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Inverse Sturm-Liouville Problem with Eigenparameter
Dependent Boundary and Transmission Conditions

M. Shahriari

Abstract. This paper deals with the boundary value problem involving the differential equation

ty:=—y" +qy =Ny

subject to the eigenparameter dependent boundary conditions along with the following disconti-
nuity conditions

y(d+0)=ay(d—0), 3 (d+0)=ay'(d—0)+by(d—0)

at a part d € (0,7), where q(x), a, b are real, ¢ € L?(0,7) and ) is a parameter independent of z.
We develop the Hochestadt’s result based on transformation operator for inverse Sturm-Liouville
problem with eigenparameter dependent boundary and discontinuous conditions. Furthermore, we
establish a formula for ¢(x) — ¢(z) in the finite interval, where ¢(x) is an analogous function with

q(x).
Key Words and Phrases: inverse Sturm-Liouville problem, jump conditions, parameter depen-
dent boundary condition, Green’s function

2010 Mathematics Subject Classifications: 34B24, 47A05, 34B20, 47A10

1. Introduction

We consider the boundary value problem

by == —y" + qy = Ay, (1)

U(y) := y'(0) — hy(0) =0,
V(y) == Hy'(m) + Ay(m) = 0 (2)

with jump conditions

Ui(y) = y(d +0) — ay(d — 0) = 0, Ua(y) := ¢'(d +0) — ay'(d — 0) — by(d — 0) =0, (3)

http://www.azjm.org 16 © 2010 AZJM All rights reserved.
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where q(z),h, H,a,b,d are real, ¢ € L?(0,7), d € (0,7), 0 < H < 0o and X is the spectral
parameter. We use the notation L = L(q(z); h; H;d) for the problem ()-(3]).

The method of separation of variables for solving PDEs with discontinuous boundary
conditions naturally leads to ODE with discontinuities inside the interval which often
appears in mathematics. Inverse spectral problem consists in recovering operators from
their spectral characteristics. For example, the mathematical formulation of a large variety
of technical and physical problems leads to inverse problems such as identifying the density
of the thing from data collected from the sets of frequencies of oscillations of the string
with barrier.

The inverse spectral Sturm-Liouville problem can be regarded as having three aspects,
e.g., existence, uniqueness and reconstruction of the coefficients given specific properties
of eigenvalues and eigenfunctions [1]-[22]. In particular, the operator ¢ plays an important
role of the one-dimensional Schrodinger operator in quantum mechanics and our trans-
mission conditions include the case of point interactions (see e.g. the monographs [23] and
[24]). Our work concerns uniqueness and other properties of potential function.

The applications of boundary value problems with discontinuity conditions inside the
interval are connected with discontinuous material properties. Inverse problems with a
discontinuity condition inside the interval play an important role in mathematics, me-
chanics, radio electronics, geophysics, and other fields of science and technology. As a
rule, such problems are related to discontinuous and non-smooth properties of a medium
(e.g., see [9]-[11] and [31]). In this work, we generalize the Hochstadt’s result [6], refining
the approach of Levinson [4] to show that precisely how much freedom ¢ has where the
An and all but finitely many of the )/, are specified. Note that the eigenvalues ], are ob-
tained by replacing H with H; in (2)). Nowadays there is a number of papers dedicated to
inverse problems for the Sturm-Liouville operator with eigenparameter dependent bound-
ary conditions (see |21] and [25]-[27]). There are many papers concerning problems with
discontinuous conditions. One can find the similar works for discontinuous conditions in
[11] and [15]-[18], and the similar works for Hochstadt’s result in [12]-[14].

Remark 1. The same result can be obtained by the same method in the more general case
of the following eigenparameter dependent boundary conditions and jump conditions (3):

y'(0) — hy(0) =0, A(y'(w) — Hiy(w)) — Hay'(m) — Hsy(m) = 0.

2. The Hilbert space formulation and asymptotic form of solutions and
eigenvalues

In this section, we introduce the special inner product in the Hilbert space (L2(0,d) ®
Ls(d, 7)) @& C and we define a linear operator A such that the considered problem (II)-(3])
can be interpreted as the eigenvalue problem for A. So, we define a new Hilbert space
inner product on H := (L2(0,d) @ La(d, 7)) ® C by

d ™
F.Gh=ll [ o+ [ 19+ RN Ro) @
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where F' = < f(a:)) > and G = < ;{]((x;) > € H. In this Hilbert space we construct the
1

A:H—H (5)
F:(él((x}) ) and AF:(_E,lf(f)>

(1w , )
F = ( Ri(f) ) |f(z), f'(x) € AC[0,d) U (d, ] and,

Fd+0), f(d%0)is defined, £f € L2[0,d) U (d, 7] (’ (6)
U(f) =U(f) = Ua(f) =0, Ra(f) == f(m)

where R} (f) := Hf'(w). Thus, we can rearrange the boundary value problem (I)-(3) as
follows:

operator

by
with domain

D(A) =

AY =AY Y= ( 1%1(8) > € D(A). (7)

It is easy to see that the eigenvalues of the operator A coincide with those of the problem
@D-@). Let ¢(x,\) and ¥ (xz,A) be solutions of (1) under the jump conditions (B]) and

initial conditions
p(0.0) =1, ¢'(0,A) =h, (8)
and
U(m ) =H, (7)) = -\ (9)

By attaching a subscript 1 or 2 to functions ¢ and v, we mean to refer to the first
subinterval [0, d) or to the second subinterval (d, 7]. For example

[ pi(z, ), z€]0,d)
P, A) = { gpi(m,)\) , x € (d, 7.

By virtue of [16], problem () has a unique solution ¢1(z, A) or 12(x, A), an entire function
of A € C, under the initial conditions (&) or ([@). We can obtain from the linear differential
equations theory that each of the Wronskians

Al()‘) = W(@1($,A),¢1($,)\)) (10)
and
A2()‘) = W(@Q($,)\),¢2($,)\)) (11)

are independent of x for all x € [0,d) U (d, 7], respectively. It is easy to see that the
equality As(\) = a?A1(A) holds for each ) € C.
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Corollary 1. The zeros of A(X) := Aax()\) = a?A1()\) coincide. The eigenvalues of the
problem (1))-(3) coincide with the zeros of the function A(N).

Apply the definition of A to prove the following theorem. For other similar proofs we
can refer to [28], [30] and [31].

Theorem 1. (i) The operator A is self-adjoint.

(ii) By self-adjointness of A and Corollary [, all eigenvalues of the problem (l)-(3)
are real and simple.

(iii) The sequence @, of the orthonormal eigenfunction system ({)-(3) in L?(0,7) is
complete.

Theorem 2. Let A\ = p?, 7 := Imp. For equation () with boundary conditions (2) and
Jgump conditions (3) as |\| — oo, the following asymptotic formulas hold:

cospr -+ (h+ 1 [ q(t)de) ez 4 o(2lrle) r<d
olx; ) = (12)

aCOSp$+f1(.T)Sinppz +f2(x)sinp(id—z) +O(exp;\27'\m)’ x> d,

—psinpz + (h+ % [ q(t)dt) cosp:c—i—O(%) x <d,
o' (x;A) = (13)
—apsin pr + f1(z) cos pr — fo(x) cos p(2d — x) + O(%) x> d,
and
Lpsinp(m — x) + g1(x) cos p(m — x) + g2(x) cos p(2d + x — )
Ol =) <d
Dl \) = FOCTRT) T g
psinp(r —x) + (H+ 1 [T q(x)dz)cos p(m — x) + O(%), x> d,
—Lp?cosp(m — x) + p(g1(z) sin p(mr — &) — g2(a) sin p(2d + = — 7))
’l/)/(SC' )\) _ +O(6Xp(|7'|ﬂ' - SC)), T < dv

—p?cosp(m —x) + p(H + % [T q(z)dz)sin p(r — 2) + O(exp |7|(7 — z)), 2> (d, |
15

Moreover, the characteristic function is

A(N) = ap? cos pr + pl(fi(m) — aH)sin pr + fo(m)sin p(2d — w)] + O(exp |7|7).  (16)
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Proof. Let C(z,\) and S(z, \) be solutions of (I]) under the initial conditions
C(0,)) =5(0,\) =1, C'(0,\) =S(0,\) =0,

and the jump conditions (B]). It is obvious that ¢(x,A) = C(z, ) +hS(z, A). By using the
asymptotic formulas of C'(z,\) and S(z,\) and applying the similar calculations of [16],
we obtain the asymptotic form of ¢(x,\) and ¢'(x,\). By changing x to m — x, one can
obtain the asymptotic form of ¢(x,\) and ¢’(z, \). «

Applying the similar calculations of [16], we find that

Pp=mn— % + H_n% ﬁ—n, Kn = o(1) (17)
and
0, = % <w1 + wy cos 2d(n — %)) ,
where e . .
wlza(H—h—§/0 q(t)dt)—i, wp = —3.

3. Main result

In this section the uniqueness theorem for ([I)-(3]) is given. We need some lemma and
technical notation to prove our main result. The boundary value problem L = L(q; h; H; d)
is defined with the operator A : H — H. We now consider boundary value problems
L = L(G;h;H;d), Ly = L(¢;h; Hy;d), and L, = L(g; h; Hy;d), by the same approach
where Hi # H, with operators A, Ay, and Aj, respectively. Suppose that O(x, \) is the
solution of (Il satisfying the initial conditions 6(m,\) = Hy, 6'(w,\) = X and the jump
conditions (@). Define ¢;(\) := W (p;(z, \),0:(x, ), and  ¢;(N) := W(@i(z, \), b;(x, \)),
fori=1,2.

Lemma 1. If L(g; h; Hi;d) and L(q; h; Hi;d) have the same eigenvalues, then ¢;(\) =
¢i(A) fori=1,2.
Proof. From [33] it follows that ¢; and ¢; are entire functions of order 1, and conse-

quently, by Hadamard’s factorization theorem [34], are determined up to a multiplicative
¢:i(N)
~ di(A)’
totic form of ¢;()\) and ¢;(\) as a similar form of (I6) with H replaced by H; we obtain
k=14 O(%). Letting p — 0o, we obtain k£ =1 and so ¢;(\) = ¢;()). <

If ¢, (x) := 1(x, \y,) is another eigenfunction of L satisfying the initial conditions (3,
then ¢, (z) and ¥, (x) are linearly dependent for each n € N. We have

Un(x) = kppn(z), z€[0,d)U(d, ], (18)

where k, is a real number. Define @, (z), 9, (x) and &, in a similar manner. From now
on, we assume that Ay C N is a finite set and A = N\ A.

constant by their zeros. Hence there is a constant k such that k = Using the asymp-
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Lemma 2. If 14 an(Ni le have the same eigem;aluesynd, n addition, A\, = 5\~n for all
n € A, where A\, and X\, are the eigenvalues of L and L, respectively, then k, = k, for all
n € A.

Proof. Define 0;(\) := W (t;(x, \), 0;(z, N)). It is easy to see that d;(A) is independent
of x. From definition of ¢, # and ) it follows that
{ W((Pm(x)awm(x)) =0, (19)
W (pin(2), 0in(x)) = di(An),

for ¢ = 1,2. The above linear system has a unique solution

and similarly we obtain o
Pin(z) = 52(5\”) (21)

From )\, = \, for all n € A and Lemma M we have ¢; = ¢;. From definition of 9i(A) it
follows that d2(A,) = 02(Ap)|aer = A (H — Hyp). Thus

An(H — Hy)

kp = ky =
¢2()\n)

foralln € A.«
Assume that A is not in the spectrum of (I))-(3]) and (7). Let
Sy=(A=X)"'p.

Replace A by A and define S analogously. We consider the following spaces:

K :=D(A) o {®, :n € Ap}, (22)

K :=D(A) & {®, :n € Ag}. (23)
Define the transformation operator T : K — K by

T®, = o, (24)

Rl(()@n) Rl(‘ﬁn)
form of solutions (I4)) and (1)) it is easy to verify that T" is a bounded operator. From (7))
we have

where ®,, = < #n (@) ) and @, = < #n () ) for n € A. By using the asymptotic

()‘I - A)(I)n = ()‘ - An)q)m

thus we obtain o
— = _8d,.
A —An) A

A similar relation is obviously valid for ®,,.
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Lemma 3. The relation S\T = T'S\ holds for # An, An and n € N.

Proof. Let F' € K. Then we can expand F' in terms of the set ®,,:

(@) )
r@=( 4 ) = S (29

for n € A, where f, = <§§;¢£Zﬁ¢

A(q; h; Hyd). Then the operator Sy exists and can be written as
In

. Let X\ be in complex plane and not an eigenvalue of

—S\F(z) = D, (x). 2
V@) = 30 7o) (26)
A
If we apply T to the above relation, we obtain
_ fr =
—TS\F(z) = ——,(x).
A=y
A
If we apply Sy and T to ([25) respectively, we obtain
_ B fo =
—S\TF(z) = ——,(x).
A=y
A
Then we get )
S\T =TS,.
<

In a general case when the operator L have eigenparameter dependent boundary and
discontinuous conditions, we generalize the well-known result of Hochstadt [6]. We con-
struct the Green’s function for A by using its solutions ¢(z, A) and ¥ (x, ). By applying
the Green’s function we now prove our main theorem.

Theorem 3. If L(q; h; Hy;d) and L(G; h; Hy;d) have the same spectrum and A\, = \n for
alln € A, then
ZAO(ganOln)/(x)? T < d7
q(z) — q(z) = (27)
ZAO(anQOQn)/(x)? T > d7

a.e. on [0,d) U (d, n], where §in and @i, fori=1,2 are suitable solutions of ly = \py and
ly = \py, respectively.

Proof. By using the techniques of [28] for F(x) = (f(x), f1)T € H, we can prove that
the problem

y'+ (A —q(@)y = f(x), z€(0,d)U(dn) (28)

y'(0) = hy(0) =0, Hy'(r) + Ay(m) = fu, (29)
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with jump conditions [B]) has the unique solution y(z, A), which can be represented as

(S5 7 o1 (8, N F ()t + SB[ et N f (1)t

o [ ot (0t + ), 0<z<d
l‘,)\ == x T 30
VA=) (g2 o (N F(E)dE+ [ palt NS (0)de) 30)
+ O (ST et N F(dt + fr), d<z<m.
By considering
o gy [ 1EEEEE 0<t<a < "
(x,a)— |a|mw)(t,), 0< <t<nm ( )
where x # d and t # d, the formula (B0) is reduced to
d I A
y(z,\) = |a| / Gz, t, ) f(t)dt + — / Gt N fd+ H 25N (3
0 lal Ja AN

Let n € A and A not be an eigenvalue of A. Then —S)\®,, = G,,, where

Go(z) = ( gn(m)) ) ( la] & G, t, \)pinl(t Yt + oty [i Gl t. N)pan (t)dt ) (33)

Ri(pn)
Ry (gn Alfﬁn

and the function G(z,t,\) is as defined in [BI]). It is easy to verify that g,(z) obeys the
boundary conditions ([2]), (B) and that

= (M — A)G,..

Using the asymptotic form of ¢(x, A), ¥(z, A), and A(X) for sufficiently large p and for p #
pn, we deduce that the Green’s function G(z,¢,\) is bounded. G(z,t, \) is a meromorphic
function with the eigenvalues Ay as its poles [29]. Let C,, be a sequence of circles about
the origin intersecting the positive A-axis between A\, and A,;. We have

G(z,t
im [ E@LM o yeint o, (34)
n—oo Jo A — 7
From residue integration it follows that

n

dpu = —G(z,t,\) + Z

1=0

wi(r <)hi(z >)
AN)A=X)

1 [ Gt p)
21 Cp )\—,u

(35)

where A()\;) = L AN)|r=y,. From (34), (35) and the Mittag-Leffler expansion for G(x,t, \)
we obtain

G(z,t,2) Z%:Kf’ x;)) (36)
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where for simplicity =z <:= min{z,t} and z >:= max{z,t} and ¢;(z <), Yi(z >
(N €K,

eigenfunctions corresponding to the eigenvalues \;. Therefore for (f(x), Ri(f)

from 22), B1)), (33), and Lemma [2] we have

(A )=5( ) =ore-

{GZK;E”:%LM ()t + 65 (@ [0 f @ + 7 1/’2 ), <d

220 (a2 [ o1 (1) F (D)t + [T @a(t) f(E)dt) + L2 [T (t)f(t)dt, d <z <7

2

Ri(y)
{ N a*Yun(z) [ m(wf(t)dtwlgg)()in{;; ¢)1n(t)f(t)dt+ ST wzn(t)f(t)dt), r<d
Pon () (0[5 @10 (1) F ) dt+ [T 20 (8) F(£)dt)+p2n (@) [T than(t) f(£)dt
_ >oA 0 Ad(An,)(A—/\n) ,d<zxz<m
n 1 (pn
o L)
2 rd ki
N kn@1n (@) (a® [ Z;;t))g?ittfd wzn(t)f(t)dt), v <d
_ N kenpan (2)(a® [ LpAl(n)\(t))J(‘)(\t_)citif; <p2n(t)f(t)dt), dezen
fan n
Doy Legigee)
By applying T to both sides of [B7), we see that
s, knsﬁln(x)( 3 ‘Pl:(t))](citz(it-f;f; gozn(t)f(t)dt), v <d
TS\F(x) = Fn@2n (@) (02 [ @1a(OF (Odt+ [T w2n () (t)dt)
doA A0 , d<zx<m
TLR n
o feed
Define
@ P1(2) [ @1(8) FR)dt+@1(x) (a® [ pr (8) F()dt+ [T pa(t) f()dt) r<d
_ A(N) ’
Ul) da (@) (a® i o1 (O (D)t [ CAGEOL e [T OF@dt

R1 (u)

) are
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By the Mittag-Leffler expansion for U(x), we have

a@10(2) [ P10 (W) F @) dy+21n(2) (a® [ P1n (8) F(E)dt+ [T han (£) F (£)dt)
ZAO - A(An)(k_)\n) +
5 @i () J§ @10 (1) (B dt+P1n (@) (a2 [ Yrn (8 (Bt [ an(t)f(2)dt)
A ., At(i)\n)()\f/\n) )
5 Ban (2)(a? [i o1n () FO)dt+ [ poan (8) F(£)dt)+E2n (2) [T thon () F (£)dt n
U(z) = Ao A An)(A=2n) A
> Pon (@)(a® [§ @1n(t) F(&)dt+ [L on (t) f(£)dt)+Pon () [T o (t) f(t)dt
A A(An)(k_)\n)

r<d

Jd<zx<m

n 1 (Pn

D

(40)

The second term in the above expression is T'S\F', as given in (38)). In the first term,
Wn(x) represents ¢ (x, ) and Z,(x) represents ¢(x, \) evaluated at A,. Hence

S\TF(z) =U(z)—
{ ZAO a* D10 (@) [ e1n(0)f(O)di+Z1n(2) (a® [ Y10 () f (y)dy+ [ P2n(t)f()dE) r<d

A(An)(k_)\n) ’
$ Do () (@ [ 010 () F(R)dt+ [ pon () F(£)dt)+Z2n () [T on (t) f(t)dt
Ao AAn)(A=An)

nB1(6n
S, bl

n

Jd<z<m

(41)

The right and left hand sides of (@I are in the domain Sy. Therefore, both sides of (&I)
are continuous. By using (37) and differentiating the right-hand side of ({@Il), for z < d we
obtain

SRS A0+ (0 (o [l ()70t + [ wa(t) f(2)dr
AW

@i}, (@) fy PO (Ot + 2, (@) (2 [ 0O f @t + [ o (t) (D))
o> AQ)(A = An) ]

AV — AO) (3= An)

U1 ()1 () — @1 (2) 1 () B Z W1n(T)p1n(T) + Zm(x)?/fm(z)] (x).

An inspection of the term in the second set of braces shows that it vanishes identically.
To verify that, one merely computes the residue at each A, and observes that it becomes
zero. By differentiating the expression in the braces in the last relation, from (4I) we
obtain

| i@)ei(@) = Gi1(@)i(x) < B (@)@1n (@) + Fin (@) 10 (@) .
Tf(z) = l A0 AZ A2 ]f( )

@1 (2) [y Pra(®F(B)dt + Z1n(2) (0 [ 01 (0)F ()t + [7 Yon () f(2)dt)
A(A) '

Ao
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The operator T is independent of A\. To compute the value of the expression in the braces

in ([@2) we let A\ — oo. Using the asymptotic formulas, we see that the term in the braces
is reduced to unity. To simplify the second term in ([@2) we recall that ¥, = kn@in,
Yon = knpon. From (@) we have

d
ol [ sy + oo [5O3+ e (R () =0

Thus from (@),

d
\a!/o Yin(t) f( dt+—/ Yon () dt—i—’ ‘Rl(f) 0.

Then for < d and from (25]),

) = T _1 ~ T * fnkngln(x)Rl(QOn)
) = 1)~ 55 into) [ om (st + LR,y

where

L i) = k(@)
§y1n(ﬂf) =a A()\n)

and for x > d , by applying the similar computation we obtain

Tf(-%'):f(-%')—i-%zgjzn(m‘)/ o (t dt+2fn ZnA(? ]%)1 )7
Ao z n

)

where (@) (@)
1._ _ ’u~)2n xT) — kn§2n X
2=

Now, from Lemma B, we conclude that

ATF = TAF. (44)

Suppose that F' = ®,, (n € A). Then we get f,, = % =0, for m € Ag. Using (44)

we get

{ Pin — %ZAO Yim fox ‘P}Tm(t)(:oln(t)dta x<d
AT@n :A ©an + % ZAO ng(‘r) fz (102m(t)(102n(t)dt’ d<z<m

Rl (@n)
{ 790/1/71 + quln - % ZAO {(glm foz P1im (t)wln(t)dt) ) x<d
_ _(Pl2/n + Gon + % ZAO 14 (ng(w) fzﬂ (P2m(t)§02n(t)dt) , d<z<m
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_(P/lln + qpin — % ZAO Cijim fox (le(t)(Pln (t)dt
Jr% ZAO Qg/ljn(@lmQOM) + glm(sﬁlm@ln)/a x<d

_ — 0+ Gp2n + 5 2o n, Liam [ Po2m (t)p2n (t)dt
+% ZAO (72)7jl2m(¢2m§02n) + g?m(@?m@%z)/, d<zxz<m

—R1(én)
(45)
and
{ _(P/lln + qpin — %ZAO Yim fom <P1m£§01m t<d
~ ™
TA®y,, = _SDIZIn + qvon + 5 ZAO Yom f:v pomlpon, d<z<m
2 1 ~ x
—P1p T qP1n — 5 ZAlo Yim fO 1nloim
L 2 ZAO Pim (P1aPim — P1mP1,), T <d
_ _(P/Zln + qpon + 5 ZAO Yom fx <P2n£<;02m
+5 2o ny Dom (02, — P2mphy,), d<z <
(46)
Note that
x x
Zglm/ ﬁpln&;@lm :Zglm/ Am@lm‘ﬂln
Ao 0 Ao 0
x
:Z Amglm/ PC1mP1in
Ao 0
~ x
:nglm/ PC1mP1in
Ao 0
and

Z ng/ <P2n£<;02m = Zgg%n/ ©2mP2n-
Ao x Ao z

Using (4)) we find that

{ Y ono Uimp1m), x<d
q(z) — q(z) = ZAO@Qmﬂﬂzm)', d<z<m
0

If Ag is empty, then 7 is a unitary operator and A = A. Hence q = §. 4
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