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Essential spectrum a brief survey of concepts and
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Abstract. We give a survey of results concerning various essential spectra of bounded
linear operators in a Banach space. We define the generalized Kato essential spectrum
of an operator, and we also give some relationships between this spectrum and other
essential spectra found in Fredholm theory and the SVEP theory.
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1. Introduction

Let X be an infinite-dimensional complex Banach space. We denote by £(X)
the set of all bonded linear operators from X into X. Let I denote the iden-
tity operator in X. For T' € L(X) we denote by T™ the adjoint of T', R(T) its
range, and N(7') its null space. An operator T' € £(X) is said to be semi-regular
if R(T) is closed and N(T™) C R(T), for all n > 0. T admits a generalized
Kato decomposition, if there exists a pair of T-invariant closed subspaces (M, N)
such that X = M @ N, where T'|M is semi-regular and T'|N is quasi-nilpotent.
A bounded operator on X is said to be quasi-nilpotent if its spectrum o (7)) = {0}.

The Kato decomposition for bounded operator on Banach spaces arises from
the classical treatment of perturbation theory of Kato [32], and its flourishing
has greatly benefited from the work of many authors in the last ten years, in par-
ticular from the work of Mbekhta [41, 43, 44], Aiena [1] and Q. Jiang-H. Zhong
[30]. The operators which satisfy this property form a class which includes the
class of quasi-Fredholm operators, semi-regular, Kato type, semi-Fredholm and
B-Fredholm operators. This concept leads in a natural way to the generalized
Kato spectrum o4(7), an important subset of the ordinary spectrum which is
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defined as the set of all A € C for which Al — T does not admit a generalized
Kato decomposition. It was shown in [30, Corollary 2.3] that o (7") is a com-
pact subset of C. Note that o4,(T) is not necessarily non-empty. For example, a
quasi-nilpotent operator T has empty generalized Kato spectrum.

The aim of this paper is to define the generalized Kato essential spectrum of
an operator (the essential version of 4,(7)), and we also give some relationships
between this spectrum and other essential spectra found in Fredholm theory and
the SVEP theory. We present a survey of results for various essential spectra and
we consider their stability under some perturbations.

2. The semi-regular spectrum and its essential version

The semi-regular spectrum was first introduced by Apostol [2] for operators
on Hilbert spaces and successively studied by several authors Muller[47] and
Rakocevic [54], Mbekhta and Ouahab [45] and Mbekhta [42] in the more general
context of operators acting on Banach spaces. Trivial examples of semi-regular
operators are surjective operators as well as injective operators with closed range,
Fredholm operators and semi-Fredholm operators with jump equal zero (for more
details see [1]). Some other examples of semi-regular operators may be found
in Mbekhta [45] and Labrousse [37]. For an essential version of semi-regular
operators we use the following notation, for subspaces M, L C X we write M C. L
if there exists a finite-dimensional subspace F' of X for which M C L + F.
Obviously

M C. L & dim

MnL =%

An operator T' € L(X) is called essentially semi-regular if R(7T) is closed and
N(T™) Ce R(T), for all integers n > 0.

The semi-regular spectrum of a bounded operator 7" on X is defined by
0se(T) :={A € C: AI — T is not semi-regular}
and its essential version by
0es(T) := {X € C: A\I — T is not essentially semi-regular}

The sets 0s.(T") and oe5(T") are always non-empty compact subsets of the com-

plex plane, os.(f(T')) = f(0s(T)) and oes(f(T)) = f(0es(T')) for any analytic
function f in a neighborhood of o(T')(See [54]). Now we recall some results about

0se(T') and oes(T)
Theorem 1 ([54]). Let T € L(X).
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1. 05e(T) = 05e(T*) and oes(T) = 0es(T).
2. 00(T) C 04(T); where do(T) is the boundary of the spectrum of T.

3. XN € 0se(T) \ 0es(T) if and only if X is an isolated point of os.(T),

. N -=T)+N(MN-T)") .
ilelg dim N —T) < oo and R(T — M) is closed.

Let K(X) the closed two-sided ideal in £(X) of all compact operators and
F(X) denotes the set of all finite rank operators on X.

Theorem 2 ([54]). Let T € L(X). Then

Oes(T) = N ose(T + K)
KeK(X),KT=TK

= N 0se(T + F)

FEF(X),FT=TF

Let us mention that the mappings 7' — 0s.(T) and T' — o5(T’) are not upper
semi-continuous at 7" in general [54, Remark 4.4].

Theorem 3 ([54]). Let T, T,, € L(X). and TT,, = T,,T for each positive integer
n. Then

lim sup 04 (T3) C 0se(T) and limsup o¢s(Ty) C oes(T)
neN neN

3. Generalized Kato spectrum and its essential version

Now, we introduce an important class of bounded operators which involves
the concept of semi-regularity.

Definition 1. An operator T € L(X), is said to admit a generalized Kato de-
composition, if there exists a pair of closed subspaces (M,N) of X such that
1. X=Ma®N.
2. T(M) C M and T|M is semi-reqular.
3. T(N) C N and T|N is quasi-nilpotent (i.e o(T|N) = {0}.

(M, N) is said a generalized Kato decomposition of T, abbreviated as GKD(M, N).
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If we assume in the definition above that T|NV is nilpotent, then there exists
d € N for which (T|N)¢ = 0. In this case T is said to be of Kato type of order
d. Clearly, every semi-regular operator is Kato type with M = X and N = {0}
and a quasi-nilpotent operator has a GKD with M = {0} and N = X. Note that
if T is essentialy semi-regular then N is finite-dimensional and T'|N is nilpotent,
since every quasi-nilpotent operator on a finite-dimensional space is nilpotent.
Discussions of operators which admit a generalized decomposition may be found
in [43, 44].
For every operator T' € L(X), let us define the Kato type spectrum and the
generalized Kato spectrum as follows respectively:

0r(T) :={A € C: A\I — T is not of Kato type}
ogk(T) := {A € C: AI-T does not admit a generalized Kato decomposition}

og(T') is not necessarily non-empty. For example, each quasi-nilpotent oper-
ator T has empty generalized Kato spectrum.
The following results shows that the generalized Kato spectrum of a bounded
operator is a closed subset of the spectra o(7T') of T. The next theorem is due to
Q. Jiang , H. Zhong ([30, Theorem 2.2] ) :

Theorem 4. Suppose that T € L(X), admits a GKD(M, N). Then there exists
an open disc D(0,€) for which \I —T is semi-regular for all A € D(0,¢) \ {0}

Since ogi(T) C o(T) C 0es(T) C 05e(T), as a straightforward consequence
of Theorem 4, we easily obtain that these spectra differ from each other on at
most countably many isolated points.

Proposition 1 ([1, 30]). The sets 05c(T)\ogi(T), 05e(T)\ok(T), 0es(T)\ o (T),
Oes(T) \ 0gi(T) and o1,(T) \ ogx(T') are at most countable.

For T € L(X), there are two linear subspaces of X defined in [43], the quasi-
nilpotent part Hy(T) of T

Ho(T) = {$ € X : lim ||T"z||» = o}
n—o0
and the analytical core K(T') of T
K(T) = {x € X : there exist a sequence (z,) in X and a constant § > 0
such that

Ty =x,Trpt1 = x, and ||xy,|| < 6"z for all n € N}
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It easily follows, from the definitions, that Ho(T') and K(T') are generally
not closed and T'(K(T)) = K(T). Observe that if Y is a closed subspace of X
such that T(Y) =Y , then Y C K(T) [60, Proposition 2]. Furthermore if 7" is
quasi-nilpotent then Hy(T) = X and K(T) = {0}.

Theorem 5 ([1]). Suppose that (M, N) is a GKD for T € L(X). Then we have:
1. K(T)= K(T|M) and K(T) is closed;
2. K(T)NN(T) = N(T|M).
Theorem 6 ([1]). Assume that T € L(X), admits a GKD (M,N). Then
Hy(T) = Ho(T|M) & Hy(T|N) = Ho(T|M) & N M)

Theorem 7 ([20]). Assume that T € L(X), X a Banach space. The following
assertions are equivalent:

1. 0 is an isolated point in o(T);
2. K(T) is closed and X = K(T') @ Ho(T)
3. Ho(T) is closed and X = K(T) ® Ho(T)

4. there is a bounded projection P on X such that R(P) = K(T) and N(P) =
Hy(T).

Here & denotes the algebraic direct sum.

Definition 2. Let T € L(X). The generalized Kato essential spectrum is defined
by

Oeg(T) = {X € C; X\ — T is not admits a GKD and R(T') is not closed}

Note that by Theorem 4 the generalized Kato essential spectrum is a closed
set of the spectrum o (T") of T' and 0.4(T") C 041 (T). Moreover g, (T) \ 0eg(T) is
at most countable, this is a direct consequence of the following theorem:

Theorem 8 ([5]). The symmetric difference og,(T)Aoce.(T) is at most countable,
where oee(T) ={A € C; R(A —T) is not closed}.

Theorem 9 ([4]). The symmetric difference oy(T)Aocec(T) is at most countable.

Proposition 2. The sets 0gi(T)\0eg(T), Occ(T)\0eg(T), 0k (T)\Oeg(T), 0es(T)\
Oeg(T), and ose(T) \ 0eq(T) are at most countable.
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Proof. We have by definition of o4(T),

gk (T) \ 0eg(T) C 0gi(T)A0ee(T) and oec(T') \ 0eg(T) C 0gi(T)Avee(T)

Then by Theorem 8 we obtain the result.

Proposition 3. If A € 9o (T') is non-isolated point, then A € oo4(T).
Proof. Let A € 0o(T) a non-isolated point. Since 0o(T") C 0s(T), then
A € 04(T) is non-isolated point, hence A € o¢y(T).

Now we want to study the influence of perturbations on the spectrum. Our
hope is that at least some parts of the spectrum remain invariant.

We will consider for every T € £(X) the following properties :

(P1) 0:(T) #

(P2) 04(T) is closed.

(P3) 04(T + U) = 04(T) whenever TU = UT and ||U|| < € for some € > 0.

(P4) 0;(T + F) = 04(T) for every F' € F(X) commuting with 7.

(P5) 0y(T + K) = 0;(T) for every K € K(X) commuting with 7.

(P6) 0i(T'+ Q) = 04(T) for every quasi-nilpotent operator () commuting with 7.
(

P7) 0;(T) verifies the spectral mapping theorem: f(o;(7")) = o;(f(T")) where f
is an analytic function defined on a neighborhood of o(T).
The properties of o; (i = se, es, k, gk, eg) are summarized in the following table:

Table 1:
(P1) (P2) (P3) (Pa) (P5) (P6) ®7)
0; 0 | 05 closed | Small com. | com. fin. com. comp. | com. quasi | sp. map.
pert. rank pert. pert. nilp. pert. theorem
ose(T) yes yes yes no no yes yes
oes(T) | yes yes yes yes yes yes yes
or(T) no yes no ? no no
ogi(T) no yes no ? no yes
0eg(T) no yes no ? no no
Comments.

1. It well-known that do(T) C 04 (T) and Ooef(T) C 0s(T), so both are
non-empty (for infinite dimentional Banach spaces). Here o.¢ denotes the
essential Fredholm spectrum (see the next section).
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2. For property (P3) for o5 and o.s see [48].

3. For semi-regular and essentially semi-regular operators the property (P6)
was proved in [35], for o,y is proved in [6].

4. The stability of essentially semi-regular spectrum under commuting com-
pact perturbation was shown in [54], and under not necessary commuting
finite rank perturbation in [34].

5. Consider the identity operator in a Hilbert space and let P be a 1— dimen-
sional orthogonal projection. Then I — P is not onto and (P4) and (P5)
fail for semi-regular operators.

6. The boxes marked by ”?” represent open problems.

4. Fredholm, Weyl, and Browder spectra

We introduce some important classes of operators in Fredholm theory. In
the sequel, for every operator T' € £(X), we shall denote by «(T") the nullity of
T, defined as a(T') := dim N(7T'), whilst the deficiency 5(T) of T is defined by
B(T) := codimR(T) and the number ind(7) := a(T") — B(T). is called the index
of T. We recall (see, for example [26]) that for T' € £(X), the ascent p(T") and
the descent ¢(T") of T' are respectively defined by

p(T) =min{p € N : N(TP) = N(TP™1)}

and
¢(T) =min{qg e N : R(TY) = R(T""1)}

The set of upper semi-Fredholm operators is defined by
¢, (X) :={T € L(X)such that a(T) < co and R(T) is closed },
the set of lower semi-Fredholm operators is defined by
(X)) :={T € C(X): B(T) < oo},
the set of semi-Fredholm operators is defined by
D(X) = B4 (X) UD_(X),
the set of Fredholm operators is defined by

B(X) = 0, (X)ND_(X),
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the set of upper semi-Weyl operators is defined by

Wi(X) :={T € ¢,(X) :ind(T") < 0},
the set of lower semi-Weyl operators is defined by

W_(X):={T € ®_(X) :ind(T) > 0},
the set of Weyl operators is defined by

W(X) =W (X)NW_(X) ={T € &(X) : ind(T") = 0},

the set of upper semi-Browder operators operators is defined by

By (X) = {T € ®4.(X) : p(T) < o0},
the set of lower semi-Browder operators is defined by

B_(X) = {T € ®_(X) : q(T) < o0},
the set of Browder operators is defined by

B(X) i= B.(X) N B_(X) = {T € ®(X) : p(T),q(T) < oo},

Theses various classes of operators motivate the definition of several essential
spectra:

o ouf(T) :={AeC: M -T ¢ ¢, (X)},

o 0 i(T):={ € C: N[ -T¢d_(X)}

o 05f(T)={AN€C: AN =T ¢ @s(X)} = 0y (T) N o1y (T),
® 0ef(T):={A€C: A =T ¢ ®(X)} = 0y (T) Uiy (T),
o 0uw(T) = {N€C: N[ -T ¢ W (X)},

o 01,(T):={\€C: N -T¢gW_(X)},

ew(T) = {A€C: AN -T g W(X)} = 0u(T) U 0 (T),
w(T):={\€C: A T ¢ B (X)}.

o op(T):={ € C:\[-T ¢ B_(X)}.

g
g

° U€b<T) = {/\ eC: M\ -T ¢ B(X)} = Uub(T) U Ulb(T)-
o 0..(T):={Ae€C : R(A[—-T) is not closed}
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The subsets 0,¢(.) and o;¢(.) are the Gustafson and Weidmann essential spectra
[27]. 05f(.) is defined by Kato [33]. o.¢(.) is the Wolf essential spectrum [63, 56,
62]. 0ew(.) is the Schechter essential spectrum [27, 56, 57|, and op(.) denotes the
Browder essential spectrum [27, 31, 56], oe.(T) is the Goldberg spectrum (see
[25] ). ouw(.) is the essential approximate point spectrum [51, 52]. oy,,(.) is the
essential defect spectrum [52]. oy, (.) and oy,,(.) was introduced by Rakocevié¢ in
[53]. Note that all these sets of essential spectra (except o..(T")) are closed and
in general satisfy the following inclusions

Uec(T) - Ues(T) c Usf(T) - Uef(T) - er(T) c Ueb<T);

Uec(T) C Ues(T) - Use(T);
00s(T) € ogh(T) € 04(T) € 02s(T) € 73y (T).
and

0eg(T) C ogi(T) C ok(T) C 05e(T).

Remark 1. If A in the continuous spectrum o.(T) of T then R(A\ —T) is not
closed. Therefore A € 0;,(T), i € A = {ec,es, se,lf,uf,ef, ew,eb}. Consequently
we have

oe(A) C () oi(A).

i€
Proposition 4 ([1]). The following properties hold:
1. 0oep(T) C 00ew(T) € 0ocf(T) C doss(T) .

2. If X € 0oc¢(T) is a non-isolated point of o.f(T) then X € oy, (T).
Moreover, similar statements hold if, instead of boundary points of o.r(T),
we consider boundary points of o1r(T), oyf(T) and osf(T).

Theorem 10 ([59]). Let T € L(X). Then
oew(T)= (] o(T+K)
KeK(X)

= (] oT+F)

FEF(X)

Theorem 11 ([59]). Let T € L(X). Then
oa(T)= () o(T+K)

KeK(X)

= () oT+F)

FeF(X)
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The approximate point spectrum is defined by

0ap(T) == {A € C: X\ — T is not bounded below}
the surjectivity spectrum is defined by

osu(T) :={X € C: A\ — T is not surjective}

By the closed range theorem we easily know that the approximate point spec-
trum and the surjectivity spectrum are dual to each other, in the sense that
Oap(T) = 0su(T™) and 04p(T™*) = 05, (T).

Theorem 12 ([55]). Let T € L(X). Then
ouw(T) = N Oap(T + K)
KeK(X),KT=TK

= N Oap(T + F)
FeF(X),FT=TF

and

ow(T) = N osu(T + K)
KeK(X),KT=TK

= N oou(T + F).

FeF(X),FT=TF

The properties (P1)-(P7) for these sets of essential spectra defined above are
summarized in the following table:

Table 2:

(P1) (P2) (P3) (P4) (P5) (P6) (P7)

o; # (O | 0; closed | Small com. | com. fin. com. comp. | com. quasi | sp. map.

pert. rank pert. pert. nilp. pert. theorem
oen(T) yes yes yes! yes! yes! yes! yes
Oew(T) yes yes yes! yes! yes! yes! )
oer(T) yes yes yes! yes! yes! yes! yes
os¢(T) yes yes yes! yes! yes! yes! -
our(T) yes yes yes! yes ! yes | yes | yes
o14(T) yes yes yes! yes ! yes! yes | yes
ouw(T) yes yes yes yes yes yes yes
ow(T) yes yes yes yes yes yes yes
ouww(T) | yes yes yes yes no yes )
o1 (T) yes yes yes yes no yes B)
Oec(T) no no no no no no no
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Comments.
1. The boxes marked by ”yes!” means that the commutation is not necessary.

2. The properties (P1)-(P7) when are valid for o, i € {lb, ub, lw,uw,lf, uf,ef,
eb,ew} see [1], [59], [33] and [48].

3. The property (P7) is valid for o;, i € {lb,ub,lf,uf,ef,eb} by [24], [49],
[55], [50]. The interested reader may find further results on the spectral
mapping Theorem also in Schmoeger [61]. In the same paper Schmoeger
has described the set of all ' € £(X) such that property (P7) holds for o3,
i € {lw,uw,sf,ew}.

4. The table 2 is valid for o;(T), i € {lb,ub,lw,vw,lf uf,ef, eb,ew} for all
closed densely defined linear operators on X (see [59], [33] and [29]).

5. The closed-range spectrum (or Goldberg spectrum) o.(7") has not good
properties:

(a) 0ec(T') is not necessarily non-empty. For example, T = 0.

(b) 0ec(T) may be not closed. There exists an operator A such that R(A)
is closed but R(AI — A) is not closed for all A € D(0,1) \ {0}

0 0
be an operator defined on ¢2 @ (2, where V has the following properties
that V2 = 0 and R(V) is not closed. Then R(A) is closed, R(A?) is
not closed, A3 = 0.

(d) Conversely, it is also possible that R(A?) is closed but R(A) is not.
Let A be defined on ¢2 by

(c) It is possible that R(A) is closed but R(A?) is not. let A = < VoI >

1
A(xl, T2, X3y .. ) = (0,.%'1, 0, §1‘2, O, g.%'g,, 0, ce )
The operator A is compact and R(A) is not closed, A2 = 0 and R(A?)

is closed.

(e) 0ee(T) is unstable under nilpotent perturbation. For example, A = 0
and N the nilpotent operator defined in (4.). Then 0 € g¢.(A + N)
but 0 ¢ oec(A).

5. B-Fredholm, B-Browder, B-Weyl and quasi-Fredholm spectra

Given n € N, we denote by T,, the restriction of T € L(X) on the sub-
space R(T™). According Berkani [7], T is said to be semi B-Fredholm (resp.
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B-Fredholm, upper semi B-Fredholm, lower semi B-Fredholm), if for some in-
teger n > 0 the range R(T™) is closed and T, viewed as a operator from the
space R(T™) in to itself, is a semi-Fredholm operator (resp. Fredholm, upper
semi-Fredholm, lower semi-Fredholm). Analogously, 7" € L£(X) is said to be
B-Browder (resp. upper semi B-Browder, lower semi B-Browder, B-Weyl, up-
per semi B-Weyl, lower semi B-Weyl ), if for some integer n > 0 the range
R(T™) is closed and T, is a Browder operator (resp. upper semi-Browder, lower
semi-Browder, Weyl, upper semi-weyl, lower semi-Weyl). T is said to be quasi-
Fredholm if there exists d € N such that

1. R(TY)NN(T) = R(TY) N N(T) for all n > d.
2. R(TYHN N(T) and R(T9) + N(T) are closed in X.

This classes of operators motive the definition of several spectra.
The B-Ferdholm spectrum is defined by

opf(T) :={A € C : A —T is not B-Ferdholm},

the semi B-Fredholm spectrum is defined by

oaf(T) :={A € C : X —T is not semi B-Fredholm},

the upper semi B-Fredholm spectrum is defined by

ouf(T) :={A € C : X =T is not upper semi B-Fredholm},

the lower semi B-Fredholm spectrum is defined by

owf(T) :={A € C : M —T is not lower semi B-Fredholm},

the B-Browder spectrum is defined by

ow(T) :={A € C : A\ —T is not B-Browder},

the upper semi B-Browder spectrum is defined by

oup(T) :={A € C : X —T is not upper semi B-Browder},
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the lower semi B-Browder spectrum is defined by

owp(T) :={A € C : A —T is not lower semi B-Browder},

the B-Weyl spectrum is defined by

op(T) :={A € C : A — T is not B-Weyl},

the upper semi B-Weyl spectrum is defined by

oupw(T) :={A € C : A —T is not upper semi B-Weyl},

the lower semi B-Weyl spectrum is defined by

oww(T) :={A € C : A —T is not lower semi B-Weyl},

while the quasi-Fredholm spectrum is defined by

ogf(T) :={A € C: A =T is not quasi-Fredholm}.

We have
opp(T) = oupf(T) U oy (T),
Obw(T) = oupw (T) U o1 (T),
ou(T) = ounn(T) U oun(T)
and

oqf(T) C ops(T) € op(T) € owp(T).

Note that all the B-spectra are compact subsets of C (see [7], [37]) , and may
be empty. This is the case where the spectrum o(7T') of T is a finite set of poles
of the resolvent. Furthermore

0eg(T) S 0gi(T) S o(T) € 04¢(T) S oup(T) S b0 (T)-

The properties (P1)-(P7) for these sets of essential spectra defined above are
summarized in the following table:
Comments.
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Table 3:
(P1) (P2) (P3) (P4) (P5) (P6) (P7)
o; 75 @ O; closed Small com. com. fin. com. comp. com. quasi Sp. map.
pert. rank pert. pert. nilp. pert. theorem
ow(T) no yes no yes! no ? yes

opw(T) no yes no yes! no ? C

o (T) no yes no yes! no ? yes

st (T) no yes no yes! no ? yes

ount(T') no yes no yes! no ? yes
owr(T) no yes no yes! no ? yes
ounn(T) no yes no yes no ? yes
owp(T) no yes no yes no ? yes

oupw(T) no yes no yes no ? D

opw(T) no yes no yes no ? D

oqr(T) no yes no yes no no yes

1. Since every operators commutes with the zero operator, o4¢(7") cannot have
properties (P1), (P3), (P5) and (P6).

2. All properties (P1)-(P7) for these sets of essential spectra are proved by
Berkani in [7],[8], [9], [10], [11], [12], [14], [15], [16], [17].

3. If K is a compact operator such that R(K™) is not closed for every positive
integer n, then K is not a B-Fredholm operator. So if F' is a finite rank
operator, then F'is a B-Fredholm operator, but K + F' is not a B-Fredholm
operator, otherwise K = K+ F — F would be a B-Fredholm operator. Hence
the class of B-Fredholm operators is not stable under compact perturbation.

4. In the case of Hilbert spaces, the set of quasi-Fredholm operators coincides

with the set of Kato type operators ( see J.P Labrousse [37]). But in the case
of Banach spaces the Kato type operator is also quasi-Fredholm, according
to the remark following Theorem 3.2.2 in [37] the converse is true when
R(TY N N(T) and R(T) + N(T?) are complemented in the Banach space
X. The spectral mapping theorem for o, in a Hilbert space was proved in
[13]. For Banach spaces the theorem hold for every function f non constant
on each component of its domain of definition (see[36]).

6. Essential spectrum and Drazin invertible operators

An operator T' € L(X) is said to be left Drazin invertible if p = p(T) < oo
and R(TP*1) is closed, and is said to be right Drazin invertible if ¢ = ¢(T') < oo
and R(TY) is closed, while T' € £(X) is said to be Drazin invertible if is both left
and right Drazine invertible. The Drazin spectrum is defined by

op(T) :={\ € C / A — T is not Drazin invertible}

The left Drazin spectrum and right Drazin spectrum are defined by

op(T) :={A € C / A\ =T is not left Drazin invertible}
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and
orp(T) :={X € C / M — T is not right Drazin invertible}

We have
op(T) = op(T) Uop(T)

It is well know that T is Drazin invertible if and only if T is finite ascent and
descent, which is also equivalent to the fact that T' = R@® N where R is invertible
and N is nilpotent (see [40] Corollary 2.2).

Corollary 1. If T € L(X) then o¢4(T) C op(T)
Theorem 13 ([9]). Let T € L(X). Then

ow(T)= () op(T+F)
FeF(X)

Theorem 14 ([3]). Let T € L(X). If N € L(X) is a nilpotent operator such
that TN = NT. Then
oip(T) = oip(T'+ N)

7. Essential spectrum and The SVEP theory

Let T € £(X). We say that T has the single-valued extension property at
Ao € C, abbreviated T" has the SVEP at \g, if for every neighborhood Uy, of Ag
the only analytic function f : Uy, — X which satisfies the equation

(M =T)f(A) =0, forall X ely,

is the constant function f = 0.
The operator T is said to have the SVEP if T' has the SVEP at every A\ € C.

We collect some basic properties of the SVEP (see [1]):

1. Every operator 1" has the SVEP at an isolated point of the spectrum.
2. If p(AI = T') < oo, then T has the SVEP at A.

3. If g(AI —T') < oo, then T* has the SVEP at A

For an arbitrary operator T' € L£(X) let us consider the set

E(T) = {\ € C: T does not have the SVEP at \}

The following theorems describe the relationships between an operator which
admits a GKD(M, N) and the points where T, or its adjoint 7* have the SVEP.
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Theorem 15 ([1]). Suppose that T € L(X) admits a GKD(M,N). Then the
following assertions are equivalent:

1. T has the SVEP at 0;
T|M has the SVEP at 0;
T|M is injective;

T)=N;

S &t e

Ho(T) =

Hy(T) is closed;

Ho(T) N K(T) = {0};

7. Ho(T) N K(T) is closed.

Theorem 16 ([1]). Suppose that T € L(X) admits a GKD(M,N). Then the
following assertions are equivalent:

1. T* has the SVEP at 0;

T|M is surjective;

X = Ho(T) + K(T);
Ho(T) N K(T) = {0};

S R

X = Ho(T) + K(T) is norm dense in X.
Theorem 17 ([1]). Let T € L(X). Then
oub(T) = o7(T) UE(T) UE(T") @)
and
Oeb(T) = 0ew(T) UE(T) = 0ew(T) UE(T™) (3)

Note that
E(T) Cogp(T) and o(T) = Z(T) U osu(T)

In particular, if 7' (resp. 7% ) has the SVEP then o(T") = 04,(T) (resp. o(T') =
0ap(T) ). In the next theorem we consider a situation which occurs in some
concrete cases.

Theorem 18. Let T' € L(X) an operator for which oq,(T) = 0o(T) and every
A € 00(T) is non-isolated in o(T). Then

Oeg(T) = 0g(T) = ok (T) = 0es(T) = 05e(T) = 0ap(T).
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Proof. Since A € do(T) is non-isolated, according to Proposition 3, we obtain
the result

Theorem 19. Let T € L(X) an operator for which o4,(T) = 0o(T) and every
A € 00(T) is non-isolated in o(T). Then

Oeg(T) = 0ec(T) = 0es(T) = 05e(T) = 05u(T).

Proof. Since A\ € do(T) is non-isolated, then o4,(T") cluster in A. Observe
that T* has the SVEP at A\ € 9o (T), then A\I — T does not admit a generalized
Kato decomposition and thus A € o¢4(T). So

Osu(T) = 00(T) C 0eg(T) C ogi(T) C 0k(T) C 0es(T) € 05e(T) C 05u(T).

Thus we obtain the result

Since the ascent implies the SVEP then we have
E(T) Cop(T) and E(T) C 0,p(T)

The following theorem proves an equality up to Z(7") between the left Drazin
spectrum and the left B-Fredholm spectrum and by duality we find a similar
result holds for the right Drazin spectrum and the right B-Fredholm spectrum.

Theorem 20 ([3]). Let T € L(X). Then
U[D(T) = Jlbf(T) U E(T) (4)

and
orp(T) = oppy (T) UE(T™) (5)

Theorem 21 ([3]). Let T' € L(X). Then

GunlT) = 04 (T) UE(T) = 0000 (T) UE(T) (6)
and
own(T) = o4 (T) UE(T™) = oupw(T) UE(T™) (7)
Moreover,
oub(T) = opw(T) UZE(T) = op(T) UE(T™) (8)

Corollary 2. Let T € L(X). Then we have

1. Ueb(T) = Oe¢f (T) Uoeg (T)7 0D (T) = Obw (T) Uoeg (T) and Ubb(T) = Oqf (T) U
oeg(T).
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2. If T has the SVEP then

04f(T) = oubw(T) = ourn(T) 9)

and
obw(T) = ow(T) = owp(T) = ouww(T) (10)

3. If T* has the SVEP then
JQf(T) = Olbw (T) = Ulbb(T) (11)

and
obw(T) = ow(T) = oups(T) = oupw(T) (12)

4. If both T', T* have SVEP then o.4(T) is empty and

Jeb(T) = er(T) = Uef(T) (13)
ot(T) =0op(T) = ouw(T) =
= opp(T) = op(T') = opw(T') = ouwpw(T) = 0w (T) (14)

From the definition of localized SVEP it is easily seen that =Z(7") C accoqy(T);
and dually Z(T*) C accog,(T), where accK denote the set off all accumulation
points of K C C.

Theorem 22 ([19]). Let T' € L(X) an operator for which oqp(T) = 0o(T') and
every A € 0o(T') is non-isolated in o(T). Then

04f(T) = oun(T) = oupw(T) = 0ap(T) = oup(T) = ouw(T) = 05e(T)
By duality we have

Theorem 23 ([19]). Let T € L(X) an operator for which c5,(T) = 0o(T') and
every A € 0o(T) is non-isolated in o(T). Then

0qf(T) = owp(T) = o (T) = osu(T) = o1p(T) = 010(T) = se(T).
By Theorem 18 and Theorem 22 we have

Corollary 3. Let T € L(X) an operator for which o.,(T) = 0o(T) and every
A € 00(T) is non-isolated in o(T). Then

0eg(T) = 04f(T) = oun(T) = Ouwpw(T) = 0ap(T) = oup(T) = Oww(T) = 05¢(T)
= O'k(T) = Uec(T) = UES(T)
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By duality we obtain by Theorem 19 and Theorem 23

Corollary 4. Let T € L(X) an operator for which 04,(T) = 0o(T') and every
A € 00(T) is non-isolated in o(T). Then

Ueg(T) = Oqf
= O‘k(T) = Uec(T) = UeS(T)

Example 1. We consider the Cesaro operator Cp, on the classical Hardy space
H,(D), where D is the open unit disc of C and 1 < p < co. C), is defined by

1[I

CHN =5 [ 175

dp, for all f € Hy(D) and X € D.

The spectrum of the operator Cy, is the closed disc Ty, centred at & with radius &,
see [1], and o.5(Cp) C 04p(Cp) = OT',. From Corollary 3 we also have

0eg(Cp) = 04 (Cp) = o (Cp) = o1pw(Cp) = ap(Cp) = oin(Cp) = 01y (Cp)

= Use(cp) = Uk(cp) = UeC(Cp) = UeS(Cp) = Uef(cp = 8Fp

8. Application of the quasi-nilpotent perturbations to transport
Equations

In this section, we shall apply the results of the quasi-nilpotent perturba-

tions to the one-dimensional transport equation on L,-spaces, with p € [1, c0).
Let

X, = Lp([—a,a] x [-1,1],dz d€),a > 0 and p € [1, 00).

We consider the boundary spaces :

Xg = Ly[{—a} x [~1,0], ¢ld€] x Ly[{a} x [0,1], lde] := X7, x X3,
and

X = Ly[{—a} x [0, 1, [¢ld¢] x Ly{a} x [~1,0],|¢|d€] := X{, x X3,
respectively equipped with the norms

1

197llx; = (hosl%ey +Nwsli%g )" =
3

[/_01 [ (=a, OFlelds + /O 1 [¥(a. ) PlE| dé]

and
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3=

Il = (il + i )
1,p 2,p

[ / (. )1Ple] de + / " lota. Ol df] g

-1
Let W, the space defined by:

0
Wp—{weXp : gafeXp}.

It is well-known that any function ¢ in W, has traces on —a and a in X and XZZ;.
They are denoted, respectively by ° and ¢, and represent the outgoing and the
incoming fluxes.
We define the operator Ty by:
TH : D(TH) - Xp — Xp
o
w — TH¢(x7§) = _faix(:mg) - U(fﬁﬂ(%f)

D(Ty) = {¥ € Wysuch that ¢’ = H(¢°)}
Where o(.) € L>(—1,1) and H is bounded from X)) to X/.

The function ¥ (z, &) represents the number density of gas particles having
the position x and the direction cosine of propagation £. The variable £ may be
thought of as the cosine of the angle between the velocity of particles and the
x-direction. The function o(.), is called the collision frequency.

The spectrum of the operator Ty (i.e., H = 0) was analyzed in [46]. in particular
we have

o(To) = 0o(Tp) ={A € C : Rel < —\*}, (15)

where o.(Tp) is the continuous spectrum of Tj and A* = —lim inf (&), (for more

1€1—0
detail see [46]).
Combining the inclusions in Remark 1 with Eq. (15) we obtain

0ei(Th) ={A € C : ReX < =\"},

i € {ec,es,se,lf,uf, ef, ew, uw,lw,eb,ub,lb} (16)
Let us now consider the resolvent equation for T

A=Tp)p=¢ (17)
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where ¢ is a given element of X, and the unknown ¢ must be found in D(Tg).
For ReX + A* > 0, where \* = —lim|£i|nf o(&), the solution of (17) is formally
—0

given by :

_ Oto@lars L/ﬂ’ —(Oto(€)z—a |

V(@ €) = v(-a,&)e g e v,
it0<¢ <1,

_ (Ma(@))]a—xz| §))|ﬂ x| *()\‘H’(E)HI I\ , ,
Bz, €) = (a,€) e |ﬂ/ oo, €) de’,

if —1<&<0.
where
( —2a(A+0(8)) 1 [ 2q=Qtele) ,
va=d(-ae ¢ +h [ ST v
ifo<e<l
J2Oe(e) g O —Octo(Ele=s
vi-a ) =v@Oe H [ v g da,
if —1<€<0

In the sequel we shall consider the following operators:

M, : X; — XS,M)\U = (M;FU,M;U) where

M;ru = (ag)_%*”@)if—1<§<o
M u = u(a, ) e T (o) ifo<¢é<l

Byt X} — Xpi By = X(-1,0)(©) By u + X(0,1)(¢) By v

Qo

(Byu)(x,€) = u(—a,&) e Sl jpg o<

(>\+0(§)) la—z|

if;—-1<€&<0

| Blu(z,8) =u(-a,8)e
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((Gr: X — X,,Ghu:= (G, Gy ¢) where

1 @ —(to(€),
Gio= gl e o=l (2, &) dw if 0 < €< 1
—a
1 a —(+o(8)
G o= E e [ |a+x|<,0(:v,§) dr if —1<£<0
\ —a

Ch: Xp — Xp; O = X(—1,0)(6)CY 0 + x(0,1)(§)Cx ¢ where

z — [eg
1 OO v

Cyo= e/ e o, ) de! if0< €<

Cro= L MR ) de if —1 <€ <0
STV o

where x(_1,0) and x(o,1) denote, respectively the characteristic functions of the in-
tervals (—1,0) and (0, 1). The operators My, By, G and C) are bounded on their
—1 —1

respective domains respectively, by e~ 28(BeA2) “[h(ReA+A*)] 7, [(ReA+A*)] 7
and [(ReX+ A*)]~! where ¢ denotes the conjugate of p. We define the real Ay by

=X it ||H| <1

Ao =

= log||H|| —A* if ||H|| >1
It follows from the norm estimate of M) that, for ReA > Ao, ||[M)H]|| < 1 and
consequently

+oo
Yo=Y (MyH)"Ghrp (18)

n=0

On the other hand, we have
Y= ByHvo + Crp

+oo
= (B\H Y (M\H)"Gx+ Ch)p
n=0
Hence, {A € C such that Re\ > Ao} C p(TH) and for ReA > Ao
(A=Ty)"' = B\H(I — My\H)"'Gy + Cy (19)

Theorem 24. Suppose that the boundary operator H is quasi-nilpotent operator,
then
0i(Ty) =0i(Ty), i=1f, uf, sf, ef,ew,eb.
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Proof. If ReA > Ao, then A € p(Ty) N p(Ty) and
A=Tg)' = (A=Ty)"! = Dj,

where
“+o00

D\ = B\H Z(MAH)”G,\
n=0

Since H is a quasi-nilpotent operator, then D) is quasi-nilpotent. This implies
the statement of theorem.

Next we consider the transport operator
Ag =Ty + K
where K is the bounded operator given by
K:X,—X,
3
v— [ rla €l ¢) de
and k satisfies the following assumptions:

(Hy) K(.,.,.) is a measurable function form [—a,a] x [—1,1] x [-1,1] to R and
P I, €.8)] S e < oo,

Lemma 1. If k satisfies (Hy) then, for any integer n > 1
9g Tt

T [—
n.

1,1 _
where;+a—1.

Proof. Let ¢ € X,,. Holder’s inequalities implies that

3
Ki(z,6)] = VFML&&wLw%’

<1i“%&@V&>%JiwmeW%);

damﬁ([]w%mfﬁj;

IN

IA

and
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2 ¢ / / /
| K4 (x,€)| Kz, & &) Kip(z,£)dE
—1

3 ) 1 %
2 ! E ! N\ | P /
¢ /_1@ 4 1)hde (/_l\wx,g)\ d&)

2 1 %—l—l ! N |P /)zl)
< ¢ %+1(§+1) (/_1!¢($,£)\ dg

IN

we proceed by induction to obtain

-

n n 1 1, 1 , , P
) < gy € O ([ e orar)

q

then, by Fubini’s theorem we deduce

[.1.

this shows the result.

13
/ (6. €

p
1 lin
de'dz < 2" — (6 + D™ [l

Theorem 25. Let p > 1 and suppose that the collision operator satisfies (Hy)
on Xp, then

Ul(AH) :Ui(TH)7 Z:lfa Uf, va ef,ew,eb.

Furthermore, if the boundary operator H is quasi-nilpotent operator then
0i(Ag) =0i(To) ={A € C: ReA < =X}, i=1f, uf, sf, ef,ew,eb.

Proof. Let p > 1. by virtue of Lemma 1 the operator K is quasi-nilpotent.
Then (see Table 2., (P6) page 10)

Ul(AH) :UZ(TH+K):O-I(TH)7 Z:lfa ufa Sf) ef,eu@eb.

Furthermore, if the boundary operator H is quasi-nilpotent, the desired result
follows from the relation (16) and Theorem 24.

Remark 2. Since the differential operator Ty not commute with the collusion
operator K, the Theorem 25 is not valid for o; when we need the commutation.
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