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Optimal Lehmer Mean Bounds for the Geometric
and Arithmetic Combinations of Arithmetic and
Seiffert Means

Y.-M. Chu*, M.-K. Wang, Y.-F. Qiu

Abstract. For any 5 € (0,1), we answer the questions: what are the greatest values p
and 7, and the least values ¢ and s, such that the inequalities L,(a,b) < 8T (a,b) + (1 —
B)A(a,b) < Ly(a,b) and L,(a,b) < TP(a,b)A*P(a,b) < Ls(a,b) hold for all a,b > 0
with a # b. Here, A(a,b), T(a,b) and L,(a,b) denote the arithmetic, Seiffert, and r-th
Lehmer means of two positive numbers a and b, respectively.
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1. Introduction

For r € R, the r—th Lehmer mean L, (a,b) [5] and Seiffert mean T'(a, b) [8] of
two positive numbers a and b are defined by

ar+1 + bT’+1
L.(a,b) = ————, 1
(0.0) = 1)
and )
a;ai’ a ba
T(a,b) — { 2arctan(a—+z) ?é (2)
a, a=2b,
respectively.

It is well known that L, (a,b) is strictly increasing with respect to r € R for
fixed a,b > 0 with a # b. Many means are the special case of Lehmer mean, for
example

A(a,b) = (a+b)/2 = Lo(a,b) is the arithmetic mean,
G(a,b) = Vab = L_y/5(a,b) is the geometric mean,

H(a,b) =2ab/(a +b) = L_1(a,b) is the harmonic mean.
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Let I(a,b) = 1/e(b®/a®)"/®=9) L(a,b) = (b—a)/(logb—loga), and M,(a,b) =
((aP? + bP)/2)'/P (p # 0) and My(a,b) = Vab be the identric, logarithmic, and
p—th power means of two positive numbers a and b with a # b, respectively.
Then

min{a,b} < H(a,b) = L_1(a,b) = M_1(a,b) < G(a,b) = L_%(a,b) = My(a,b)
< L(a,b) < I(a,b) < A(a,b) = Lo(a,b) = Mi(a,b) < max{a, b},

for all a,b > 0 with a # b.

Recently, the inequalities for the Lehmer, Seiffert and other bivariate means
were investigated in papers [1], [2], [3], [4], [6], [7], [8], [9], [10].

In [8], Seiffert proved that

M(a,b) = A(a,b) < T(a,b) < Mz(a,b), (3)

for all a,b > 0 with a # b.
Chu et al. [3] found the greatest value p = log3/log(m/2) = 2.4328... and
least value ¢ = 5/2 such that

Hy,(a,b) < T(a,b) < Hy(a,b),

for all a,b > 0 with a # b. Here, Hy(a,b) = [(a? + (ab)?/?> + b)/3]"/? (p # 0)
and Ho(a,b) = v/ab is the p-th power-type Heron mean of two positive numbers
aand b .

The following sharp upper and lower Lehmer mean bounds for L, I, (LI)
and (L + I)/2 were presented in [2]:

1/2
)

L*l/?}(a? b) < L(CL, b) < L()(CL, b)a
L—l/G(avb) < I((L, b) < LO(aa b)a
L,1/4<6L, b) < I1/2(CL, b)Ll/Q(a7 b) < LU(CL7 b)u

and
L_yja(a,b) < ~(I(a,b) + L(a,b)) < Lo(ab).

2
for all a,b > 0 with a # b.
Very recently, Wang et al. [10] found the following sharp bounds for Seiffert
mean T'(a,b) in terms of Lemhmer mean

LO(av b) < T(aab) < L1/3(a7 b)v (4)
for a,b > 0 with a # b.

The purpose of this paper is to present the best possible upper and lower
Lehmer mean bounds for the sum 8T (a,b) + (1 — 8)A(a, b) and product T?(a, b)
A'=B(a,b) for any B € (0,1) and all a,b > 0 with a # b.
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2. Main Results

In order to establish our main results we need a lemma, which we present in
this seciton.

Lemma 1. If 5 € (0,1), then the double inequality

BL13(a,b) + (1 — B)A(a,b) < Lg/z(a,b),
holds for all a,b > 0 with a # b.

Proof. Without loss of generality, we assume that a > b. Let « = /3 €
(0,1/3) and t = {/a/b > 1. Then from (1.1) and (1.2) one has

Lﬂ/3(aab) - (1 - B)A(CL, b) - BL1/3(0’5 b)
_ {1+t3a+3 1+ 1+ ¢4

—(1-30)~—5—~3a

14 t3a 1+t
g9(¢)
[2(1 +3)(1+41¢)]’ (5)
where
g(t) = (1—=3a)t3 (14 3a)t3"3 — (1 - 3a)t3* — (1 4 3a)t>

—(1+3a)t' — (1 -3a)> + (1 +3a)t +1 - 3a. (6)

Let g1(t) = ¢"(t)/(3), g2(t) = g1 (t)/ (1 + 3a) and g3(t) = >/ (t) /[3a(1 —
3a)]. Then simple computations lead to

g(l) =0, (7)
g (t) = (1 — 3a)(4 + 3a)t** T 4 3(1 + 3a)(1 + a)t***? — (1 — 3a)(1 + 3a)t*™
—3a(1 +3a)t>* L —4(1 4+ 30)t> —3(1 — 3)t2 + 1+ 3a,¢'(1) =0,  (8)
at) = (1-=3a)4+3a)1+ )3 + (1 +3a)(1 + )2+ 3a)t>

—a(1 —3a)(1 +3a)t> % 4+ a(1 + 3a)(1 — 3a)t>*3
—4(1 + 3a)t — 2(1 — 3a),

91(1) =0, (9)

g2(t) = (1—3a)4+3a)(1+a)t** +3a(l +a)(2+ 3a)t*> !
Fa(l —30)(2 - 3a)t3*73 — 3a(1 — a)(1 — 3a)t3>1 — 4,
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g2(1) =0, (10)

and

g3(t) = (A+30)1+a)t* — (1+a)(2+3)t3 — (1 —a)(2 - 3a)t
+(1 — a)(4 - 3a)
> 214+ a)t3 —(1—a)(2—-3a)t+ (1 —a)(4—3a)
> a(7T—3a)t+ (1 —a)(4—3a) >0, (11)

for v € (0,1/3).
Therefore, Lemma 1 follows from equations (2.1)-(2.6) and inequality (2.7).
<

Theorem 1. If § € (0,1), then the double inequality
Ly(a,b) < BT (a,b) + (1 — f)A(a,b) < L¢(a,b),
holds for all a,b > 0 with a # b if and only if p < 0 and g > /3.

Proof. From inequalities (1.3) and (1.4) together with Lemma 1 we clearly
see that
L()(Cl, b) = A(CL, b) < BT(CL7 b) + (1 - ﬁ)A((L b)?

and
Lﬁ/3(a7 b) > 5L1/3(a7 b) + (1 - /B)A(a7 b) > 5T(aa b) + (1 - B)A(aa b),

for all a,b > 0 with a # b.

Next, we prove that Lo(a,b) and Lg/3(a,b) are the best possible lower and
upper Lehmer mean bounds for the sum (1 — 3)A(a,b) + 8T (a,b).

For any £ > 0 and « > 0, from (1.1) and (1.2) we have

lim Le(l,7)
z—+oo (1 — B)A(1,2) + BT(1,x)
i (2! +a%)/(1 +27)
a:—>+002(1 —B) ("t +1)/2+ 801 —xV)/[2arctan((z — 1)/(z + 1))]

= T8 1, (12)

and

(1 - ﬂ)A(lv 1+ x) + BT(L 1+ l’) - Lﬁ/?)—s(la 1+ :C)
x Bx 1+ (1+ x)ﬁ/?’_E“

= (1-— 1+ —
( 6)( + 2) + 5 arctam <xi+2> 14+ (1 +x)5/3—€
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= J (@) 13
2[1 + (1 + z)B/3—¢] arctan (L) ’ 19)

42

where J(z) = 2(1 — B)(1 + z/2)[1 + (1 + z)?/3~¢] arctan[z/(z + 2)] + fz[1 + (1 +
x)P/3) — 2[1 4+ (1 4 )83~ arctan[z/(z + 2)].
Letting * — 0 and making use of Taylor expansion one has

J(z) = z(1-p) <1 + g) [2 i (g _ 8) e 38)(%_ 32-3) o, o(xQ)}

X [1 - 191: + 11'2 + o(:ng)] + Bz

X [2 + z(g 65) A G 36)(f8_ €780y o(xz)]
w[ [2 +1<§ —1 e+ 1) x +] G 35)(f8_ ) W o(a:Q)]
x |1 ==z + -2 + o(2?)
= gxg’ + 02(903). 6 (14)

Inequality (2.8) and equations (2.9) and (2.10) imply that for any ¢ > 0
there exist X1 > 1 and 01 > 0, such that L.(1,z) > (1 — B)A(1,z) + pT(1,x)
for z € (X1, +00) and Lg/3_.(1,1+z) < (1 = B)A(1,1 +z) + BT (1,1 + z) for
S (0,(51). <

Theorem 2. If § € (0,1), then the double inequality
Ly(a,b) < T?(a,b)A'P(a,b) < Ly(a,b),
holds for all a,b > 0 with a # b if and only if r <0 and s > (/3.
Proof. From (1.3) and Theorem 1 we know that
Lo(a,b) < T%(a,b)A'P(a,b) < Lg3(a,b),

for all a,b > 0 with a # b.

Next, we prove that Lo(a,b) and Lg /3 are the best possible lower and upper
Lehmer mean bounds for the product A*#(a,b)T?(a,b).

For any £ > 0 and « > 0, from (1.1) and (1.2) we have

L)
a—+oo A1=B(1,2)T8(1, z)
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—  lim (' +a2%)/(1 +2%)
a—too [(z71 4+ 1) /21 -B{(1 — 2z~ 1)/ arctan[(z — 1) /(z + 1)]/2}7

_ (g)ﬁ >1, (15)

and

AYP(1,14+2)TP(1, 14+ 2) — Lgjzo(1,1 + )

B
B <1+§>1—ﬂ T 14 (A4 p)fiett
2 2 arctan (;ﬁ) L+ (1+ x)B/S—s
_ H() , (16)
[1+4 (1 + z)8/3-¢][2 arctan (ﬁr?)]fg

where H(z) = 28 (14 2/2)" 7P [14+ (1 +2)P/3~¢] — {2 arctan[z/ (z + 2)]}°[1 + (1 +
x)ﬁ/i’)—e—i-l]'

Letting  — 0 and making use of Taylor expansion one has

H(m) _ 1‘5 |:1+1;ﬁx—ﬁ(1g_ﬁ)$2+0($2):|

X [2 + <§ — 5) T+ G 36)(168_ S 3):1:2 + 0(3:2)]

m—e [2+ <§ —e+1> z+ (’8_36)(5_3€+3)x2+o(:¢2)]

18
X [1 — gx + 5(12—235>

= gaﬁ“ + o(xP+?). (17)

z® + 0(:1:2)}

Inequality (2.11) and equations (2.12) and (2.13) imply that for any € > 0
there exist X > 1 and d > 0, such that L.(1,z) > A'7A(1,2)T?(1,z) for
T € (X2,+00) and Lg/s_.(1,1+ ) < AP 1+ 2)TP(1,1 + ) for = € (0,d2).
|
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