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On the Convergence of Composite Implicit Iteration Pro-

cess with Errors for Asymptotically Nonexpansive Map-

pings in the Intermediate Sense

S. Banerjee∗, B. S.Choudhury

Abstract. In this paper we establish a necessary and sufficient condition for the strong conver-
gence of the composite iteration process with errors to a common fixed point of the finite family
of asymptotically nonexpansive mappings in the intermediate sense in a arbitrary real Banach
space. We also prove several strong and weak convergence results of this implicit iterative scheme
in a uniformly convex Banach space. Further we also prove that in a uniformly convex Banach
space with the dual having Kadec-Klee property, the composite implicit iteration process converges
weakly to a common fixed point of a finite family of asymptotically nonexpansive mappings in the
intermediate sense. Our results extend several existing results.
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1. Introduction

Let X be a normed space, C be a nonempty subset of X and let T : C → C be a given
mapping. Then T is said to be asymptotically nonexpansive if there exists a sequence
{kn} in [0,∞) with limn→∞ kn = 0 such that

‖T nx− T ny‖ ≤ (1 + kn)‖x− y‖, for all x, y ∈ C and each n ≥ 1.

If kn ≡ 1 then T is known as a nonexpansive mapping. The weaker definition [10] requires
that

lim sup
n→∞

sup
x,y∈C

(‖T nx− T ny‖ − ‖x− y‖) ≤ 0

for every x ∈ C and that TN be continuous for some N ≥ 1.
Bruck et al.[1] gave a definition which is somewhere between these two : T is called
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asymptotically nonexpansive mapping in the intermediate sense [1] provided T is uniformly
continuous and

lim sup
n→∞

sup
x,y∈C

(‖T nx− T ny‖ − ‖x− y‖) ≤ 0.

T is said to be uniformly L-Lipschitzian if there exists a constant L > 0 such that

‖T nx− T ny‖ ≤ L‖x− y‖, for all x, y ∈ C and each n ≥ 1.

The above definitions make it clear that asymptotically nonexpansive mapping must
be asymptotically nonexpansive mapping in the intermediate sense and uniformly L-
Lipschitzian mapping, but the converse need not be true:
Example [9]: Let X = R,C = [− 1

π
, 1
π
] and |k| < 1. For each x ∈ C, define

T (x) =

{

kx sin 1
x

if x 6= 0
0 if x = 0.

Then T is asymptotically nonexpansive mapping in the intermediate sense, but it is not
asymptotically nonexpansive mapping.

In 2001, Xu and Ori[20] introduced the following implicit iteration process for a finite
family of N nonexpansive self mappings {Ti : i ∈ I} of C (here I = {1, 2, .., N}) with {tn}
a real sequence in (0, 1) and an initial point x0 ∈ C which is defined as follows:



















































































x1 = t1x0 + (1− t1)T1x1
x2 = t2x1 + (1− t2)T2x2
.

.

xN = tNxN−1 + (1− tN )TNxN
xN+1 = tN+1xN + (1− tN+1)T1xN+1

.

.

x2N = t2Nx2N−1 + (1− t2N )TNx2N
x2N+1 = t2N+1x2N + (1− t2N+1)T1x2N+1

.

.

The above process can be written in the compact form as:

xn = tnxn−1 + (1− tn)Tnxn, n ≥ 1, (1)

where Tn = Tn mod N . Xu and Ori they[20] proved the weak convergence of the process (1)
to a common fixed point in the setting of a Hilbert space. Zhou and Chang [21] studied the
modified implicit iteration with errors for a finite family of asymptotically nonexpansive
mappings which in compact form can be written as

xn = αnxn−1 + βnT
n
n( mod N)xn + γnun, n ≥ 1, (2)
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where {αn}, {βn}, {γn} are real sequences in [0, 1] satisfying αn + βn + γn = 1 and {un} is
a bounded sequence in C. Chang et al.[3] defined an implicit iteration process with error by



















































































x1 = α1x0 + (1− α1)T1x1 + v1,

x2 = α2x1 + (1− α2)T2x2 + v2,

.

.

xN = αNxN−1 + (1− αN )TNxN + vN ,

xN+1 = αN+1xN + (1− αN+1)T
2
1 xN+1 + vN+1,

.

.

x2N = α2Nx2N−1 + (1− α2N )T 2
Nx2N + v2N ,

x2N+1 = α2N+1x2N + (1− α2N+1)T
3
1 x2N+1 + v2N+1,

.

.

(3)

For each n ≥ 1 we have n = (k − 1)N + i, where i = i(n) ∈ {1, 2, ..., N}, k = k(n) ≥ 1
is a positive integer and k(n) → ∞ as n → ∞. Then (3) can be written in the following
compact form:

xn = αnxn−1 + (1− αn)T
k(n)
i(n) xn + vn, n ≥ 1, (4)

where {αn} is a real sequence in [0, 1] and {vn} is a bounded sequence in C where C is a
nonempty closed convex subset of E satisfying C + C ⊂ C. Very recently Su and Li [15]
introduced composite implicit iteration process for a finite family of strictly pseudocon-
tractive maps which is defined as follows:

{

xn = αnxn−1 + (1− αn)Tnyn
yn = βnxn−1 + (1− βn)Tnxn,

(5)

where Tn = Tn( mod N) and {αn}, {βn} are real sequences in [0, 1]. Also Thakur [18] intro-
duced the following composite implicit iteration process for a finite family of asymptotically
nonexpansive mappings:











x1 = x ∈ C

xn = (1− αn)xn−1 + αnT
k(n)
i(n) yn

yn = (1− βn)xn−1 + βnT
k(n)
i(n) xn, n ≥ 1,

(6)

where {αn}, {βn} are sequences in [0, 1].

Recently Cianciaruso et al.[5] introduced the following implicit iteration process with
errors for a finite family of N self asymptotically nonexpansive mappings which is defined
as follows:

{

xn = (1− αn − γn)xn−1 + αnT
k(n)
i(n) yn + γnun

yn = (1− βn − δn)xn + βnT
k(n)
i(n) xn + δnvn, n ≥ 1,

(7)



46 S. Banerjee, B. S.Choudhury

where {αn}, {βn}, {γn}, {δn} are sequences in [0, 1] with αn + γn ≤ 1, βn + δn ≤ 1 and
{un}, {vn} are bounded sequences in C. It is called composite implicit iteration process
with errors. For γn = δn = 0, (7) reduces to (6).

To proceed we shall need the following well known definitions and lemmas:
A Banach space X is said to satisfy Opial’s condition[11] if xn ⇀ x (i.e. xn → x weakly)
and x 6= y imply

lim sup
n→∞

‖xn − x‖ < lim sup
n→∞

‖xn − y‖.

A Banach space X is said to satisfy τ -Opial condition[1] if for every bounded {xn} ∈ X

that τ -converges to x ∈ X it holds

lim sup
n→∞

‖xn − x‖ < lim sup
n→∞

‖xn − y‖

for every x 6= y, where τ is a Hausdorff linear topology on X.
A Banach space X has the uniform τ -Opial property[1] if for each c > 0 there exists
r > 0 with the property that for each x ∈ X and each sequence {xn} such that {xn} is
τ -convergent to 0 and

1 ≤ lim sup
n→∞

‖xn‖ < ∞, ‖x‖ ≥ c

it holds lim supn→∞ ‖xn − x‖ ≥ 1 + r. Clearly uniform τ -Opial condition implies τ -Opial
condition. Note that a uniformly convex space which has the τ -Opial property necessarily
has the uniform τ -Opial property, where τ is a Hausdorff linear topology on X.
Let T be a self-mapping of a nonempty subset C of a Banach space X. A sequence {xn}
in C is called an almost orbit[6] of T if limn→∞[supm≥0 ‖xn+m − Tmxn‖] = 0
A Banach space X is said to satisfy Kadec-Klee property, if for every sequence {xn} ∈
X,xn ⇀ x and ‖xn‖ → ‖x‖ together imply that xn → x as n → ∞. There are uniformly
convex Banach spaces which neither have a Frèchet differentiable norm nor satisfy Opial’s
property but their duals do have the Kadec-Klee property (see [6],[8]).
Also we recall that a mapping T : C → C is called semi-compact[16] if for any sequence
{xn} in C such that ‖xn − Txn‖ → 0 (as n → ∞), there exists a subsequence {xni

} of
{xn} such that xni

→ x⋆ ∈ C.

Lemma 1.1. ([17], Lemma 1) Let {an}, {bn} and {δn} be sequences of nonnegative real
numbers satisfying the inequality

an+1 ≤ (1 + δn)an + bn,∀n ≥ 1.

If
∑∞

n=1 δn < ∞ and
∑∞

n=1 bn < ∞, then

(i) limn→∞ an exists,

(ii) limn→∞ an = 0 whenever lim infn→∞ an = 0.
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Lemma 1.2. ([1]) Suppose a Banach space X has the uniform τ -Opial property, C is
a norm bounded, sequentially τ -compact subset of X and T : C → C is asymptotically
nonexpansive in the weak sense. If {yn} is a sequence in C such that limn→∞ ‖yn − z‖
exists for each fixed point z of T and if {yn − T kyn}is τ -convergent to 0 for each k ∈ N,
then {yn} is τ -convergent to a fixed point of T .

Lemma 1.3. ([13]) Suppose that X is a uniformly convex Banach space and 0 < a ≤ tn ≤
b < 1 for all positive integers n. Also suppose that {xn} and {yn} are two sequences in X

such that lim supn→∞ ‖xn‖ ≤ r, lim supn→∞ ‖yn‖ ≤ r and limn→∞ ‖tnxn+(1− tn)yn‖ = r

hold for some r ≥ 0. Then limn→∞ ‖xn − yn‖ = 0.

Lemma 1.4. ([6], Theorem 5.3) Let X be a uniformly convex Banach space such that X⋆

has the Kadec-Klee property and let C be a nonempty bounded closed convex subset of X.
Suppose T : C → C is asymptotically nonexpansive mapping in the intermediate sense and
{xn} is an almost orbit of T . Then {xn} is weakly convergent to a fixed point of T if and
only if w − limn→∞(xn − xn+1) = 0.

Now we recall some well-known definitions:
A mapping T : K → K with nonempty fixed point set F (T ) in K satisfies Condition (I)
[14] if there is a nondecreasing function f : [0,∞) → [0,∞) with f(0) = 0 and f(r) > 0
for all r ∈ (0,∞) such that

f(d(x, F (T ))) ≤ ‖x− Tx‖ for all x ∈ K.

A finite family of mappings Ti : K → K, for all i = 1, 2, 3, ..., N with nonempty fixed
point set F =

⋂N
i=1 F (Ti) 6= ∅ satisfies

Condition(A)[4] if there is a nondecreasing function f : [0,∞) → [0,∞) with f(0) = 0
and f(r) > 0 for all r ∈ (0,∞) such that

f(d(x, F )) ≤
1

N
(

N
∑

i=1

‖x− Tix‖) for all x ∈ K,

Condition(B)[4] if there is a nondecreasing function f : [0,∞) → [0,∞) with f(0) = 0
and f(r) > 0 for all r ∈ (0,∞) such that

f(d(x, F )) ≤ max
1≤i≤N

{‖x− Tix‖} for all x ∈ K,

Condition(C)[4] if there is a nondecreasing function f : [0,∞) → [0,∞) with f(0) = 0
and f(r) > 0 for all r ∈ (0,∞) such that at least one of the Ti’s satisfies condition
(I)(i.e. f(d(x, F (T ))) ≤ ‖x− Tix‖ for at least one Ti, i = 1, 2, .., N).
Clearly, if Ti = T, for all i = 1, 2, ..., N , then Condition(A) reduces to Condition(I). Also
Condition(B) reduces to Condition(I) if all but one of Ti’s are identities. Also it con-
tains Condition(A). Furthermore, Condition(C) and Condition(B) are equivalent (see
[4]). It is well known that every continuous and demicompact mapping must satisfy
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Condition(I)[14]. Since every completely continuous mapping is continuous and demi-
compact so it must satisfy Condition(I). Therefore to study the strong convergence of
the iterative sequence {xn} defined by (7) we use Condition(B) instead of the complete
continuity of the mappings {T1, T2, ...., TN}.
Recently convergence problems of an nonimplicit iteration process to a common fixed point
for a finite family of asymptotically nonexpansive mappings in the intermediate sense in
uniformly convex Banach spaces have been considered by several authors (see [1], [9],
[12], [2]). The purpose of this paper is to study the weak and strong convergence of the
composite implicit iterative sequence {xn} defined by (7) to a common fixed point for a
finite family of asymptotically nonexpansive mappings in the intermediate sense in Banach
spaces.

2. Main Results

We begin this section with the following lemmas. Throughout this section we denote
{1, 2, ...., N} by I.

Lemma 2.1. Let X be a Banach space, C be a nonempty closed convex subset of X. Let
{Ti : i ∈ I} be a finite family of N asymptotically nonexpansive self-mappings of C in the
intermediate sense. Set

dn = max{max1≤i≤Nsupx,y∈C(‖T
n
i x− T n

i y‖ − ‖x− y‖), 0}∀n ≥ 1,

where
∑∞

n=1 dn < ∞. Let {xn} be the sequence as defined in (7) with lim supn→∞ αn < 1

and
∑∞

n=1 γn < ∞,
∑∞

n=1 δn < ∞ for all n ≥ 1. If F =
⋂N

i=1 F (Ti) 6= ∅ then limn→∞ ‖xn−
p‖ exists for all p ∈ F .

Proof: Let p ∈ F . Since {un}, {vn} are bounded sequences in C, let
M = sup n≥1‖un − p‖ ∨ sup n≥1‖vn − p‖. Obviously M < ∞. Now

‖yn − p‖ = ‖(1 − βn − δn)xn + βnT
k(n)
i(n) xn + δnvn − p‖

≤ (1− βn − δn)‖xn − p‖+ βn‖T
k(n)
i(n) xn − p‖+ δn‖vn − p‖

≤ (1− βn − δn)‖xn − p‖+ βn‖xn − p‖+ βndk(n) + δnM

≤ ‖xn − p‖+ dk(n) + δnM, (8)

‖xn − p‖ = ‖(1 − αn − γn)xn−1 + αnT
k(n)
i(n) yn + γnun − p‖

≤ (1− αn − γn)‖xn−1 − p‖+ αn‖T
k(n)
i(n) yn − p‖+ γn‖un − p‖

≤ (1− αn)‖xn−1 − p‖+ αn‖yn − p‖+ αndk(n) + γnM

≤ (1− αn)‖xn−1 − p‖+ αn[‖xn − p‖+ dk(n) + δnM ] +

αndk(n) + γnM

= (1− αn)‖xn−1 − p‖+ αn‖xn − p‖+ 2αndk(n) +
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(δn + γn)M,

which implies that

‖xn − p‖ ≤ ‖xn−1 − p‖+
2αn

1− αn

dk(n) +
M

1− αn

(δn + γn).

Since lim supn→∞ αn < 1, there exists β < 1 such that αn < β for big n. So from above it
follows that

‖xn − p‖ ≤ ‖xn−1 − p‖+
2β

1− β
dk(n) +

M

1− β
(δn + γn)

= ‖xn−1 − p‖+ σn, (9)

where σn = 2β
1−β

dk(n) +
M
1−β

(δn + γn). Now
∑∞

n=1 σn < ∞. Hence by Lemma 1.1 we have
limn→∞ ‖xn − p‖ exists for all p ∈ F .

Theorem 2.1. Let X be a Banach space, C be a nonempty closed convex subset of X.
Let {Ti : i ∈ I} be a finite family of N asymptotically nonexpansive self-mappings of C in
the intermediate sense. Set

dn = max{max1≤i≤Nsupx,y∈C(‖T
n
i x− T n

i y‖ − ‖x− y‖), 0}∀n ≥ 1,

where
∑∞

n=1 dn < ∞. Let {xn} be the sequence as defined in (7) with lim supn→∞ αn < 1

and
∑∞

n=1 γn < ∞,
∑∞

n=1 δn < ∞ for all n ≥ 1. If F =
⋂N

i=1 F (Ti) 6= ∅, then {xn} con-
verges strongly to a common fixed point of {Ti : i ∈ I} if and only if lim infn→∞ d(xn, F ) =
0.

Proof: The necessary part is trivial. We only prove sufficient part. From (9) we have

‖xn − p‖ ≤ ‖xn−1 − p‖+ σn.

Taking infimum over all p ∈ F , we have

d(xn, F ) ≤ d(xn−1, F ) + σn.

Hence by Lemma 1.1 we have limn→∞ d(xn, F ) exists. Since lim infn→∞ d(xn, F ) = 0, we
get limn→∞ d(xn, F ) = 0. Now

‖xn+m − p‖ ≤ ‖xn+m−1 − p‖+ σn+m

≤ ‖xn+m−2 − p‖+ σn+m−1 + σn+m

· · · · · · · · · · · · · · · · · · · · · · · · · · ·

≤ ‖xn − p‖+
n+m
∑

k=n+1

σk.

Since
∑∞

n=1 σn < ∞ and limn→∞ d(xn, F ) = 0, there exists N1 ∈ N such that for all
n ≥ N1 we have d(xn, F ) < ǫ

3 and
∑∞

n=N1
σn < ǫ

6 . Therefore there exists q ∈ F such that
d(xN1

, q) < ǫ
3 . From above we get

‖xn+m − xn‖ ≤ ‖xn+m − q‖+ ‖xn − q‖
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< ‖xN1
− q‖+

n+m
∑

k=N1+1

σk + ‖xN1
− q‖+

n
∑

k=N1+1

σk

<
ǫ

3
+

ǫ

6
+

ǫ

3
+

ǫ

6
= ǫ.

Hence {xn} is a Cauchy sequence. Let limn→∞ xn = x⋆. Since C is closed, so x⋆ ∈ C.
Since Ti’s are uniformly continuous, so F (Ti)’s are closed for all i ∈ I which in turn implies
that F is closed. Now note that

|d(x⋆, F )− d(xn, F )| ≤ ‖x⋆ − xn‖ → 0 for all n. (10)

Since limn→∞ xn = x⋆ and limn→∞ d(xn, F ) = 0, it follows from above that d(x⋆, F ) = 0,
that is x⋆ ∈ F . Thus {xn} converges strongly to a common fixed point of T1, T2, ..., TN .

Lemma 2.2. Let X be a uniformly convex Banach space, C be a nonempty closed convex
subset of X. Let {Ti : i ∈ I} be a finite family of N asymptotically nonexpansive self-
mappings of C in the intermediate sense. Put

dn = max{max1≤i≤Nsupx,y∈C(‖T
n
i x− T n

i y‖ − ‖x− y‖), 0}∀n ≥ 1,

where
∑∞

n=1 dn < ∞. Suppose that F =
⋂N

i=1 F (Ti) 6= ∅. Let {xn} be the sequence as
defined in (7) with 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1, lim supn→∞ βn < 1 and
∑∞

n=1 γn < ∞,
∑∞

n=1 δn < ∞ for all n ≥ 1. Then limn→∞ ‖xn − Tlxn‖ = 0 for all l ∈ I.

Proof: Let p ∈ F. Then by Lemma 2.1, limn→∞ ‖xn − p‖ exists for all p ∈ F . Let
limn→∞ ‖xn − p‖ = d, for some d ≥ 0. So {xn} is bounded. Since {un}, {vn} are bounded
so {un − xn−1}, {vn − xn−1} are also bounded. Now

‖xn − p‖ = ‖(1− αn − γn)xn−1 + αnT
k(n)
i(n) yn + γnun − p‖

= ‖(1− αn)(xn−1 − p+ γn(un − xn−1)) + αn(T
k(n)
i(n) yn − p+ γn(un − xn−1))‖

and

‖xn−1 − p+ γn(un − xn−1)‖ ≤ ‖xn−1 − p‖+ γn‖un − xn−1‖. (11)

Taking limsup on the both sides of (11) we get

lim sup
n→∞

‖xn−1 − p+ γn(un − xn−1)‖ ≤ lim sup
n→∞

‖xn−1 − p‖+ lim sup
n→∞

γn‖un − xn−1‖ = d.(12)

Again

‖T
k(n)
i(n) yn − p+ γn(un − xn−1)‖

≤ ‖T
k(n)
i(n) yn − p‖+ γn‖un − xn−1‖ ≤ ‖yn − p‖+ dk(n) + γn‖un − xn−1‖. (13)
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Now from (8) we get

‖yn − p‖ ≤ ‖xn − p‖+ dk(n) + δnM. (14)

Taking limsup on the both sides of (14) we get

lim sup
n→∞

‖yn − p‖ ≤ d. (15)

Thus from (13) and (15) we get

lim sup
n→∞

‖T
k(n)
i(n) yn − p+ γn(un − xn−1)‖ ≤ d. (16)

Now

d = lim
n→∞

‖xn − p‖

= lim
n→∞

‖(1 − αn)(xn−1 − p+ γn(un − xn−1))

+ αn(T
k(n)
i(n) yn − p+ γn(un − xn−1))‖. (17)

As 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1, there exist a, b ∈ (0, 1) such that 0 < a ≤
αn ≤ b < 1 for big n. Therefore by using Lemma 1.3 and (12), (16) and (17) we get

lim
n→∞

‖T
k(n)
i(n) yn − xn−1‖ = 0. (18)

Again from (7) and (18) it follows that

‖xn − xn−1‖ = ‖(1− αn − γn)xn−1 + αnT
k(n)
i(n) yn + γnun − xn−1‖

≤ αn‖T
k(n)
i(n) yn − xn−1‖+ γn‖un − xn−1‖ → 0 as n → ∞. (19)

So we have

lim
n→∞

‖xn − xn+l‖ = 0 for all l ∈ I. (20)

Since

‖xn − T
k(n)
i(n) yn‖ ≤ ‖xn − xn−1‖+ ‖xn−1 − T

k(n)
i(n) yn‖,

by (18) and (19) we have

lim
n→∞

‖xn − T
k(n)
i(n) yn‖ = 0. (21)

Now

‖yn − xn‖ = ‖(1− βn − δn)xn + βnT
k(n)
i(n) xn + δnvn − xn‖
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≤ βn‖T
k(n)
i(n) xn − xn‖+ δn‖vn − xn‖

≤ βn(‖T
k(n)
i(n) xn − T

k(n)
i(n) yn‖+ ‖T

k(n)
i(n) yn − xn−1‖+ ‖xn−1 − xn‖)

+δn‖vn − xn‖

≤ βn(‖xn − yn‖+ dk(n) + ‖T
k(n)
i(n) yn − xn−1‖+ ‖xn−1 − xn‖)

+δn‖vn − xn‖,

which implies that

‖yn − xn‖ ≤
βn

1− βn
‖xn − xn−1‖+

βn

1− βn
dk(n) +

βn

1− βn
‖T

k(n)
i(n) yn − xn−1‖

+
δn

1− βn
‖vn − xn−1‖. (22)

As lim supn→∞ βn < 1, there exists β < 1 such that βn < β for big n. So from (22) and
by using (19), (18) we get

‖yn − xn‖ ≤
β

1− β
‖xn − xn−1‖+

β

1− β
dk(n)+

+
β

1− β
‖T

k(n)
i(n) yn − xn−1‖+

δn

1− β
‖vn − xn−1‖ → 0 as n → ∞. (23)

Now

‖xn−1 − Tnxn‖ ≤ ‖xn−1 − T
k(n)
i(n) yn‖+ ‖T

k(n)
i(n) yn − Tnxn‖ = σn + ‖T

k(n)
i(n) yn − Tnxn‖, (24)

where σn = ‖xn−1 − T
k(n)
i(n) yn‖. From (18) we have σn → 0 as n → ∞. Since for each

n > N,n = (n−N)( mod N) and n = (k(n)− 1)N + i(n), i(n) ∈ {1, 2..., N},
we have k(n−N) = k(n)− 1 and i(n−N) = i(n). Then

‖T
k(n)−1
i(n) yn − xn−1‖ ≤ ‖T

k(n)−1
i(n) yn − T

k(n)−1
i(n−N)xn−N‖+ ‖T

k(n)−1
i(n−N)xn−N − T

k(n)−1
i(n−N)yn−N‖

+‖T
k(n)−1
i(n−N)yn−N − x(n−N)−1‖+ ‖x(n−N)−1 − xn−1‖

≤ ‖T
k(n−N)
i(n−N) yn − T

k(n−N)
i(n−N) xn−N‖+ ‖T

k(n−N)
i(n−N) xn−N − T

k(n−N)
i(n−N) yn−N‖

+‖T
k(n−N)
i(n−N) yn−N − x(n−N)−1‖+ ‖x(n−N)−1 − xn−1‖

≤ ‖yn − xn−N‖+ dk(n−N) + ‖xn−N − yn−N‖+ dk(n−N) + σn−N

+‖x(n−N)−1 − xn−1‖

≤ ‖yn − xn‖+ ‖xn − xn−N‖+ ‖xn−N − yn−N‖+ 2dk(n−N) + σn−N

+‖x(n−N)−1 − xn‖+ ‖xn − xn−1‖ → 0 as n → ∞. (25)

Since every Ti is uniformly continuous, it follows from (25) that

lim
n→∞

‖T
k(n)
i(n) yn − Tnxn−1‖ = 0. (26)
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Again by uniform continuity of the mappings and by (19) and (26) it follows that

‖T
k(n)
i(n) yn − Tnxn‖ ≤ ‖T

k(n)
i(n) yn − Tnxn−1‖+ ‖Tnxn−1 − Tnxn‖ → 0 as n → ∞. (27)

From (24) and (27) it follows that

lim
n→∞

‖xn−1 − Tnxn‖ = 0. (28)

From (19) and (28) we get

‖xn − Tnxn‖ ≤ ‖xn − xn−1‖+ ‖xn−1 − Tnxn‖ → 0 as n → ∞. (29)

Now for all l ∈ I

‖xn − Tn+lxn‖ ≤ ‖xn − xn+l‖+ ‖xn+l − Tn+lxn+l‖+ ‖Tn+lxn+l − Tn+lxn‖. (30)

So by (30), (29) and (20) and uniform continuity of the mappings, it follows that
limn→∞ ‖xn − Tn+lxn‖ = 0, for all l ∈ I. Consequently we have

lim
n→∞

‖xn − Tlxn‖ = 0, for l ∈ I. (31)

This completes the proof of the Lemma.

Theorem 2.2. Let X be a uniformly convex Banach space, C be a nonempty closed
convex subset of X. Let {Ti : i ∈ I} be a finite family of N asymptotically nonexpansive
self-mappings of C in the intermediate sense. Set

dn = max{max1≤i≤Nsupx,y∈C(‖T
n
i x− T n

i y‖ − ‖x− y‖), 0}∀n ≥ 1,

where
∑∞

n=1 dn < ∞. Suppose that F =
⋂N

i=1 F (Ti) 6= ∅. Let {xn} be defined by (7)
with 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1, lim supn→∞ βn < 1 and

∑∞
n=1 γn <

∞,
∑∞

n=1 δn < ∞ for all n ≥ 1. If {Ti : i ∈ I} satisfies Condition(B), then {xn} con-
verges strongly to a common fixed point of T1, T2, ..., TN .

Proof: By Lemma 2.1, limn→∞ ‖xn−p‖ exists for all p ∈ F . Let limn→∞ ‖xn−p‖ = d,
for some d ≥ 0. If d = 0 then there is nothing to prove. Let d > 0. Now by Lemma
2.2 we get limn→∞ ‖xn − Tlxn‖ = 0, for all l ∈ I. As in the proof of Theorem2.1, we
have that limn→∞ d(xn, F ) exists. Again as {Ti : i ∈ I} satisfies Condition(B), we have
that limn→∞ f(d(xn, F )) = 0. Since f : [0,∞) → [0,∞) is a nondecreasing function with
f(0) = 0 and limn→∞ d(xn, F ) exists, we have limn→∞ d(xn, F ) = 0. Then the theorem
follows from Theorem 2.1.

Theorem 2.3. Let X be a uniformly convex Banach space, C be a nonempty closed
convex subset of X. Let {Ti : i ∈ I} be a finite family of N asymptotically nonexpansive
self-mappings of C in the intermediate sense. Set

dn = max{max1≤i≤Nsupx,y∈C(‖T
n
i x− T n

i y‖ − ‖x− y‖), 0}∀n ≥ 1,
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where
∑∞

n=1 dn < ∞. Suppose that F =
⋂N

i=1 F (Ti) 6= ∅. Let {xn} be defined by (7)
with 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1, lim supn→∞ βn < 1 and

∑∞
n=1 γn <

∞,
∑∞

n=1 δn < ∞ for all n ≥ 1. If any one of the mappings {T1, T2, ..., TN} is semi-
compact, then {xn} converges strongly to a common fixed point of T1, T2, ..., TN .

Proof: By hypothesis, there exists one mapping, say T1, of {T1, T2, ..., TN} which
is semicompact. Now by Lemma 2.2 we have limn→∞ ‖xn − Tlxn‖ = 0, for all l ∈ I.
Therefore limn→∞ ‖xn−T1xn‖ = 0, and since T1 is semicompact, there exists a subsequence
{xnj

} of {xn} such that xnj
→ x⋆ ∈ C. From (31) we get

‖x⋆ − Tlx
⋆‖ = lim

nj→∞
‖xnj

− Tlxnj
‖ = 0, for all l ∈ {1, 2, .., N}. (32)

From (32) it follows that x⋆ ∈ F . By Lemma 2.1 limn→∞ ‖xn − p‖ exists for all p ∈ F .
Since x⋆ ∈ F , so limn→∞ ‖xn − x⋆‖ exists. Again since {xnj

} is a subsequence of {xn}
such that xnj

→ x⋆, so it follows that xn → x⋆ as n → ∞. Thus {xn} converges strongly
to a common fixed point of T1, T2, ..., TN .

Theorem 2.4. Let X be a uniformly convex Banach space satisfying Opial’s condition,
C be a nonempty closed convex subset of X. Let {Ti : i ∈ I} be a finite family of N

asymptotically nonexpansive self-mappings of C in the intermediate sense. Set

dn = max{max1≤i≤Nsupx,y∈C(‖T
n
i x− T n

i y‖ − ‖x− y‖), 0}∀n ≥ 1,

where
∑∞

n=1 dn < ∞. Suppose that F =
⋂N

i=1 F (Ti) 6= ∅. Let {xn} be defined by (7)
with 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1, lim supn→∞ βn < 1 and

∑∞
n=1 γn <

∞,
∑∞

n=1 δn < ∞ for all n ≥ 1. Then {xn} converges weakly to a common fixed point
of T1, T2, ..., TN .

Proof: By Lemma 2.2 we get limn→∞ ‖xn − Tlxn‖ = 0, for all l ∈ I. So by the
uniform continuity of T1 we get limn→∞ ‖xn − Tm

1 xn‖ = 0 for all m ∈ N . Then by
applying Lemma 1.2 with the τ -topology taken as a weak topology we get the following
conclusion: By Lemma 1.2 there exists z1 ∈ F (T1) such that xn ⇀ z1(xn → z1 weakly) as
n → ∞ . Similarly by Lemma 1.2 there exists z2 ∈ F (T2) such that xn ⇀ z2 as n → ∞
and z3 ∈ F (T3) such that xn ⇀ z3 as n → ∞ and ..... zN ∈ F (TN ) such that xn ⇀ zN
as n → ∞. Since weak limit is unique so we must have z1 = z2 = z3 = ..... = zN ∈
⋂N

i=1 F (Ti) = F . Thus {xn} converges weakly to a common fixed point of T1, T2, ..., TN .
This completes the proof.

Theorem 2.5. Let X be a uniformly convex Banach space such that X⋆ has the Kadec-
Klee property and C be a nonempty closed convex subset of X. Let {Ti : i ∈ I} be a finite
family of N asymptotically nonexpansive self-mappings of C in the intermediate sense.
Set

dn = max{max1≤i≤Nsupx,y∈C(‖T
n
i x− T n

i y‖ − ‖x− y‖), 0}∀n ≥ 1,
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where
∑∞

n=1 dn < ∞. Suppose that F =
⋂N

i=1 F (Ti) 6= ∅. Let {xn} be defined by (7)
with 0 < lim infn→∞ αn ≤ lim supn→∞ αn < 1, lim supn→∞ βn < 1 and

∑∞
n=1 γn <

∞,
∑∞

n=1 δn < ∞ for all n ≥ 1. If {T1, T2, ...., TN} satisfy Condition (B), then {xn}
converges weakly to some common fixed point of {T1, T2, ...., TN }.

Proof: By Lemma 2.2 we get limn→∞ ‖xn − Tixn‖ = 0, for all i ∈ I. So by the
uniform continuity of Ti we get

lim
n→∞

‖xn − Tm
i xn‖ = 0 for any m ≥ 1. (33)

Since {T1, T2, ...., TN} satisfy Condition (B), so as in the proof of Theorem 2.2 it follows
that limn→∞ d(xn, F ) = 0. Then, as shown in the proof of Theorem 2.1, it follows that
{xn} is a Cauchy sequence. So for any m ∈ N we have

‖xn+m − xn‖ → 0 as n → ∞. (34)

From (33) and (34) we get

‖xn+m − Tm
i xn‖ → 0 as n → ∞,

which in other words implies that

lim
n→∞

[sup
m≥0

‖xn+m − Tm
i xn‖] = 0. (35)

So from (35) it follows that {xn} is almost orbit of Ti for all i ∈ I. Also from (19) we have
that ‖xn+1 − xn‖ → 0 as n → ∞. So {xn+1 − xn} is strongly convergent to 0. Therefore
{xn+1 − xn} is weakly convergent to 0. Thus by Lemma 1.4 we conclude that {xn} is
weakly convergent to a fixed point of Ti. Since weak limit is unique so we must have that
{xn} converges weakly to a common fixed point of {T1, T2, ...., TN}. This completes the
proof.

Remark 2.1. Our results generalize results of [5], Theorem 3.4 of [16].
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