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On the Convergence of Composite Implicit Iteration Pro-
cess with Errors for Asymptotically Nonexpansive Map-
pings in the Intermediate Sense
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Abstract. In this paper we establish a necessary and sufficient condition for the strong conver-
gence of the composite iteration process with errors to a common fixed point of the finite family
of asymptotically nonexpansive mappings in the intermediate sense in a arbitrary real Banach
space. We also prove several strong and weak convergence results of this implicit iterative scheme
in a uniformly convex Banach space. Further we also prove that in a uniformly convex Banach
space with the dual having Kadec-Klee property, the composite implicit iteration process converges
weakly to a common fixed point of a finite family of asymptotically nonexpansive mappings in the
intermediate sense. Our results extend several existing results.
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1. Introduction

Let X be a normed space, C' be a nonempty subset of X and let T': C — C' be a given
mapping. Then T is said to be asymptotically nonexpansive if there exists a sequence
{kn} in [0, 00) with lim,_,~ &k, = 0 such that

I T"z — Tyl < (14 kyp)||z —y||, for all z,y € C and each n > 1.

If k,, = 1 then T is known as a nonexpansive mapping. The weaker definition [10] requires
that

limsup sup ([|[7"z —T"y|| — |z —y[) <0

n—oo g,yeC

for every = € C and that TV be continuous for some N > 1.
Bruck et al.[1] gave a definition which is somewhere between these two : T is called
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asymptotically nonexpansive mapping in the intermediate sense [1] provided T is uniformly
continuous and

limsup sup (|[7"z — T"y|| — [z — y||) < 0.

n—oo  z,yeC

T is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such that
|IT"x — T"y|| < L|jz — y||, for all z,y € C and each n > 1.

The above definitions make it clear that asymptotically nonexpansive mapping must
be asymptotically nonexpansive mapping in the intermediate sense and uniformly L-
Lipschitzian mapping, but the converse need not be true:

Example [9]: Let X = R,C = [-1, 1] and |k| < 1. For each z € C, define

- k:xsin% ifx#0
T(:”)_{o if 2 = 0.

Then T is asymptotically nonexpansive mapping in the intermediate sense, but it is not
asymptotically nonexpansive mapping.

In 2001, Xu and Ori[20] introduced the following implicit iteration process for a finite
family of N nonexpansive self mappings {T; : i € I} of C' (here I = {1,2,..,N}) with {t,}
a real sequence in (0,1) and an initial point zy € C' which is defined as follows:

xr1 =ti1xo + (1 — tl)Tlajl
T9 = tox1 + (1 — tg)TQJZQ

xy =tyen—1+ (1 —tn)InzN
rny1 =tnpry + (1 —tvp)Tien41

xonN = tanwon—_1 + (1 — ton)TNToN
Ton+1 = tant1Zan + (1 — tan41)Tixan+1

The above process can be written in the compact form as:
Tn = tnxn_1+ (1 —t,)Than,n>1, (1)

where T, = T}, mod n- Xu and Ori they[20] proved the weak convergence of the process (1)
to a common fixed point in the setting of a Hilbert space. Zhou and Chang [21] studied the
modified implicit iteration with errors for a finite family of asymptotically nonexpansive
mappings which in compact form can be written as

Tn = OQpTp—1+ BnT:LL( mod N)xn + Ynln, n > 17 (2)
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where {a,,}, {6n}, {7n} are real sequences in [0, 1] satisfying a,, + 5, + v, = 1 and {u,} is

a bounded sequence in C'. Chang et al.[3] defined an implicit iteration process with error by

r1 = a1xg + (1 — al)Tlxl + 1,
x9 = aoxy + (1 — ag)Thxs + va,

ry =anry_1+ (1 —ay)Tyzy + vN,
TNt = a1z + (1 — 04N+1)T12xN+1 + UN+1, (3)

_ 2
Ton = aanTan—1 + (1 — con)Txzan + van,

_ 3
Tony1 = aon 1PN + (1 — aani1)TP2on 1 + Vang1,

For each n > 1 we have n = (k — 1)N + 4, where i = i(n) € {1,2,...,N},k = k(n) > 1
is a positive integer and k(n) — oo as n — oo. Then (3) can be written in the following
compact form:

(n)
n)

Ty = QuTp—1+(1-— an)TZ.]Z Ty + Uns n>1, (4)

where {a,,} is a real sequence in [0, 1] and {v,} is a bounded sequence in C' where C is a
nonempty closed convex subset of E satisfying C'+ C' C C. Very recently Su and Li [15]
introduced composite implicit iteration process for a finite family of strictly pseudocon-
tractive maps which is defined as follows:

{ Ty = QpTp_1 + (1 - an)Tnyn (5)
Yn = BrnTn—1+ (1 - Bn)TnfEm
where T, = Tyy( moa ) and {a,}, {B,} are real sequences in [0, 1]. Also Thakur [18] intro-

duced the following composite implicit iteration process for a finite family of asymptotically
nonexpansive mappings:

X1 =X € C
Tn = (1 — ap)rp_1+ ozanZS;)yn (6)
Yn = (1 = Bn)zn_1+ 6n1;’§£§’xn, n>1,

where {a, }, {8} are sequences in [0, 1].

Recently Cianciaruso et al.[5] introduced the following implicit iteration process with
errors for a finite family of IV self asymptotically nonexpansive mappings which is defined
as follows:

(7)

k
Ty = (1 — ap — Yn)Tn-1+ anTZ(g)L)yn + Ynln
Yn = (1 = Bn — On)n + BnTZ(n) Ty + OnUn, n2>1,
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where {a,, },{6n}, {1}, {0n} are sequences in [0, 1] with o, + v, < 1,8, + d, < 1 and
{un},{v,} are bounded sequences in C. It is called composite implicit iteration process
with errors. For ~, = d, =0, (7) reduces to (6).

To proceed we shall need the following well known definitions and lemmas:
A Banach space X is said to satisfy Opial’s condition[11] if x,, — z (i.e. z, — x weakly)
and x # y imply

limsup ||z, — x| < limsup ||z, — y||.
n—oo n—oo

A Banach space X is said to satisfy 7-Opial condition[1] if for every bounded {z,} € X

that 7-converges to x € X it holds

limsup ||z, — z|| < limsup ||z, — Y|
n—oo n—oo

for every x # y, where 7 is a Hausdorff linear topology on X.

A Banach space X has the uniform 7-Opial property[l] if for each ¢ > 0 there exists
r > 0 with the property that for each € X and each sequence {x,} such that {z,} is
T-convergent to 0 and

1 <limsup [|zn | < oo, [lz]| = ¢
n— 00

it holds limsup,,_, ||z, — z|| > 1 4 r. Clearly uniform 7-Opial condition implies 7-Opial
condition. Note that a uniformly convex space which has the 7-Opial property necessarily
has the uniform 7-Opial property, where 7 is a Hausdorff linear topology on X.

Let T be a self-mapping of a nonempty subset C' of a Banach space X. A sequence {x,}
in C is called an almost orbit[6] of 7" if lim,, o0 [SUDP,,>0 || Zntm — T @y]|] = 0

A Banach space X is said to satisfy Kadec-Klee property, if for every sequence {z,} €
X,x, — x and ||z, || — ||z|| together imply that x,, — x as n — oo. There are uniformly
convex Banach spaces which neither have a Frechet differentiable norm nor satisfy Opial’s
property but their duals do have the Kadec-Klee property (see [6],[8]).

Also we recall that a mapping 7' : C' — C' is called semi-compact[16] if for any sequence
{zn} in C such that ||z, — Tx,|| — 0 (as n — 00), there exists a subsequence {x,,} of
{xy} such that z,, — 2* € C.

Lemma 1.1. ([17], Lemma 1) Let {an},{bn} and {6,} be sequences of nonnegative real
numbers satisfying the inequality

An+1 < (1 + 5n)an + bnyvn > 1.
If 320 0, <ocand Y .2 b, < oo, then
(1) limy, o0 ay, exists,

(71) lim,— o0 ap, = 0 whenever liminf, . a, = 0.
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Lemma 1.2. ([1]) Suppose a Banach space X has the uniform 7-Opial property, C is
a norm bounded, sequentially T-compact subset of X and T : C — C is asymptotically
nonexpansive in the weak sense. If {y,} is a sequence in C' such that lim, . ||y, — 2|
exists for each fized point z of T and if {y, — T*y,}is T-convergent to 0 for each k € N,
then {yn} is T-convergent to a fixed point of T.

Lemma 1.3. ([15]) Suppose that X is a uniformly convex Banach space and 0 < a < t,, <
b < 1 for all positive integers n. Also suppose that {x,} and {y,} are two sequences in X
such that lim sup,,_, ||z || < 7, limsup,,_ o |yl < 7 and lim, o0 ||tnzn + (1 —tn)yn| = 7
hold for some r > 0. Then lim,,_, ||z, — yn|| = 0.

Lemma 1.4. ([6], Theorem 5.3) Let X be a uniformly convex Banach space such that X*
has the Kadec-Klee property and let C' be a nonempty bounded closed conver subset of X.
Suppose T : C — C is asymptotically nonexpansive mapping in the intermediate sense and
{zn} is an almost orbit of T. Then {x,} is weakly convergent to a fized point of T if and
only if w —limy, o0 (T — Tpt1) = 0.

Now we recall some well-known definitions:
A mapping T': K — K with nonempty fixed point set F'(T") in K satisfies Condition (I)
[14] if there is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0 and f(r) > 0
for all » € (0,00) such that

fld(z, F(T))) < ||z — Tx|| for all x € K.

A finite family of mappings 7; : K — K, for all 1 = 1,2,3,..., N with nonempty fixed
point set F = X, F(T;) # 0 satisfies

Condition(A)[4] if there is a nondecreasing function f : [0,00) — [0,00) with f(0) =0
and f(r) > 0 for all € (0,00) such that

N
1
fld(z,F)) < N(; |z — Tiz||) for all x € K,
Condition(B)[4] if there is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0
and f(r) > 0 for all r € (0,00) such that

< _T
fld(z, F)) < 122}}(\{{\\3: T;x||} for all z € K,

Condition(C)[4] if there is a nondecreasing function f : [0,00) — [0,00) with f(0) = 0
and f(r) > 0 for all » € (0,00) such that at least one of the T;’s satisfies condition
(I)(i.e. f(d(z,F(T))) < ||z — T;z| for at least one T;,i =1,2,..,N).

Clearly, if T; =T, for all i = 1,2,..., N, then Condition(A) reduces to Condition(/). Also

Condition(B) reduces to Condition([) if all but one of T;’s are identities. Also it con-

tains Condition(A). Furthermore, Condition(C') and Condition(B) are equivalent (see
[4]). Tt is well known that every continuous and demicompact mapping must satisfy
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Condition(7)[14]. Since every completely continuous mapping is continuous and demi-
compact so it must satisfy Condition(I). Therefore to study the strong convergence of
the iterative sequence {x,} defined by (7) we use Condition(B) instead of the complete
continuity of the mappings {7}, Ts, ...., Tn }.

Recently convergence problems of an nonimplicit iteration process to a common fixed point
for a finite family of asymptotically nonexpansive mappings in the intermediate sense in
uniformly convex Banach spaces have been considered by several authors (see [1], [9],
[12], [2]). The purpose of this paper is to study the weak and strong convergence of the
composite implicit iterative sequence {x,} defined by (7) to a common fixed point for a
finite family of asymptotically nonexpansive mappings in the intermediate sense in Banach
spaces.

2. Main Results
We begin this section with the following lemmas. Throughout this section we denote

{1,2,..,N} by I.

Lemma 2.1. Let X be a Banach space, C be a nonempty closed convex subset of X. Let
{T; :i € I} be a finite family of N asymptotically nonexpansive self-mappings of C in the
intermediate sense. Set

dn = maz{man <i<nsupyyec (T3 = Ty| = [l = yl),0}vn > 1,

where Y 7 | dy, < 0o. Let {x,} be the sequence as defined in (7) with limsup,,_, o < 1
and Y°° < 00,32°% 1 8, < 00 for alln > 1. If F = (L, F(T;) # 0 then lim, o ||z, —
p|| exists for all p € F.

Proof: Let p € F. Since {uy}, {v,} are bounded sequences in C, let
M = sup ,,>1|un —pl| vV sup ,>1[lv, — pl|. Obviously M < co. Now
lyn —pll = [I[(1 = Bn = bn)an + ﬁn xn + dnvp — p|

(1= Bn = dn)llzn —pll + ﬁnllTi(n) Zn = pll + Onllon = pl|
(1 = Bn — 6n)”xn - p” + /Bonn - p” + Bndk(n) + 0n M
|20 = pll + din) + 0 M, (8)

IN

IN A

n)

len =l = 10~ an = 0)zr + €Ty + i~
< (1= an =) #nr = ol + ol Ty =l 4+ nlun — o]
< (1- an)Hxn—l _pH + anHyn _pH + O4ndk(n) + M
< (1= an)lanoy = pll + anlllan = pll + digy +6.M] +

= (L= an)llzn-1 —pl + anllzn — pll + 200dy ) +
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(6n + ) M,
which implies that

2a,

M
[#n —pll < [lon—1 —pll + di(n) + _7@(% + Yn)-
n

1—a, 1

Since lim sup,,_,, ap, < 1, there exists § < 1 such that «,, < 8 for big n. So from above it
follows that

2

= ”xn—l _pH + on, (9)

lzn =pll < ll#n —pll +

where o, = %dk(n) + %(5,1 + ). Now >_>°, 0y, < co. Hence by Lemma 1.1 we have
limy, 00 ||y, — p|| exists for all p € F.

Theorem 2.1. Let X be a Banach space, C' be a nonempty closed convex subset of X.
Let {T; : 1 € I} be a finite family of N asymptotically nonexpansive self-mappings of C in
the intermediate sense. Set

dn = maz{mam <i<nsup, yec(|1T"w — Tyl — llz — yl]),0}vn > 1,

where Y7 | dy, < 0o. Let {x,} be the sequence as defined in (7) with limsup,,_,. oy, < 1
and 00 v < 00,5°°° 8, < o0 foralln > 1. If F = Y, F(T;) # 0, then {z,} con-
verges strongly to a common fized point of {T; : i € 1} if and only if liminf, o d(x,, F) =
0.

Proof: The necessary part is trivial. We only prove sufficient part. From (9) we have
[2n = pll < [ln-1 = pll + on.
Taking infimum over all p € F', we have
d(xn, F) < d(xp_1,F) + op.

Hence by Lemma 1.1 we have lim,,_, d(x,, F') exists. Since liminf, . d(x,, F') = 0, we
get lim,, o d(zy,, F') = 0. Now

[Znsem =Pl < |Zatm—1 — Pl + Tntm
< Hxn-i—m—2 _pH + Optm—1+ Ontm
n-+m
< len —pll + Z Ok
k=n+1

Since Y o7, 0n, < o0 and limy, o0 d(2y, F') = 0, there exists N; € N such that for all
n > Ny we have d(z,, F') < § and ) \ 0, < §. Therefore there exists ¢ € F' such that
d(wn,,q) < 5. From above we get

[Znsem — 2nll < |Tatm — qll + |20 — ¢
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n+m n
< lzn —qll + Z o+ |lzn, — gl + Z Ok
k=Ni1+1 k=N1+1
< €+€+6+6
—+-+-+z=c
3 6 3 6

Hence {z,} is a Cauchy sequence. Let lim,, . x, = x*. Since C is closed, so z* € C.
Since T;’s are uniformly continuous, so F'(7;)’s are closed for all ¢ € I which in turn implies
that F' is closed. Now note that

|d(x*, F) —d(xn, F)| < ||J2* — 24| — 0 for all n. (10)

Since lim,, 00 T, = 2* and lim, o d(zp, F') = 0, it follows from above that d(z*, F') = 0,
that is * € F. Thus {z,,} converges strongly to a common fixed point of Ty, T5, ..., T .

Lemma 2.2. Let X be a uniformly convexr Banach space, C' be a nonempty closed convex
subset of X. Let {T; : i € I} be a finite family of N asymptotically nonexpansive self-
mappings of C' in the intermediate sense. Put

dn = mar{mazn <i<ysupy yec ([T = Ti'y|| — [z — yl]),0}vn > 1,

where Y 00 | d,, < co. Suppose that F = ﬂf\il F(T;) # 0. Let {x,} be the sequence as
defined in (7) with 0 < liminf, o oy, < limsup,_,. an < 1, limsup, . Bn < 1 and
> i < 00,302 b6y < 00 for alln > 1. Then limy, o ||, — Tjzy|| = 0 for alll € 1.

Proof: Let p € F. Then by Lemma 2.1, lim,_,« ||z, — pl|| exists for all p € F. Let
lim,, o ||z, — p|| = d, for some d > 0. So {z,} is bounded. Since {u,}, {v,} are bounded
so {un — xp_1}, {vn — xn—1} are also bounded. Now

k
lon =pll = (= an = 3)Tn1 + Ty Yo + Ynttn = p

= [ = o) (@n1 = p+ Yt — 1)) + On(Tyd v — p + Y ttn = 201))|

and

[zn—1 =P+ n(un = 2n-1)|| < [[2n—1 = Pl + Ynlltn — Tn-1l|. (11)
Taking limsup on the both sides of (11) we get

limsup ||zp—1 — p + Yn(tn — zp—1)|| < limsup ||x,—1 — p|| + limsup v, ||ty — xn—1]] = d.(12)

n—o0 n—oo n—oo

Again

k
||T,(£Z)L)yn —p+ 'Vn(un - fL'n—l)H

k
< Ny =l + Al — 20l < lyn = pll + digay + nllin — 2nall. - (13)
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Now from (8) we get
[y — Pl < ll#n — Pl + dign) + 60 M. (14)

Taking limsup on the both sides of (14) we get

limsup |y, — pll < d. (15)
n—o0

Thus from (13) and (15) we get

lim sup [Ty — p+ Y (tn — 20 1)|| < d. (16)
n—oo
Now
d = lim |z, —p|
n—oo

= lim [|[(1 = an)(zn—1 = p+ (un = Tn-1))
+ (T yn = P+t — 20 1)|. (17)

As 0 < liminf,, o vy, < limsup,,_, ., o < 1, there exist a,b € (0,1) such that 0 < a <
a, <b < 1 for big n. Therefore by using Lemma 1.3 and (12), (16) and (17) we get

i 7R, _
Jim [TV yn — zpa || = 0. (18)

Again from (7) and (18) it follows that

k
||517n - xn—ln = H(l — Qp — 'Vn)xn—l + OénTZ(g)L)yn + YnUp — xn—l”
k
< an||Ti(£3)yn — Tp—1|| + Ynllun — zn-1|| = 0 as n — . (19)
So we have
lim ||z, — zp4|| =0 foralll € I. (20)
n—oo
Since
k k
|2 = Tyl < 1 = @nall + [2n1 = Ty vl

by (18) and (19) we have

lim [z, — TE ™y, = 0. (21)

Now

lgn = @all = (1= B — 80)an + BaTjoy) @n + 6 — @

(3
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Bl T3 — | + 6nllvn — 2

k k
5n(HT(£Ln Tp — T yn” + ”T(,(qn Yn — Tn—tl| + [|[Zn—1 — T4

+n||vn — zy|

k
Balllzn = yull + digny + T v = Tna | + |21 — )
+onllvn — @l

IN

IN

IN

which implies that

Iy =zl < 725 Non = 2l + T2 ki + 75 IT 9 — 2
On
=5 o = ol (22)

As limsup,,_, o, Bn < 1, there exists 8 < 1 such that £, < § for big n. So from (22) and
by using (19), (18) we get

B B
[yn — 20|l < 11— 5H$n — Tn—1]l + = ﬁdk(n)+
B k(n) o
+—1 — /BHT;(n) Yn — Tp—1]| + ﬁ||vn —zp—1|| — 0asn— oc. (23)

Now
[@n1 = Tazall < a1 = T3 yall + 1750 v = Tunll = 0 + [T g = Taall, (24)

Z]ng)ynﬂ From (18) we have 0, — 0 as n — oo. Since for each

n>N,n=(n—N)(mod N) and n = (k(n) —1)N +i(n),i(n) € {1,2..., N},
we have k(n — N)=k(n)—1 and z(n — N) =1i(n). Then

where 0, = ||zp—1 — T}

-1

-1
+HTZ (n— N)y"—N - x(n—N)—lH + ”x(n—N)—l - xn—l”

k N k(n—N k(n— k N
S ”T(gn N) )y - T;(én N))‘T"_NH + HT’Z (n )).Z'n N — T(SL N))yn—NH
N
HITE Ny x — 2 nyoll + 7)1 — Tnca |
< ”yn - xn—NH + dk n—N) + ”xn—N yn—NH + dk(n—N) + Opn—N
2 (—ny=1 = Ta-1]l
< lyn = 2ol + 120 — Ta-N || + [ Z0-N — YN + 2dp(n-nN) + on—nN

+2m—ny=1 = Tl + ([0 — Tn-1]| = 0 as n — oo. (25)
Since every T; is uniformly continuous, it follows from (25) that

lim HT = Tntn—1] = 0. (26)

n—oo
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Again by uniform continuity of the mappings and by (19) and (26) it follows that
k k
N5 g = Tonll < T3 Yn = Tnwn | + [ Tatn—1 = Tuwul| = 0 as n — 00, (27)

From (24) and (27) it follows that

lim ||zp—1 — Tha| = 0. (28)
n—oo
From (19) and (28) we get
|z — Thanll < ||on — 2pn-1l] + ||Zn—1 — Thzn| — 0 as n — oo. (29)
Now for all l € [
|2n — Towiznll < |2 — gl + 1204t — Toi@Znill + | Tovi®nts — Toazn |- (30)

So by (30),(29) and (20) and uniform continuity of the mappings, it follows that
limy, 00 ||2n, — Thgizy|| = 0, for all I € I. Consequently we have

lim |z, — Tiz,|| =0, for [ € I. (31)
n—o0

This completes the proof of the Lemma.

Theorem 2.2. Let X be a uniformly convex Banach space, C be a nonempty closed
convez subset of X. Let {T; : i € I} be a finite family of N asymptotically nonexpansive
self-mappings of C' in the intermediate sense. Set

dn = maz{mazn <i<ysupy yec ([T = Ti'y|| — [z — yl]),0}vn > 1,

where °°  d,, < co. Suppose that F = (X, F(T;) # 0. Let {x,} be defined by (7)
with 0 < liminf, o0 0 < limsup, o an < 1, limsup, o Bn < 1 and Yol <

00, > 02 10, < 00 foralln > 1. If {T; : i € I} satisfies Condition(B), then {x,} con-
verges strongly to a common fized point of T1,Ts, ..., Tn.

Proof: By Lemma 2.1, lim,,_, ||z, —p|| exists for all p € F'. Let lim,, o || zn, —p|| = d,
for some d > 0. If d = 0 then there is nothing to prove. Let d > 0. Now by Lemma
2.2 we get lim,, o0 ||x, — Tyzp|| = 0, for all [ € I. As in the proof of Theorem2.1, we
have that lim,, oo d(,, F) exists. Again as {T} : i € I} satisfies Condition(B), we have
that lim, oo f(d(zn, F)) = 0. Since f : [0,00) — [0,00) is a nondecreasing function with
f(0) = 0 and lim,, o d(x,, F') exists, we have lim,_, o d(x,, F) = 0. Then the theorem
follows from Theorem 2.1.

Theorem 2.3. Let X be a uniformly convex Banach space, C be a nonempty closed
convez subset of X. Let {T; : i € I} be a finite family of N asymptotically nonexpansive
self-mappings of C' in the intermediate sense. Set

dn = max{maxlSiSNsupx,yeC(HTin‘T - Tzny” - ”1’ - yH),O}Vn > 1,
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where 3°° d,, < oo. Suppose that F = (X, F(T;) # 0. Let {x,} be defined by (7)
with 0 < liminf, o o, < limsup, o < 1, limsup, . Bn < 1 and Y 7 v, <
00,y 2218, < o0 foralln > 1. If any one of the mappings {T1,Ts,...,TN} is semi-
compact, then {x,} converges strongly to a common fized point of Ty, Ts, ..., Tn.

Proof: By hypothesis, there exists one mapping, say 71, of {T1,T5,...,Tx} which
is semicompact. Now by Lemma 2.2 we have lim,, o ||z, — Tjzy|| = 0, for alll € I.
Therefore lim,,_, o0 ||zn—T12y| = 0, and since T} is semicompact, there exists a subsequence
{zyn,} of {xn} such that x,,;, — 2* € C. From (31) we get

|z* — Tya™|| = n}li)noo Zn; — Tizn,|| =0, for all 1 € {1,2,..,N}. (32)

From (32) it follows that 2* € F. By Lemma 2.1 lim,,_, ||z, — p|| exists for all p € F.
Since z* € F, so lim,, oo ||z, — o*|| exists. Again since {z,,} is a subsequence of {x,}
such that x,; — *, so it follows that z,, — 2* as n — oo. Thus {z,,} converges strongly
to a common fixed point of 11,75, ..., Tx.

Theorem 2.4. Let X be a uniformly conver Banach space satisfying Opial’s condition,
C be a nonempty closed conver subset of X. Let {T; : i € I} be a finite family of N
asymptotically nonexpansive self-mappings of C' in the intermediate sense. Set

dn = maz{mam <i<nsup, yec(|1T"w — Tyl — llz — yl]),0}vn > 1,

where Y°°  d,, < co. Suppose that F = (X, F(T;) # 0. Let {x,} be defined by (7)
with 0 < liminf, o o, < limsup, o on < 1, limsup, By < 1 and Y 2 v, <
00, > 02 1 0, < 00 for alln > 1. Then {x,} converges weakly to a common fized point
Of Tl, TQ, veny TN.

Proof: By Lemma 2.2 we get lim,,, ||z, — Tjzn|| = 0, foralll € I. So by the
uniform continuity of 77 we get lim, o |[|zn, — T{"zy|| = 0 for all m € N. Then by
applying Lemma 1.2 with the 7-topology taken as a weak topology we get the following
conclusion: By Lemma 1.2 there exists z; € F(711) such that z, — z1(x, — 21 weakly) as
n — oo . Similarly by Lemma 1.2 there exists zo € F(13) such that x,, — 22 as n — oo
and z3 € F(T3) such that x,, — 23 as n — oo and ..... zy € F(Tn) such that z, — 2y
as n — 00. Since weak limit is unique so we must have 21 = 29 = 23 = ..... = zNy €
NX, F(T;) = F. Thus {x,} converges weakly to a common fixed point of T}, T5, ..., T .
This completes the proof.

Theorem 2.5. Let X be a uniformly convex Banach space such that X* has the Kadec-
Klee property and C' be a nonempty closed convex subset of X. Let {T; :i € I} be a finite
family of N asymptotically nonexpansive self-mappings of C in the intermediate sense.

Set

dn = max{maxlSiSNsupx,yeC(HTin‘T - Tzny” - ”l’ - yH),O}Vn > 1,
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where 3°° d,, < oo. Suppose that F = (X, F(T;) # 0. Let {x,} be defined by (7)
with 0 < liminf, o o, < limsup, o < 1, limsup, . Bn < 1 and Y 7 v, <
00, Y% 1 6, < 00 foralln > 1. If {Th,Ts,...., Ty} satisfy Condition (B), then {z,}
converges weakly to some common fixed point of {T1,Ts,....., Tn}.

Proof: By Lemma 2.2 we get lim, , ||z, — Tjz,|| = 0, for alli € I. So by the
uniform continuity of T; we get

li_)m |zn, — T;"xy,|| = 0 for any m > 1. (33)

Since {T1,T5, ...., T} satisfy Condition (B), so as in the proof of Theorem 2.2 it follows
that lim, o d(2,, F) = 0. Then, as shown in the proof of Theorem 2.1, it follows that
{z,} is a Cauchy sequence. So for any m € N we have

|Tntm — Tnl| — 0 as n — oc. (34)
From (33) and (34) we get
|Zntm — T xn|| — 0 as n — oo,
which in other words implies that

i [SUp (|24 = T an|] = 0. (35)
So from (35) it follows that {z,} is almost orbit of T; for all ¢ € I. Also from (19) we have
that ||zp+1 — znl| = 0 as n — 0o. So {zp4+1 — zp} is strongly convergent to 0. Therefore
{Zn41 — x,} is weakly convergent to 0. Thus by Lemma 1.4 we conclude that {x,} is
weakly convergent to a fixed point of T;. Since weak limit is unique so we must have that
{z,} converges weakly to a common fixed point of {T7,75,....,Tn}. This completes the
proof.

Remark 2.1. Our results generalize results of [5], Theorem 3.4 of [16].
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