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On an Inverse Problem for a Semilinear Parabolic Equa-
tion in the Case of Boundary Value Problem with Non-
linear Boundary Condition

A.Ya. Akhundov, A.I. Gasanova

Abstract. The goal of this paper is to investigate the well-posedness of the inverse problem on
determination of the coefficient at a minor term of a semilinear parabolic equation in the case
of nonlinear boundary condition. Additional condition is given in the nonlocal integral form. A
uniqueness theorem and a “conditional” stability are proved.
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Let R™ be an n—dimensional real Euclidian space, * = (z1,...,x,) be an arbitrary
point in the bounded domain D C R™ with a sufficiently smooth boundary 0D, Q =
D x (0;T], S=0D x [0;T] and 0 < T be a fixed number.

The spaces C (1), Cte (), ch/2 (), cHol+a)/2() 1=0,1,2, a € (0,1) and the
norms in these spaces are defined as in [1,pp.12 — 20],

ou ou
= Flers w= 50 = 5

1 =1,n,

_ n 8%u ou = . . .
Au=>", T2 Isa Laplace operator, 5 is an internal conormal derivative.

We consider the following inverse problem on determining a pair of functions

{ula,t), c®)}:

up — Au+c(t)u= f(x,t,u), (x,t) € (1)
u(m,O):gp(m),xGD:DUOD (2)

ou
gzw(x,t,u), (z,t) €S (3)
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/u(w,t)dx:h(t),te[O,T], )
D

where f (z,t,p),p (), (z,t,p),h(t) are the given functions.

The coefficient inverse problems were studied in the papers [2 — 4] (see also the refer-
ences therein).

We make the following assumptions for the data of problem (1)-(4):

19 f(z,t,p) € Ce/? (Q X Rl) , there exists m1 > 0 such that for any (z,t) € Q and
p1,p2 € R 2| f (x,t,p1) — f (z,t,p2)| < ma |p1 — pal;

20, o (z) € C*T™ (D) ;

30, 9 (x,t,p) € CH/? (S X Rl), there exists mgy > 0 such that for any (x,t) € S and
p1,p2 € R < [ (2,8, p1) — o (.8, p2)| < ma|p1 — pal;

40 h(t) e 0, T).

Definition 1. The pair of functions {c (t),u (z,t)} is called the solution of problem (1)-(4)
if

1) e(t) e C(0,T7;

2) u(z,t) € CHL(Q)NCH (Q);

3) The conditions (1)-(4) hold for these functions, with condition (3) defined in the
following sense:

ou (x,t ) ou (y,t)
= lim ,
ov (z, y— ov (z,t)
yeo

where o is any closed cone with a vertex x in D|J{zx}.

The uniqueness theorem and the estimate of stability for the solutions of inverse prob-
lems occupy a central place in investigation of their well-posedness. In this paper, the
uniqueness of the solution of problem (1)-(4) is proved under more general assumptions
and the estimate characterizing the ”conditional” stability of the problem is established.

Let {u; (x,t),c; (t)} be the solution of problem (1) — (4) corresponding to the given
fi (xytaui) ) Pi ($) 771Z)i (xytaui) 7hi (t) ;=12

Definition 2. A solution of problem (1)-(4) is called stable if for any € > 0 there is a
3 (e) > 0 such that for |[fi — follg <3, o1 — 2l <O, lln —wallg <8, [[ha — hell; <6
the inequality ||uy — uallg + |lc1 — c2l|g < € is fulfilled.

Theorem 1. Let

1. fi, @i i, hiyi = 1,2 satisfy the conditions 1° — 49, respectively;

2. there exist the solutions {u; (x,t), ¢;(t)}, i = 1,2, of problem (1) — (4) in the sense
of definition 1, and let they, in addition, belong to the set

K, = {(u,c) ‘u(a:,t) e O2taltal2 (Q), ct)yec” [O,T]}
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Then there exists a T* > 0 such that for (x,t) € D x [0,T*] the solution of problem
(1) — (4) is unique, and the stability estimate

lur — uallg + ller — eallp < ma[llfy = follo + ller = @2lly + [0 = Yallg + 11 — hall] (5)
is valid, where ms > 0 depends on the data of problem (1)-(4) and the set K.

Proof. First we prove the validity of estimate (5). In order to get a uniqueness
theorem, below we should suppose that perturbations of problem data are everywhere
identically equal to zero. In view of (2) and the conditions of the theorem, from equation
(1) for the function c(t) we get

c(t):[ang —i—/fmtuda:—ht() \h(t), te€]0,1], (6)
Denote Z($7t) = ux ($7t) — U2 ($7t)7 )‘(t) = (t) - 62( )7 51 ($7t7u) = fl (ﬂj‘,t,’LL) -
f2 (‘Tvt7u)7 52 (LZ') = ¥1 (‘T) — P2 (‘T)7 63 (x7t7u) = 7/}1 (x7t7u) - ¢2 (‘Tvt7u)7 64 (t) = hl (t) -
ho (t)
We can verify that the functions {\ (t), w(z,t) = z(x,t) — do (x)} satisfy the condi-
tions of the system

— Aw = F (z,t), (z,t) € 9, (7)
w(z,0) = 0,3 € D; g—f(;n,t):xy(x,t), (@) €S (8)
)\(t):/aDg—dx\hl()JrH(t), Lefo,1], )

where

F(x,t) =01 (x,t,ur) — Ada (z) — c1 () 2 (x,t) — A (t) ug (2, t) + fo (z,t,u1) — fo (z,t,uz),

06

v ($7t) = 53 ($7t7u1) - E (33) + ¢2 (ﬂj‘,t,ﬂq) - ¢2 ($,t,U2),

H (1) = {[ [ o twydet [ (gt - g ot w)] e - o <t>} o (£)

_ [ Oup , hay (t / fa (2,1 UQ)d.Z':| b4 (t )} [ha (t) - ho (1))

oD 81/

By the conditions of the theorem, if follows that there exists a classic solution of
problem (7), (8) which can be represented in the following form [5, p.182]:
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w (1) = /0 /D (2.t:€.7) F (€, 7) dédr + /0 /8D<x,t;s,7>p<s,f>d§aDdT, (10)

where (x,t;¢,7) is a fundamental solution of the equation wy — Aw =0, d§ = d&;...d&,, is
an element of the surface 9D, and p (z,1) is a continuous bounded solution of the following
integral equation [2, p. 183]

[t [ o)

L OtgT)
+2/0 o O () P& T) dopdT =2 (1) (1)

Assume

X = llur —uzllg + ller — e2llg -

Estimate the function |z (z,¢)|. Taking into account that z (z,t) = w (z,t) + do (z),
from (10) we get:

!M%mShﬂ%m+wﬂwSwﬂm+[léww@ﬂ%W@mH%m+

t
+/0 /aD [(@,t.8,7)] - p (& 7)[ d€apdr. (12)

For the expression [}, |(x,t,£,7)|d, in the second summand on the right hand side of
(12), the following estimate is true:

/K%%JWESma (13)
D

By the requirements imposed on the problem data and on the set K, the integrand
function F (x,t) in the second summand on the right side of (12) satisfies the estimate

[F (2, )] < [01 (2, )] + [Ada (2)] + [ex ()] |2 (2, 0)] + [A (D) |uz (2, )] +
2 (@, tw) = fo (@, tu)| < = fallg +llor = #ally +ma-x,  (8) €92, (14)

where my > 0 depends on the data of problem (1)-(4) and on the set K.
The expression faD |(x,t;¢,7)| d€gp in the third summand on the right side of (12)
satisfies the estimate

/|@@¢ﬂM@ng5 (15)
oD
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Taking into account (11), the conditions of the theorem, definition of the set K, and
the following estimate [5, p. 20]:

/ (z,t:;€,7)
auxt

for the function p (x,t) we get

1
d¢ <mg(t—71)7", §<,u<1

o (2, )] < mz [181llg + 1821l + 1631l + x] +ms oIl - 7%, (x,t) € S,
where m7, mg > 0 depend on the data of problem (1)-(4) and on the set K.
The last inequality is fulfilled for all (x,t) € 9D %[0, T'], therefore the following estimate
is true:
lpll < maz [61llg + 1825 + 18sllg + x] + mst' ™ [lolly

Let 0 < Ty < T be a number such that mg7'~# < 1. Then for all (z,t) € dD x [0,T1]
we have

lpllg < mo [llnllo + (192112 + N10sllg + x] (16)
where mg > 0 depends on the data of problem (1)-(4) and the set K.
Taking into account the inequalities (13), (14), (15) and (16), from (12) for |z (z,t)]
we get:
|2 (2, 8)] < mao [[101llg + 192l + 10s]lo] + marx -1, (z,%) € Q, (17)

where mqg, m11 > 0 depend on the data of problem (1)-(4) and on the set K.
Now estimate the function | (¢)|. From (9) it follows

0z
< R
Ry

<mag [[[61llg + 102/l + 103]lo] + maaxt, (z,t) € Q, (18)

dz - ‘hl (t)—l( H (1)
Similar to (17), we get

0z

ov

where mq3, m14 > 0 depend on the data of the problem (1)-(4) and on the set K.
Taking into account the conditions of the theorem, definition of the set K, inequality
(18) and expression for H (t), from the last inequality we get:

IA@O] < mas [[61]lo + [192ll2 + 115]lg + 19allo] + maex - ¢, ¢ €0, T], (19)

where mq5,m16 > 0 depend on the data of the problem (1)-(4) and on the set K.
Inequalities (18) and (19) are satisfied for any values of (z,t) € D x [0,7}].
Consequently, combining these inequalities, we get
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X < maz [[[61]lg + 102l + [193]lg + [[dall5] + mastx, (20)

where mq7, mig > 0 depend on the data of problem (1)-(4) and the set K.

Let T, (0 < Ty <T) be a number such that m;g7o < 1. Then from (19) we get
that for (z,t) € D x [0,7*], T* = min (T}, T3), the stability estimate for the solution of
problem (1)-(4) is true.

Uniqueness of the solution of problem (1)-(4) follows from the estimate (5) for f1 (z,t,u) =
f2 (‘Tvt7u)7 ¥1 (LZ') = Y2 (LZ'), (1 (‘Tvt7u) =12 (‘Tvt7u)7 hy (t) = hs (t)

The theorem is completely proved.«
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