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mality, fuzzy biorthogonality, fuzzy basicity and fuzzy space of coefficients are introduced. Strong
completeness of fuzzy space of coefficients with regard to fuzzy metric and strong basicity of canon-
ical system in this space are proved. Strong basicity criterion in fuzzy metric space is presented in
terms of coefficient operator.
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1. Introduction

The concept of the space of coefficients belongs to the theory of bases. As is known,
every basis in a Banach space has a Banach space of coefficients which is isomorphic
to an initial one (see, e.g., [9;18]). Every nondegenerate system (to be defined later) in
a Banach space generates the corresponding Banach space of coefficients with canonical
basis (see, e.g., [2;9]). Therefore, space of coefficients plays an important role in the study
of approximative properties of systems. It has very important applications in various
fields of science, such as solid body physics, molecular physics, multiple production of
particles, aviation, medicine, biology, data compression, etc (see, e.g., [4;7] and references
therein). All these applications are closely related to wavelet analysis, and there arose a
great interest in them lately [see, e.g., 4]. It is well known that many topological spaces
are nonnormable. Therefore, the study of various properties of the space of coefficients
in topological spaces is of special scientific interest. Applications in various branches of
mathematics and natural sciences have lately induced a strong interest toward the study
of different research problems in terms of fuzzy structures. A large number of research
works is appearing these days which deal with the concept of fuzzy set-numbers, and the
fuzzification of many classical theories has also been made. The concept of Schauder basis
in intuitionistic fuzzy normed space and some results related to this concept have recently
been studied in [5;12;13;16;19]. These works introduced the concepts of strongly and
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strongly intuitionistic fuzzy (Schauder) bases in intuitionistic fuzzy Banach spaces (IFBS
in short). Some of their properties are revealed. The concepts of strongly and weakly
intuitionistic fuzzy approximation properties (sif-AP and wif-AP in short, respectively)
are also introduced in these works. It is proved that if the intuitionistic fuzzy space has
a sif-basis, then it has a sif-AP. All the results in these works are obtained on condition
that IFBS admits equivalent topology using the family of norms generated by t-norm and
t-conorm (we will define them later).

In our work, we define the basic concepts of classical basis theory in intuitionistic
fuzzy metric spaces (IFMS in short). Concept of strongly fuzzy space of coefficients is
introduced. Strong completeness of these spaces with regard to fuzzy metric and strong
basicity of canonical system in them are proved. Strong basicity criterion in fuzzy metric
space is presented in terms of coefficient operator.

In Section 2, we recall some notations and concepts. In Section 3, we state our main
results. We first define the fuzzy space of coefficients and then introduce the corresponding
fuzzy metrics. We prove that for nondegenerate system the corresponding fuzzy space of
coefficients is strongly fuzzy complete. Moreover, we show that the canonical system forms
a strong basis for this space. It should be noted that similar results were earlier obtained
in [3] for IFBS.

2. Some preliminary notations and concepts

We will use the standard notation: N will denote the set of all positive integers, R will
be the set of all real numbers, C will be the set of complex numbers and K will denote a
field of scalars (K =R, or K =C), Ry = (0, +00). We state some concepts and facts from
IFMS theory to be used later.

Definition 1. Let X be a linear space over a field K. Functions p; v: X2 xR — [0, 1]
are called fuzzy metrics on X if the following conditions hold:

1. p(z;y;t) =0, VE<0,Va,y € X;

2. p(xyy;t) =1, vt >0= x=y;

3 p(xsyst) = p(y;a;t) , Yo,y € X,V € R;

4. p(x;zit+s) > min{u (x;y;t); pw(y;z;8)}, Vo,z,y € X, Vi, s € R;

5. w(zyy;-) « R — [0,1] is a non-decreasing function of t for Vz,y € X and
Jim g (z5y5t) = 1, Yo,y € X
—00

6. v(z;y;t)=1,Vt<0,Ve,y € X,
7. v(zy,t)=0,VEi>0= x=uy;

8. v(zyy;t) =v(y;x;t) , Yo,y € X,Vt € R;
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9. v(z;zyt+s) <max{v(z;y;t); v(y;2;8)}, Vo,z,y € X, Vi, s € R;

10. v(x;y;-) : R — [0,1] is a non-increasing function of t for Vx,y € X and
1tlim v(z;y;t) =0, Vo,y € X;
—00

11. p(zyy; t) +v(zy;t) <1, Ve,ye X, Vi e R.

Then the triplet (X; p;v) is called an intuitionistic fuzzy metric space (IFMS in short)

Definition 2. Let (X; u;v) be a fuzzy metric space and let {x,}, .y C X be some sequence.

Then this sequence is said to be strongly intuitionistic fuzzy convergent to x € X (denoted

by x, > 2, n — oo or s-lim x, = x in short) if and only if for Ve > 0, 3Ing = ng (¢) :
n—oo

p(xn; @3 t) 21—, v(zp;a;t) <€, Yn 2no, Vi € R.

Definition 3. Let (X;u;v) be a fuzzy metric space and let {xy},cy C X be some se-

quence. Then sequence is said to be strongly Cauchy sequence if lim p(zp;xm;t) =1,
n,Mm—00

lim v (zp;xm;t) =0, uniformly in Vt € R.
n,Mm—00
If every strongly Cauchy sequence converges (strongly) in X, then (X; u;v) is said to
be strongly complete fuzzy metric space.

More details on these concepts can be found in [1;5;6;8;10;11;13-15;17;19].

Let (X;p;v) be an IFMS, and let M C X be some set. By L[M] we denote the
linear span of M in X. The strongly intuitionistic fuzzy convergent closure of L [M]
will be denoted by Ls[M] . If X is complete with respect to the strongly intuitionistic
fuzzy convergence, then we will call it intuitionistic fuzzy strongly complete metric space
(IFM;S or X, in short). Let X be an IFM,S . We denote by X} the linear space of
linear and strongly continuous in I F'M,S functionals over the same field K.

Now we define the corresponding concepts of basis theory for IFMS. Let {z,}, .y C X
be some system.

Definition 4. System {x,},cy is called s-complete in X, if Lg [{mn}neN] = X,.

Definition 5. System {x}}, .y C X5 is called s-biorthogonal to the system {xn}, o, if
x) () = Ok, Y,k € N, where 6,y is the Kronecker symbol.

Definition 6. System {x,}, oy C X is called s-linearly independent in X, if " 7 | Ay =
0 in X, implies A\, =0, Vn € N.

Definition 7. System {x,},cn C Xs is called an s-basis for X, if Vo € X, I{ A}, en
CK D0 Az = in X, .

We will also need the following concept.

Definition 8. System {x,},cy C X is called nondegenerate , if x,, # 0, Vn € N.
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To obtain our main results we will use the following conditions on IFMS.

«) linear operations of addition and multiplication by a scalar in IFM4S are strongly
continuous in X, i.e. from Ay = X\, n — 00, in C and from x, >z, yn >y, n — 00, in
X it follows that )\nxn—s>)\x, Tn + ynim: + vy, n — 00, in X.

B) let 7, be a topology for X, generated by a pair of (1, v). We will assume that the
boundednesses of a set in the spaces Xs and IFMS (X; p;v) are equivalent to each other
with respect to the topology T, , i.e. these concepts are the same in spaces (X;7,,) and

(X5 m0) .
3. Main results

3.1. Space of coefficients

Let (X;p;v) be some IFMS, with conditions «), 3), and {z,},cy C X be some
nondegenerate system. Assume that

HE = {{)‘”}nGN cC: Z)\nxn converges in Xs} .

n=1

It is not difficult to see that J7° is a linear space with regard to component-specific
summation and component-specific multiplication by a scalar. Take VA, n € J° , A =

{Mntnens B = {#tn}pey and assume

m m
Hos (5\; ,a;t) = inf py (Z AnTn; Z,unxn;t> ,
" n=1 n=1
Vs ()\; ; t) = sup v (Z AnTn; Z UnTn; t> .
m n=1 n=1

Let’s show that pzs and vy satisfy the conditions 1)-11). At first let’s consider p .

1) It is clear that Wt (5\; ﬂ;t) =0, vVt <0.

2) Let pys (\;fi;t) = 1, Vt > 0. Hence, s (Oomei AT Y neq fnTnit) = 1, Vm €
N, V¢ > 0. Suppose that the system {z,}, .y is nondegenerate. It follows from the above-
stated relations that for m = 1 we have p(A\jz1;pui21;t) = 1, Ve > 0. Hence, \jx; =
w11 = A1 = py. Continuing this process, we come to the conclusion that\, = p,, Vn € N,
ie. A= .

3) It is clear that s (5\; ﬂ;t) =ps (ﬂ; X t) , vVt e R.

4) Let \, i, v € #Z and s,t € R. We have

m m
Moty (X;ﬂ; t+ 8) = i%fﬂ <Z AT Z,Unwn;t + S) >
n=1 n=1

m m m m
> inf min {:U’ (Z Ann; Z UnZn; t) y K (Z UnZn; Z HnTn; 5) } =
" n=1 n=1 n=1 n=1
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m m m m
= min {iynfu <Z AnZn; Z UnTn; t> »inf g <Z VnTn; Zunwn; S> } =
n=1 n=1 n=1 n=1

= min {M%s (5\;9; t) s (U3 s s)} .
5) Let’s show that pys (A;ji; -) : R — [0,1] is a non-decreasing function of ¢ for

VA i € F and tlim Wops ()\;ﬂ; t) =1,V\j € 45 . As p(z;y; -) is a non-decreasing
—00 *
function on R, it is not difficult to see that s (5\; ;- ) has the same property. Let us show
that tlim s (X s t) = 1. Take Ve > 0. Let S — Yo Ann S2 — ot pnTy and
—00 x
s- li_1>n Sr(,lf) =S® ¢ X, k=1,2. Tt is clear that 3ty > 0 : I (5(1);5(2); to) >1—e¢. Then
m o0
it follows from the definition of s-lim that Img = mg (&;t9) € N:p (Sf,lf); Sk, t(]) >1—c¢,
VYm > mg, k = 1,2. Property 4) implies

I (5’7("1); 5’7(3); 3t0> > min {u (S,(,});S(l); to) s (S(l);S,g); 2t0>} ,

i (803525 2t0) = min {pu (50;5; 0) 5 0 ($@:8D510) }
Thus

1 (SS);Sﬁf); 3to> > min {u (SS});S(”; to) P (S(l);S(Q); to) P (5(2);553); to)}-

As a result we obtain
I (Sﬁ;);S,(f); 3750) >1—¢e,Ym > mg. (1)

As p(z;y; -) is a non-decreasing function of ¢ , it follows from (1) that

(S,(,}); 5@, 3750) >1—¢,Ym > mo, ¥t > 3to. 2)
We have
_ . 1), o2 —_— . 1
ths ()\;u;t) = min {u (S,E );S,(f );t> Jk=1,mo— 1;m1§17{;0u (S&);Sg);o} . (3)
As lim p (s,ﬁ”;s,f); t) — 1 for Vk € N, we have 3t,();Vt > ¢, (e)
1), ¢(2 S 1 T T 0 _ e
H(Sk 3 Sy ,t) >1—¢ k 1,mo—1. Let ¢ 1§]§r§1%_1tk (¢). Then it is clear
that
" (5,9); s, t) >1 eVt >0 (4)

It follows from (2) that

inf (5“)-5(2)- t) >1—¢, Vt> 3t

m oy Mm
m>mo
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Let t. = max {3to; t2}. Hence we obtain from (3) and (4) that
poag (N t) >1 =&Vt > 1.

Thus tli)m Mo (;\;ﬂ; t) =1,V\ €% .

6) As v(zyy;t) = 1, Vt <0, Vo,y € X, it is clear that v (5\;,&; t) =1, Vvt <
0,V\ e X B

7) Assume that vys (A ¢) = \0, V& > 0.Then v (3 1) Ann; Doy fn®nit) =

n=1
0,vt > 0,Vm € N.For m = 1 we have v (\z1;p121;t) = 0, Vt > 0 = Mz = oz =
A1 = pi, if the system {z,}, .y is nondegenerate. Continuing this way, we get A, =
tn, Vn € N = X\ = [i.
8) Fulfillment of the condition Vs (5\;,&; t) = Vs (ﬂ; S\;t) is obvious.
9) Let X\, i, € AF (A= {M}enft = {lintnens 7 = {Vntpen ) and s,t € R. We

have
m m
s 5\ it — A . . t] <
V ( 3 +8) Sipy <Z nxmzﬂnl'm8+ ) =

n=1 n=1

m m m m
<smprns o (33 ) o (vt} <
m n=1 n=1 n=1 n=1
m m m m
= max {supy <Z AnTn; Z UnTn; 5) ; sup v <Z UnTn; Z UnTp; t) } =
m n=1 n=1 m n=1 n=1

= max{y%s (5\; U; s) Vs (D;ﬂ;t)} )
10) It follows from property 10) that v (5\; i ) is a non-increasing function on
R. Let us show that tlim Vs (5\;;1; t) = 0. Take Ve > 0. Let Sﬁi) = > Ann,
—00 x

87(3) = E?:l tnTrand s- lim Sf(,lf) = Sk ¢ Xs,k = 1,2. It is clear that Jtg > 0 :
m

— 00

v (S(l); S@). to) < e. Then it follows from the definition of s-lim that Img = myg (¢;tp) €
N:v (ng); Sk, to) <e, Ym > mg, k =1,2. Property 9) implies

v <S£});Sg); 3t0> < max {1/ (S,S});S(l); to) TV <S(1);ST(3); 2t0>},

v ($0;52; 2t0) < max {v (SM;8@; 1) 5 1 (8P 8P5 10) }
Thus
y (5&3);57(3% 3t0) < max {y (SSP;S“); t0>  y (5<1>;s<2>; to)  y (s@);s,(,f); to)}.
As a result we obtain

v (S8552); 3t0) <, vm > mo. (5)
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As v(x;y; ) is a non-increasing function of ¢, it follows from (5) that

v (Sﬁ,}); S, t) < e,Ym > mo,Vt > 3to. (6)

We have

vos (A st) = max{v <S,E1);S,(€2);t> Jk=1,mg—1; sup v (SS);Sg);t)} . (7

m>mg
As tlim v (S,gl); S,(f); t) = 0 for Vk € N, we have 3t, (¢);Vt > ¢t (¢)
v (SS);S,(f); t) <e k=1,mg— 1. Let t)= | juax 1tk (€). Then it is clear that
<k<mo—
v(sihisPit) <e =il (8)

It follows from (6) that

sup v (ST(,});STS?; t) <eg, Vt> 3.

m2mo

Let t. = max {3to; t?}. Hence we obtain from (7) and (8) that
vas (N t) <eVt>t,.

Thus tli)rroloy%s (5\;/1; t) =0,V\ €75,

11) We have

m m
ot (5\; ﬁ;t) + Vs (5\;/1; t) = i%fu (Z Ann; Zunxn; t) =+
n=1 n=1

m m m m
+ sup v (Z AT Z JTI t) < sup [u (Z AnTn; Z UnTn; t)
m n=1 n=1 m n=1 n=1

+v <Z AnTn; Zunxn;t>] <1,V\ € #5 Vt €R,
n=1 n=1

Thus, we have proved the validity of the following

Theorem 1. Let (X;pu;v) be a strongly fuzzy metric space and let {xn},cny C X be a

nondegenerate system. Then the space of coefficients (%s;u,;g;;l/lg) 18 also strongly
fuzzy metric space.
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3.2. Completeness of the space of coefficients.

In the sequel, we will assume that (X;u;v) is strongly complete IFMS. Let us show
that (e/”i/js s 1/{%/;) is also a strongly fuzzy complete metric space.
First we prove the following

Lemma 1. Letxg # 0, xo € X, and let {\,},cy C R be some sequence. If s-lim (Anz0) =
n—oo

0, i.e. Ve >0, Ing =ng(e): w(Apz0;0;t) > 1 —¢, v(\zo;05 t) < e, Vt € Ry, Vn > ngp;
then A\, = 0, n — oo.

Indeed, assume that the relation lim A, = 0 is not true. Suppose that {\,}, oy
n—o0
has a bounded subsequence {\,, },cy. Then 3N € C 1 Ay, — Ao, k& — co. We have

Any o > Xozo, k — 0o, and hence \g = 0, since s-convergent sequence has a unique limit.
Assume that the sequence {A,},y has an unbounded subsequence {\, },cn: Any —
00, k — oo. Consequently, A\-! — 0, k& — oo. We have )\;kl - At =x # 0Vk € N.

Nk
On the other hand, lim (A;l)\nkw) = lim A;! lim (An,x) = 0. So, we came upon a
k—o00 k k—o0 k koo
contradiction which proves the lemma.
3 — (n) :
Take s-fundamental sequence {)‘”}neN CHE, Iy = {)\k }keN' Then lim p s

T
T,1M—+00

(5\”; Am t) =1 and . 71%1300 Vs (/_\n; A ; t) = 0 uniformly in ¢t € R, i.e.

lim infpu (ZZ:l )\,gn)mk; Y oreq )\,gm)xk ;t) =1,

n,m—oo T

lim supv <ZZ:1 )\,(Cn)xk; > et )\,(Cm):xk ;t) =0,

n,m—00

9)

uniformly in ¢ € R. In the sequel, we will assume that the functions p and v are shift
invariant, i.e. the following condition holds:
12) p(zyst) = p(x — 2y — z5t) v (v yt) = v (e — zy — 23t) ,Va,y,2 € X, VE €R.
Taking into account the conditions 3) and 8), we immediately obtain that
w(x;05t) = p(—x;05¢t) , v(x;0;t) =v(—x;0;t), Vo € X, Vt € R.
It is absolutely clear that the functions p s and v also satisfy these conditions. Thus
w(z;yst) = p(—z;—y;t) v (x;y;t) = v(—z; —y;t) ,Vo,y € X, Vt € R. (10)

It follows directly from (9) that u ()\gn):z:l;)\gm)xl; t) - 1,v ()\gn):z:l;)\gm)xl; t) —
0, n,m — oo, uniformly in ¢t € R. Consider

i (2 AS s 1) 2 mim L (A0 AT 4 A = AP 1)
i (02 Ay = A A 1) ) =

min {/J, ()\gn):cl + )\én)xgo; /\gm)xl + )\gm)l’g; t) ;
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,u <—/\gn):c1; —)\gm)acl; t)} .

Taking into consideration the relations (9) and (10), from here we have
" (Agn)xg;)\gm)l'g; t) — 1, n,m — oo, uniformly in ¢ € R. Similarly we obtain that
v (Agn)xg; )\(Qm):cg; t) — 0, n,m — oo, uniformly in ¢ € R. Continuing this reasoning,
we get u (Algn)xk;Algm)xk; t) -1, v ()\,(cn)xk; )\,(cm):rko; t) — 0, n,m — oo, uniformly in

t € R, for each fixed k € N, i.e. s- lim ()\gl) - Aém)) zr, =0, Vk € N. By Lemma 1,

T,1M—+00

from here it follows that the sequence {)\,(Cn)} N is fundamental for Vk € N. Let )\,(Cn) —
_ ne - —
Ak, n— 00. Assume that A = (A\g),c and let us show that ILm Hots (/\n; A; t) =1 and

lim v s (S\n; A; t) = 0 uniformly in ¢ € R. Let us establish it with respect to us. Take

n—oo

Ve > 0. It is clear that dng, Yn > ng, Vp € N:
trs (Ani Angps t) > 1 —€,Vt €R.

Consequently
inf (Z )\,gn)z:k; Z)\,(Cnﬂ))xk; t) >1—¢e,Vn>ng,Vp e NVt € R,. (11)
k=1 k=1

Now we need the following condition:
13) From A, = A, n — oo it follows that s- 1i_>m (M) = Az, d.e. limp (N5 Ax; t)
n—oo

n—oo
=1, ligy (Anz; Ax;t) = 0, uniformly int € R, Vo € X.
From here it directly follows that, if )\T(f) S AF) n 00, Vk=T1,r, then

lim p (Z /\;’“)xk;y;t> =p (Z A(k)mk;y; t> )

o0 \ k=1 k=1

; (k) gyt | = (k) o e C
gglog (;)\n :ck,y,t> —V<kzl)\ xk,y,t> NVA{xy; sz yt C X, VEER.

Indeed, without loss of generality we consider the case r = 2. It suffices to conduct
to lead the proof with respect to v because, this scheme is applied to &t = 1 — u. Let
An = A, b =, n— 00. By definition

v(z;yit) <max{v (x;2;t) ;v (y;250) ) < v(z;25t) +

v(y;z;t), Ve,y,z € X, Vt e R.

Hence
vizyt) vz at) Sv(y;zt).
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Similarly we obtain
v(z;zt) —v(zy;t) < vy zt).

Thus
v (z;y;t) — v (s 2;t)] < v (y;z;t). (12)

Taking here y = \pa , 2 = Aa, we obtain li_)rn v (x; Apa;t) = v (z; Aa; t), uniformly in
n oo
t € R and for Vz,a € X . On the other hand, we have
V(A + pny; Ar + pys t) < v (A + pny; iy + A5 t) + v (ny + Az Az + py;t) .
Taking into account the property 12) we have
V(AT + pny; Az + pys t) S v (An; Az t) + v (pny; pyit) -
Consequently, s- lim (A\,z + pny) = Az + py, Yo,y € X. From here it directly follows
n—0o0
that, it A% = X® | 5 5 0o, Vk = 1,7, then s- lim (2’,;:1 A;’“)xk) = S AWy
n—oo
V{zi}] € X. If in (12) we assume y = » ;_; APz and 2 = Sh_i AF) g then we have
lim v (x; D et A%k)a;k; t) =v (x; D re1 AE) gy ;t), uniformly int € Rand V{z;z1;...;2,} C

n—o0
X. The similar results are also true with respect to p. Then, passing to the limit in the

inequality (11) as p — oo we get
T ( ) T
. n . . _
117}f,u (Z AL T Z)\ka:k, t) >1—¢,Vn>ng, Vt € R,. (13)
k=1 k=1
In the same way we obtain that dmg € N:

sup v (Z )\]gn)xk; Z AT ks t) <e,Vn>mp, Vt € R;. (14)
" k=1 k=1

We have

r+p r+p r+p
k=r k=r

k=r
. SN SIG t
>m1n{,u (kzz; ()\k_ —)\k> xk;—;O\k —)\k> 33k§2> ;

r—1 - .
(o)}
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Taking into account the inequality (13) we obtain
r+p r+p
1 <Z )\,(Cn)xk; Z)\kxk; t) >1—¢e,YVn>ng, Vr,pe NVt € Ry. (15)
k=r k=r

As \, € X it is clear that Hm(()"):

m-+p
1 (Z )\,(cn)xk;();t> > 1—5,Vm2mé"), Vp e NVt € R, (16)
k=m
We have
m-+p m-+p m-+p m-+p
% (Z )\Mk;o;t) > min {M (Z AkTk; Z A;(gn)xk;t> oy (Z A,(ﬁn)xk;o;t> } :
k=m k=m k=m k=m

Taking into account the relations (15) and (16) from here we obtain

m-+p

I (Z /\kxk;O;t> >1—¢e,Vm > m(()n), Vp e N,Vt € Ry.
k=m

In the same way we establish that 3m; € N v <Z;€nj£ Py O;t) <eVm > my, Vp € N,

Vt € Ry. It follows that the series Y p°; Apay is strongly fuzzy convergent in X, i.e. if X
is strongly complete, then 3s- lim > | Agzy. Consequently, A €77, and the relations
m—r0o0

(13),(14) imply that lim p s (5\“; X;t) =1, lim vys (5\”;5\; t) = 0 uniformly in V¢ € R.
n—00 x n—00 z

As a result we obtain that the space (,%;s S Hors; V. ;g;) is strongly fuzzy complete. Thus,

we have proved the following

Theorem 2. Let (X;u;v) be a fuzzy strongly complete metric space with conditions
a), ), 12) and 13) . If {zn},cny C X is a nondegenerate system, then the space of
coefficients (%’; St V. _)g;) is a strongly fuzzy complete metric space.

Consider operator 1" : % — X defined by

TA=) Mz, A= {An}ey € 25
n=1
Let s- lim A, = A in %, where \,, = {)\,E:n)}k N €. We have
€

n—oo
7 (Tj\n;Tj\; t) =pu (i ()\](c”) — )\k) Tk 0;t> >

k=1

inf 4 (i (/\,(f) - /\k) x5 0; t) =tz (Ani A5 t).

k=1
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It follows directly that s-lim 7'\, = T\, i.e. the operator T is strongly fuzzy continuous.
n—oo

Let A € KerT, i.e. TA=0=3 " Az, = 0, where A = {\,}, oy €. It is clear that
if the system {z,},cy is s-linearly independent, then A, = 0, Vn € N, and, as a result,
KerT = {0}. In this case 3771 : X D ImT —%.

Denote by {€n},cny CH#7 a canonical system in 77°, where &, = {0nr}peny €H7
Obviously, T'e,, = x,, ¥n € N. Let us prove that {€,},.y forms an s-basis for J7;°. Take
VA = {\u},eny €45 and show that the series > 7 | X\,€, is strongly fuzzy convergent in
. In fact, the existence of s- lim Y ™" | A\,x, in X implies that Ve > 0, 3mg € N:

m—o0

m—+p
7 (Z )\nxn;O;t> >1—¢e,Vm>mg, Vp e NVt € Ry.

n=m

We have

m-+p s
W <Z )\nén;O;t> = inf (Z )\n$n;0;t> >1—¢e,Vm>mg, Vpe NVt € R,.
T
n=m

n=m

It follows that the series Y 7, A\,éy is strongly fuzzy convergent in .#;°. Moreover

s (7\ - Z/\nén;O;t> = pr ({505 Agas -} 505 8) =

n=1

T

:infu< Z )\nxn;O;t> >1—¢e,Vm >mg, Vt € R,

n=m+1
Consequently, s—n%i_{noo S A = A, ie. AZ3"  M\.&,. Consider the functionals
er (5\) = A\, Vn € N. Let us show that they are s-continuous. Let s- lim )\, = A, where

n—o0

A = {)\'(‘;n)}k N € #°. As established in the proof of Theorem 2, we have )\,(:) — A as
€

n — oo, i.e. e (5\”) — ey (5\) as n — oo for Vk € N. Thus, e}, is s- continuous in 7 for
Vk € N. On the other hand, it is easy to see that e}, (€x) = 6,1, Vn, k € N, ie. {e)},cn
is s-biorthogonal to {€,},cn. As a result we obtain that the system {€,}, .y forms an
s-basis for 7. So we get the validity of the following

Theorem 3. Let (X;u;v) be a fuzzy strongly complete metric space with conditions
a), ), 12) and 13). Let {xn},cy C X be a nondegenerate system. Then the corre-
sponding space of coefficients (Ji/ins; Hots; v %s) s strongly fuzzy complete with canonical
s-basis {€, },en-

Suppose that the system {z,}, oy is s-linearly independent and I'mT is closed. Then
it is easily seen that {z,}, cy forms an s-basis for ImT and, in case of its s-completeness
in X, it forms an s-basis for X,. In this case, 7 and X, are isomorphic, and T is
an isomorphism between them. The opposite of it is also true, i.e. if the above-defined
operator T' is an isomorphism between .#7° and X, then the system {w,},y forms an
s-basis for X;. We will call T a coefficient operator. Thus, the following theorem holds.
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Theorem 4. Let (X;u;v) be a fuzzy strongly complete metric space with conditions
a), B), 12) and 13). Let {xp},cn C X be a nondegenerate system,

(Jiffs;u:%s;ugfis) be a corresponding strongly fuzzy complete normed space and

T:4 — X be a corresponding coefficient operator. System {xy}, oy forms an s-basis for
X5 if and only if the operator T' is an isomorphism between 7 and Xs.
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