/)1,} o
V=
o~ (o)
and {Iml/)l,} . are convex and decrease to zero. Under the same conditions and in
V=

addition when Im 12,, =0, simple proof was suggested by Babenko [1].
In the case when 9, = v!/(v+1)!,7 € Z, this equality was obtained by Stechkin [14].
Proof. Setting in lemma ¢, = Ygip41/Vk+1, k =k — 1 and g := Sk(g), we have

k-1

~—
E Yop—vgue’””’ =
v=0

- 2T oo T
_ JkJrlei(k—l)G/ Sk (g) (€101t (2Re S Uit vt _ | 4
0 =0 Ykt 2

Applying Minkowski’s integral inequality and (3), we obtain

Gr(V)pq < ‘{b\k;-l—l‘ Grypq = ‘$k+1‘ (% Ink + 0(1)> :

Observe that for |z| =1

k—1
§ kafugyzy
v=0

k—1

- - ,
E Vhtv419k—v—1%
v=0
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Thus, applying in consecutive order the Holder’s and Hardy’s inequalities, we get

Gk(¢)oo,oo > Gk(¢)1,l >

1 k-l ‘¢k+u+1§k7u71‘ 1~
> — sup > p ‘1/121@"

-1 |~
sup ‘gk—y—l‘
T gcUH,; = v+1

geUH;, V=0 v+ 1

Let &k > 2. Consider a function

k—1 ‘1/‘ k—1 v+1 2k—2 v+ 1
o) =41 % (1_?);:2 ey <2_ : >
v=—k+1 v=0 v=k
It easy to see that
2| Ed |\ .| dt

— 1 - =L wt| 7 -1

ol = | X (1= ) | 55 = 1A, =1

v=—k+1

where Fj,(t) := 14+ 235211 — k/n) cos vt is a Fejer kernel. Thus, g € UH,.

We have
k— 1 k—1

\gk 1] 1 1
Z:: 1/—:1 _ZV—|—1>;;

Combining this with (4), we obtain

=P
Cr(Wpp = | = 30~ > ||~ Ik, p=1,00.

Hence

lim 7Gk(1/))pp = lim ‘{b\%‘

=1

and result follows.

<
Let A, denote the Bergman space of holomorphic functions in D with finite norm

1 g2 . 1/p
HfHAP:</o/o !f(@enﬂp%gdé)) , 1<p<cc.

(V) (2) = Y(2) = Su(¥)(2), n€Zy.
Theorem 5. Suppose n € Z4 and ) € R,,. Then

Set

w0 Ire@)lly, — 2In(k +2) ( 1_> . Vk>n

PERR ‘{/}\k‘ - Y k’+1
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Proof. By the Riesz—Herglotz theorem

2 zt
QM_lz/ Z+Zduk(), vz eD,
¢kzk 0 €
where p; is a positive measure on [0, 27) with total variation =1.
Since 1+ 5
z
1=
11— 1—2z’

we see that

N 2 1
e =t [ —dm(t) ¥zeD.

Hence
db

— <
2r —

/0% re(w)(ee™)] 57 = o [B /% /o% %d%(t)
1

<Q‘Q/)k‘/%‘l_QeZqu_Q‘Q/)k‘(l—i_z:( V—lll)
It is known [7], [8], that o 2 1

v=12,....

Y

where e(v) satisfies
1 <o) < 1
4 2’

Thus o .
/ mwwwg<wwwuig%)

Integrating this inequality on [0, 1), we obtain

1 2m
ey, =2 [ [ Ino)eet) g ode <

<2‘¢k‘/ <k+1-|- i l/—l—k—l—l)dQ:Q‘{b\k‘ (%4_24-%”0:11/(1/%]“_2))

Applying to the last sum the formula (see [2, pp. 15,16])

i k42 M(k+2) kif_ )
Jwrk+2) Ttz T k:+2

v=1

where v is a Euler’s constant, we obtain the upper estimate

k+2
1 +

2
T‘Hrk(w)HAl k‘ T 2 (Z + 7T> m(ln(k’ + 2) + 7+ 1).

[
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For lower estimate we consider function

* Pn 2"
U () = Sa()(2) +
—z
Obvious 1//)\;; = Jk for all £ > n and
* 1 1— 2
are W)y _ope —1:%20, vV 2 eD.
Prok 1—2 11— 2]
Thus ¥* € R,,.

Using the Hardy’s inequality and formula (5), we get

27 V—l—k—l—l
e, =35 [ __MM@>{M/ e

k+1

-2 oy = 7 Bl s > 2 11“f++12-

<

For a given function ¢ € R,, and p € [1,00] we define the class A;f as follows

Ay = {f=gwi:lgl, <1}
Set -
D(¥)(2) = = "k + 1)di2",

k=0

Corollary 3. Suppose Dy € Ry, n € Z4. Then
" 2|~ >
Ru(AYi A1) < = |k +2) + 0 ([)) . Yk n.
Proof. We have
nHE = [ [ 1 e Dw) e ) ode, 2 eD.
0 Jo

Using the Minkowski’s integral inequality, we obtain the estimate

(AL, < | @O, < D),

Since by theorem 5

D@Dy, < 2 [k +2)+ 0 (|])

(6) follows.
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5. Properties of generating kernels from class R,

Proposition 1. Suppose n € Z. The following statements are equivalent:
i) € Ry;
it) [rn(¥)(2)] Z [rap1 (@) (2)] = [rng2(P)(2)[ = ...,V 2 € D.

Proof. This follows immediately from obvious identity

2Re¢(—1=[¢?—[1-¢* V(eC. (7)

<
Let M,,,n € Z, denote the class of null-sequences of real numbers {a, }52, for which
A, :=a, >0, A"a, :=A""ta, — A" L4, 1 >0m=1,2,...,n, Vv EZ,.
Obviously, Mg D M1 D My D ...

Proposition 2. Let i be a generating kernel and n € Z. Then:
i)
~ o
{¢V+n} 0 € Mo = 9 € Ry;
v=

i) if 1//)\1, 18 positive for all v > n and

Re THWG) S g WGy s e, (8)
Y2k Ypq12FHL

then

o0

Y ER, = {Jym} o € Ms.

V=

[e.o]

Remark 5. Under condition (8) the sequence {1//1\,,+n} 1s logarithmically concave, that
v=0
18, satisfies

N )
Yohyio <Ypq, Yv>n.

Proof. 1) Fix k > n and consider the trigonometric series

~

Uk =
7k + z; Yy 4k COS V.
v=

Denote their sum by Wg(z). R

It is well known that under condition {¢,4n}52, € Ma, ¥(x) exist for almost all
x € (0,27) and ¥(z) > 0.

Therefore

oo 2 2

1 1— d

9 Re Zl/fzfrkzu 1= \I;k(m),i‘%—ajzo, vV zeD.
v=0 Q/)k ‘€Z$_Z| T
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ii) Fix k > n. We have

o o ok Yy = tvi1)2
(Or, — Prey1) 2

W <2Remgz)><z>_1>_ o (2R rkﬂwm_l)z

Yk — Y41 Yz Yk — Y41 Yy 281
<2R re1(¥)(z) > Dk — Y >0, ¥zeD.
Py 2h Dk — Y
Thus
- - 27
¢li+1 —Al/)k+2 _ / it <2Rez 1/)u+1 o kit _ 1) dt <
Vi — Vi1 0 br, — 1/)k+1 2
27
S/ <2Rez %“ o ket 1) 1, Voe [0,1),
br, — 1/)k+1 2

and the result follows.

Proposition 3. Suppose v € R, NHy,n € Z,. Then

li = 0.
dim (e ()|,

Proof. 1t follows from proposition 1 that

v
—~

Nej
~~

@), > st @l > e (),
It is known (see, for example, [11, p. 96]) that

lim ()], = 0.
k—o0

Combining this with (9), we arrive at

=0.

s,

lim = li
Jim e ()], k%\lrk(w)

We have several corollaries from these statements.

Corollary 4. Suppose 1 € Ry, and n € Zy. Then for any integer k > n, polynomial
Z 1/)l,+nz have no zeros in D.
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Indeed, |z|7¥|r, (¢¥)(2)] > |2|7Y|rv+1(¥)(2)| for all v > n and z € D. Because of domain
conservation principle, the equality does not occur for all z € D. Consequently

> 0,7 = ) - ()] 2
> e () - rea(@)E) > 0, VD

Corollary 5. Suppose ¢ € Ry,n € Zy. Then

2Rewzl, Vk>n, zeD. (10)

Z '(Zl/zy

v=n

In particular

Zwy

<2|rp(¥)(2)l, Vk>n, z€D. (11)

It follows immediately from proposition 1 and (7) that if we put ¢ = r,,(¢)(2)/ (lef:n Uy 2

In the case when ¢ € M3 the relations (10) and (11) were proved by Fejer [5]. It was
shown by Wirths [19] that inequalities (10) and (11) holds for ¢ € Ma.

Corollary 6. Suppose ¢ € R, N Hy,n € Z,. Then ‘Jk‘ loghk =o(1), k — oc.

It follows from proposition 3 and Hardy’s inequality that

1 o wu—I—n 1 n Q/)V-I—n
> — — > >
oIz 13T 2 DY
v=0 v=0
1~ |w— 1 1~
>;(wgny§j — >~ [fou |l
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