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Non-differentiability Sets for Cantor Functions with
respect to Various Expansions

K. Tkeda

Abstract. We propose here three expansions of real numbers in [0,1). By using these expan-
sions, we define three functions of Cantor type. We then determine the non-differentiability set
of these functions and then we show that the dimension of these sets is all 0.
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1. Introduction

The Cantor function, named after Georg Cantor, is an example of a function which
has a remarkable property: Its derivative vanishes almost everywhere. Sometimes the
Cantor function is referred to as the Devil’s staircase. We refer to [3] for a detailed
account of the Cantor function. Let us recall the definition: For a € [0,1), there exist
ap,az,...,an,... € {0,1,2} such that

al a9 an

3 32 3N
Denote by Ny the smallest N € N such that ay = 1 when it exists. Otherwise Ny = oo.
Then the Cantor function, f : [0,1) — R is defined as

al a9 aNy—1 1

fa) =35 Torp T Fame Taw
If there is no such Ny, then define
- & o G2 o On
=55t et " Tom

Denote by C the set of all points at which the Cantor function is non-differentiable.
Then we know that the (box) dimension (see Definition 9, below) is (logs2)? =
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(0.699 - - - )2. More precisely, Darst established that the dimension of C is (logs2)? =
(0.699 - - - )2, where C is defined to be

Fe+h) = 1@ i p
h h—0

Cz{xE[O,l] : 0 < liminf f(x_‘_h)_f(x)goo}.
h—0 h

See [1, 2] for the precise proof of this fact.

The key idea of defining the Cantor function is to use both the binary expansion
and the ternary expansion. If we use similar expansions such as the p-adic expansion,
the dimension of the non-differentiability set is positive. However, in this paper, we
shall show that the dimension of the non-differentiability set can be zero by the use of
a new expansion.

In this paper, we propose new expansions and we show, for the case of continuous
increasing functions, that the dimension of the non-differentiability set can be zero.

In this paper, we are concerned with the set

K = {a: €0,1] : 0< lizn_i(r]lf f(x—i—h}z—f(:c) < hr}?jgp f(a:—l—hlz—f(x) < oo}
e @) —f@) o fleth) - flz)
U {x €[0,1] : h;ln_:(r)lf . = hI}Ill:(l)lp . = oo}

and we call K the non-differentiability set.
Let us recall one more definition, the integer part of a real number.

The integer part [a] of the real number a is the largest integer that does not exceed
a, for example [v/3] = [1] = 1 and [-v/3] = —2. Furthermore, an integer b is the integer
part of the real number a if b < a < b+ 1.

The organization of the present paper is as follows: In Section 2 we propose three
types of expansions. We define three types of Cantor functions in Section 3, and we
propose the notion of uniformly continuous functions of type (an, by,). In Section 4, we
approximate these functions. In Section 5, we specify the non-differentiability set K
for each of these functions. Section 6 considers the dimension of such sets.

2. Expansions

2.1. Factorial-type expansions

We introduce expansions that are generated from factorials below. The proof is
elementary and it is omitted.

Proposition 1.

(1) 2”7;1:1.

n=2




54 K. Ikeda

n—1 1
nl (k=1

(2) Forallk €N, Z
n==k

On the basis of Proposition 1, we prove the following proposition.

Proposition 2. For all a € [0,1], there exists a sequence {a,}n>2 of non-negative
integers such that a, < n — 1, and that

Proof. When a = 1, we may take a, = n — 1, by Proposition 1. Otherwise define
natural numbers ao, as, ..., any, ... in the following manner:

1
(1) When 0 <a < 3 define ag = 0. In this case, we have

O§6(a—%>:6a<3. (1)

1
(11) When 5 < a < 1, define ay = 1. In this case, we have

0§6<a—%):6a—3<3. 2)

n

Suppose that we have defined as,as,...,a, for n > 2. Then define S, = Z %, and
k=2
an+1 = [(n+1)!(a —Sy,)]. Then, obviously 0 < ap+1 < (n+1)l(a—Sp) < ant1+ 1. <«

Claim 1. For alln > 2,

1
OSCL—Sn<m, (3)

and
0 < anst <n. (4)

Proof. [Proof of the claim| We prove the claim by induction. When n = 2, (3) is
true by (1) and (2).

Suppose that (3) is true for n. Then we have
[(n+ 1D)a — Sn)]
(n+1)!

(n+1)l(a—S,) —[(n+1)!(a— Sp)]
(n+1)!

G_Sn—l-l:a_sn_




Non-differentiability Sets for Cantor Functions 99

< 1
(n+ 1)

Once (3) is proved, (4) follows easily;

1
Oga—Sng—'andOSanH§(n+1)!(a—5n),
n!

which implies
(n+1)!

0< apin < = n 41,
n!

and ap+1 € N, which implies 0 < ap+1 < n. It follows from the sandwich theorem

that: a a a
. 2 3 n\ _
Jim (o= 5 =5 - p) =0
In other words, we conclude
o @]
Qn
n=2

It can happen that two different pairs of integers may yield the same real number.

Proposition 3. Let a € [0, 1] have expansion:
- b
a=>)_ % => ok
n=2 n=2
as in Proposition 2. Then one of the following is satisfied:

(1) an = by, for alln.

(2) ag =ba,a3 =b3,...,an = by, apy1 =bpp1+1, apg2 =0, b0 =n+1, apy3 =0,
bnizs=n+2, aptqa =0, byra =n+3, .... In other words, we have
n+1 n o]
ak 1 bm bn+1 n—+1
I e S i IR IO e
| | | | |
— k! (n+ 1! 2= ml (n+1)! — (n+1+1)!
(3) ag = ba,a3 = b3,...,an = bp,ani1 =bpy1 — 1, apy2 =n+1, byya =0, apy3 =
n+2,bpy3=0, anta =n+3, byys =0, .... In other words, we have
n+1 n o0
i Qaf . bm bn+1 1 n+1
a}; ! mZQm‘ (n+1)! +;(n+l+1)'

Proof. Let a € [0, 1] have expansion:

0o a, 00 b,
a=) =2
n:2n. n:2n.
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as in Proposition 2, and, suppose that a, — b, # 0 for some k > 2; we let ng be the
smallest one among such n. Then

|@ng — bny| >i_ i n—1> i |an — bn| > |@ng — bny|
! = nol 1= ! = ! )
nop-: no- ———l n: Sl n. no-:

Here, we used |a, — b,| < n — 1 for the second inequality, the minimality of ng for the
oo
an — by,

second inequality, and the triangle inequality as well as Z = 0 for the last

n.
n=2

inequality. In order that we have equality, the a,, — b, must satisfy either
Apy — bno =1, Apg+1 — bn0+1 = NQ, Apy+2 — bn0+2 =ng+1,... (5)

or
Qpgy — bno = _17 Ano+1 — bn0+1 = —No, ny+2 — bn0+2 = —nNng — ]-a e (6)

Note that (5) and (6) correspond to (2) and (3), respectively. Thus, we obtain the
desired result. <«

2.2. Odd factorial-type expansions

Forn=1,3,5,7,..., recall that:

)

nl=<"
n-(n—2)---3-1, n>3.

In analogy with Proposition 1, we have

Proposition 4.

> ”n_!!l — 1.

n:odd

) n—1 1
(2) For an odd integer k € [—1,00), Z S TRATE
n:odd,n>k+2
(1) corresponds to the case when k = —1 of (2).
Based on Proposition 4, we propose an expansion method of a real number a € [0, 1].

Proposition 5. For all a € [0,1], there ezists a sequence {agm—1}m>1 of non-negative
integers such that as;m—1 < 2m — 1 and that
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Proof. The proof is almost the same as that of Proposition 2: we content ourselves
with outlining the proof. When a = 1, define ag;,—1 = 2m—2. Otherwise, define a; = 0
first and then define as,as,... together with S3,.55,... by the following recurrence
formula:

m
a2k—1
Som-1= Y T aomi1 = [(2m+ 1) (a — Sopm_1)]. <
k:2

As before, it can happen that two different pairs of integers may yield the same real
number.

Proposition 6. Let a € [0, 1] have expansion:

_ 2m+1 _ 2m—+1
a=2 (2m + ) 2 (2m + DI’
m=1 m=1

as in Proposition 5, then one of the following is satisfied.

(1) an = by, Yn.
(2) a1 =br,a3 ="0b3,...,ap = bn,an+2 =bpio+1, apyqa =0, bn+4 =n+3, apys =0,
bnig =n+D5, antg =0, bpys =n+7, .... In other words, we have
ntl
2
_ b 1
a:Z a2m1” n+2+”
— 2m -1 (n4+2)!
ntl .
B 2 bam—1 bp+2 +Z n+2m+1
B 2m — D! (n+42)! (n +2m + 21"
m=1 1
(3) a; = by,a3 =bs,...,an = bnaan+2 = bn+2 -1, Ont+da =N + 3, bn+4 =0, an+6 =
n+5, bpyg =0, antg =n+7, byys =0, .... In other words, we have
n+1
5ot

B a2m—1 bam—1
“= Zl @m—D1 (12l

3
w‘+ 3
=l

bom—1 n+2—1+§: n+2m+1

2m -1 (n+4+2)!! — ( (n+42m +2)1I°

=1

3

Proof. Go through the same argument as Proposition 3. <

2.3. Even factorial-type expansions

For n=0,2,4,6, ..., recall that:

)

nll=<"
n-(n—2)---4-2, n>2.

Again similar to Proposition 1, we have
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Proposition 7.

(1) Z nn_!!l =1

n:even

n—1 1
(2) For an even number k, Z TR
n:even,n>k+2
(1) corresponds to the case when k = 0 of (2).
Based on Proposition 7, we have

Proposition 8. For all a € [0,1], there exists a sequence {azm}m>1 of non-negative
integers such that asy, < 2m and that

Proof. Again the proof is almost the same as Proposition 2. When a = 1, we
may take a, = n — 1, by Proposition 4. When 0 < a < 1, define the natural number
a2,04,...,0n, ... 0 the following manner: Define as = 0. Note that

O§8<a—%>:8a<4. (7)

For each odd integer n > 3, define
Sn - Z H?
k:odd,3>k>n
and ant+2 = [(n + 2)!1(a — S,)]. We can check that ag, a4, ..., defined above does the
job. «
As before, it can happen that two different pairs of integers may yield the same real

number.

Proposition 9. Let a € [0, 1] have expansion :

a b
2m 2m
Z Z ’
2 I 2 I
1 ( m) el ( m)

as in Proposition 8, then one of the following is satisfied.

(1) an = by, for all even integers n.

(2) ag = bz, a4 =byg,...,an =bp,ant2 =bpra+1, anpa =0, byrg =n+3, anye =0,
bnig =n+D5, antg =0, bpys =n+7, .... In other words, we have
n/2 n/2 00
B a2m by +1 bom bnt2 n+2m —1
LD D s TR i TRl S ;s TR i TR Dl i e T8
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(3) ay = bg,a4 = b4,...,an = bn,an+2 = bn+2 — 1, Ap44 = n—i—3, bn+4 = O, Apt6 =
n+5, bpye =0, antg =n+7, bpys =0, .... In other words, we have
n/2 n/2 0
. aom bn+2 N bgm bn+2 —1 n+2m—1
“= mzl IR mzl em)l " a2l ng (n 1 2m)l”

Proof. Go through the same argument as Proposition 3. <

3. On Cantor functions that are generated from the factorial

3.1. Uniformly continuous function of type (a,,b,)
For a function f:[0,1] = Rand 6 >0, x € [0,1], z+ h € [0,1] :

wi(f,0) = sup [f(z+h)— f(z)],

z,|h|<é
is called the continuous degree of f.
Proposition 10. A function f :]0,1] — R satisfies
wi(f,0) =0 (6 —0),

if and only if f is uniformly continuous.

Proof. If f is uniformly continuous, then for all € > 0 there exists dg > 0 such that
|f(z) — f(y)| < € whenever x,y € [0,1] satisfy |z — y| < do. Thus, wi(f,d) < e. If
0 < 6§ < dp, then wi(f,d) <wi(f,d0) < e, then wi(f,d) - 0asd — 0.

Suppose conversely, wi(f,d) — 0 as 6 — 0. Then for all € > 0, there exists dy > 0

0
such that w;(f,d) < e for all 0 < < dg. Thus, if z,y € [0,1] satisfy |z —y| < ?0, then
|f(xz) — f(y)| < e, which implies that f is uniformly continuous. <«

Definition 1. Suppose that {a,}72; and {b,}5°, are sequences decreasing to 0. A
function f defined on [0, 1] is said to be of uniformly continuous function of type (an, by)
if |f(x) — f(y)| < ay for all x,y € [0, 1] with |z —y| < by,.

Remark 1. The notion of continuity of type (ay,by), which is defined below, turns out
to be equivalent to the inequality wi(f,b,) < a, for all n € N.

3.2. Cantor function with respect to factorial-type expansion

To begin with, we give two kinds of rules below.
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Definition 2. Let a € [0,1]. Suppose that a has an expression:
0<a,<n—-1 (n=2,3,...), a:Z
Define the sequence {a}}5°  in the following manner:

Rule 1 If there is no number n such that 1 < a, < n-—2, that is, ifa, =0 ora, =n—1,
then define a), =

10n- (a* assumes only the value 0 or 1.)

Rule 2 If there is a number n such that 1 < a, < n — 2, then define ng as the minimum

of such numbers. When n < ng, define a;, = [ On- When n = ng, define
n—
ay, = 1. When n > ng, define a;, = 0. (Again a;, = ——n € {0,1})
For a3, a3, ... determined in this way, define a* as
at ak a* > a*
* _ 2 3 n n
Ceprmtta =g

Lemma 1. The definition of a* does mot depend on the expression of a.

Proof. By virtue of Proposition 1(2), when a has two different expressions, we have
n—1 00

am+1  ap,+1 0 - n+l—1
a= Tt +;(n+l)! mz Z CE]

m=2

Suppose that we have two different expressions as above. We suppose a, <n — 1. We
write

(b27b3)b47 cee 7bn—1abm .. ) - (a27a37a47 ceeyAp—1,0n + 17O7O)O>° . ')a

(co,¢3,Ca5 .. Cp_1,Cny...) = (a2,a3,04,...,Qp_1,ap, N, + 1,n+2,...).

(1) Suppose 1 < a; <1i—2 for some i = 3,4...,n — 1. Then, among such 7, choose
the smallest one ig. By applying Rule 2, we obtain

( ;,b;,bz,...,b;,...) = (ag,a3/2,a4/3,...,aio_l/(io —2),1,0,0,0,...),
and so
(¢3,¢3,Chy vy Cry...) = (a2,a3/2,a4/3,...,a;—1/(io — 2),1,0,0,0,...).

Thus, the definition of a* does not depend on the expression of a; no matter
which expression we start from, we have

— *
Z ot
m 2n0
m=
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(2) Suppose a; =0,i—1 for all i = 2,3,...,n — 1 and a,, = 0. Apply Rule 2 more
than n times to get

(b5,05,b),...,b0,...) = (az2,a3/2,a4/3,...,an—1/(n —2),1,0,0,0,...),
(c1,¢5,¢5y.oycp,y. ) = (a2,a3/2,a4/3, ..., an—1/(n —2),0,1,1,1,...).

Thus, the definition of a* does not depend on the expression of a. In fact, we

have .
n—
by, 1
a=) 5 T o
k=2
> by
if we start with a = Z o and we have
n=2
n—1
k
ok + on + Z 2n+k’
k= 2
N c =1 1
if we start with a = Z n—? Since Z otk = g e see that the definition of

n=2 =
a* does not depend on the expression of a.

(3) Suppose a; =0,i—1foralli=2,3,...,n—1and 1 <a, <n—3. Then
(b5,b5,b1,...,by,...) = (a2,a3/2,a4/3,...,an—1/(n—2),1,0,0,0,...),
(cl,c3,¢5,...,Cny...) = (a2,a3/2,a4/3,...,an—1/(n —2),1,0,0,0,...).

Thus, the definition of a* does not depend on the expression of a.

(4) Suppose a; =0,i —1foralli=2,3,...,n—1 and a, =n — 2. Then

(b5,b3,b4,...,by,...) = (a2,a3/2,a4/3,...,an—1/(n —2),1,0,0,0,...).
So
(c3,¢3,C4y.yCry...) = (a2,a3/2,a4/3,...,an—1/(n —2),1,0,0,0,...).

Thus, the definition of ¢* does not depend on the expression of a. «

Let the Cantor function with respect to the factorial expansion be the function
f:10,1] = [0,1] such that f(a) =a

Lemma 2. f is an increasing function: Whenenver 0 < b<c <1, b* < c*.

Proof. We may assume b # c; otherwise the assertion is trivial. We use the factorial
expansions of b and ¢ by using the algorithm obtained in Proposition 2:

[e.e] o0

b c
b= g T;, c= g —7
n=2 n=2 s
Assuming b < ¢, we have by = ¢co,b3 = ¢3,b4 = C4,...,bn_1 = cp_1,bn < ¢, for some

n > 2.
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(1) Suppose
bQ—CQE{Ol}b3—C3€{02} _1 = Cp— 16{0”—2}

fails. Denote by ng the smallest integer ¢ such that b; = ¢; € {1,2,...,n—2}. In
this case we have b* = ¢*.

(2) Suppose that by = co € {0,1},b3 = c3 € {0,2},. _1=c¢p—1 €{0,n —2}, and
that b, = 0. Then, b;, = 0. Therefore, we have

ZQn—Z*+*+ > 5 Z

= n+1
On the other hand, we have c;, = 1. Thus, we obtain
00 o n n—1 ;4
3 n
N R

n=2

Thus, we conclude b* < Z

an— 1 QnS

(3) Suppose that by = ¢ € {0,1},b3 = c3 € {0,2},...,b,—1 = cp—1 € {0,n — 2} and
b, > 1. Then b, < ¢, < n — 1. In this case, we have by, = 1,by,1 = 0,05, =

=1
0,b%,5=0,.... Thus, we have b* = Zf+27 <c.
n=2

Therefore, in all cases b* < c*. «

The following theorem is one of the main theorems of this paper:
Theorem 2. Let a — a* be the Cantor function with respect to the factorial expansion.

Then it is a uniformly continuous function of type (27", 1/n!).

Proof. The proof is made up of three large steps. The first step is a setup. Since
a — a* is increasing, it suffices to show that

N .
CL+E —a_2—n, ()

for 0 <a <1-—1/n!. Representing a as

where 0 < a, < n — 2 for all n > 2, in the next two large steps, we consider two cases:
when

ai€{0,i—1} (i=23,....,n—1) 9)
holds and when (9) fails. «

Proof. [Case 1] We suppose that (9) holds.



(1)
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Suppose first a,, = 0. Then

n—1 1 n—1 a 1 00 a
_ a no- il
a=) % +Z panda+ =3 “h4ord Yo
n=2 = n+1 n=2 l=n+1
SO
n—1 4 o} * * n—1 4
x ak 0 1 1 N ak 1
a = 2—4-2—” Z—land <a+n' = ?+27

Hence, we have that
1\* ., a1 e 0 Xa 1
<“+n!> “a =) it g T D o S
Consequently, we have (8).

Suppose, next, that 1 < a, <n —2. As we did in Lemma 1(1), we have

o0

1 ar + 1
a= ﬁ and a —|— — I
k=2 k=2
SO
TL—l * n—l *
az 1 B ay, 1
Sy gt (o) ~X g
k=2 k=2
1
As aresult, [ a+ —
nl
Next, we suppose a,, = n — 2. Then
g n—2 = a 1 n—1 = a
_ ok — i) — — Sk _ i)
e=2 gttt 2 andat =R Tt D g
k=2 I=n+1 k=2 I=n+1
Hence, we have
n—1 * * n—1 * oo *
. ay, 1 _ ay, 1 a;
a" =D g + g and (*m) =D gt 2
k=2 k=2 l=n+1

SO

Consequently, we have (8).
Finally, suppose a,, = n — 1. Observe that the restriction 0 < a < 1 —1/n! forces
Apg1 = Qpyo = -+ =0,

ifas=1,a3=2,...,ap=n—1.
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(a) fag=1,a3=2, ..., an—1 =n —2, then ap4+1 = any2 = --- = 0. Thus,
n
. 1 1 1—27tb 1 1 1\* 1
)T mE i T3 o (a+3) =5

Consequently, (a + ;') —a*=2""
(b) If
(ag,as,...,an—1) € {0,1} x {0,2} x --- x {0,n — 2} \ {(1,2,...,n —2)},

take ng so that ap—1 =n—2, an_2a =n—3, ..., Gpng+1 = N0, Gn, = 0. Using
this number ng, we have

no—1
S T o)
=2 l=ng+1 = n+1
and
N N |
<a+n') =D S towtom
1=2
Consequently
D PR S SRS RS SR AR PR
n! - ono ono+1 9ono+2 on on+1 on+2
1 =~ a1
— I gy
~ on ol = 9n
l=n+1

Thus, if we assume (9), then (8) is true. <«

Proof. [Case 2] Assume, instead, that (9) fails. Then, choose the smallest number
ng such that 1 < ap, < ng — 2. Let ny be the largest integer such that a,, <n; —2.

(1) Suppose, first, a,, < n— 1, So that ng is the smallest number such that 0 < a,, <
ng — 1. Then we have

—~ at 1\" nola* at
k - Yk 'k

R O T o

k=2 k=2 kn0+1

1 *
Consequently, <a + |> =a”.
n!

(2) Next, suppose a, =n — 1 and ng < n1. Then in the same manner as Step 3 (1),

1 *
we can prove <a + '> =a".
n!
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(3) Next, suppose a, =n — 1 and n; = ng. Then, we have a; € {0,1,...,k — 1} for
2<k<no—1,an, <np—2and ap,4+r =no+k—1forallk=1,2,...,n —ny.

(a) Assume a,, = 0. Then we have

no—1

. at 1\ a1
a>227;+270+ Z on and <a+n!> =2 ok T om
k=2 —n0+1 k=2
1\, 1
Hence, we have a4+ — ) —a" < —.
n! 2n
(b) Assume 1 < ay,, < ng — 2. Then
no— 1 * * 7’7,0—1 *
1 1 a 1
* k - - “k -
a Z 2k+2n0 and (a—i— ') 2k+2n0.
k=2 k=2
1 *
Consequently, <a + |> =a*.
n!

(c) Assume ap, = ng — 2. Then

no—1 1 * no—1 1 00 at

* Yk - - _ “k - l
=Y ghrgmad (ar ) =S e > 6
k=2 k=2 I=n+1

If we reexamine the proof above, we have:

Proposition 11. Let a € [0,1 — 1/n!] be such that nla is an integer. Write

n
ag

kL
k=2

a =

1\" 1
where 0 < as <1,0<a3<2,---,0<ap_1 <n-—2. Then (a—i—') :a*+2—n, if
n!

and only if as = 0,1, a3 =0,2, ..., ap—1 =0,n — 2.
3.3. Cantor function with respect to odd factorial-type expansion

As in the case of factorial, we define a* for a € [0, 1] as follows:

Definition 3. Let a € [0,1]. Suppose that a has an expression below:

0<a,<n—-1 (n=13,..), a=>»_ On

Define a sequence {a%, 1}, in the following manner.
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Rule 1 If there is no number n such that 1 < a, < n —2, that is, ap, =0 ora, =n—1,

1
then define a), = 1
n pu—

G-

Rule 2 If there is a number n such that 1 < a, < n — 1, then let The minimum number

1
be defined as ng. When n < ng, define a; = — L On- When n = ng, define

ay, = 1. When n > no, define a;, = 0.

For aj,a3, ... defined in this way, define a* by

Qa
*_2: n
a = ntl

n:odd 22

Below, we consider the property of the a*.
Lemma 3. The definition of a* does not depend on the expression of a.
Proof. The proof is the same as Lemma 1. <«
As in the case of the factorial, we have
Lemma 4. b* < ¢* whenever 0 <b<¢<1.
Proof. The proof is the same as that of Lemma 2. <«

As in the case of the factorial, we have

Theorem 3. The Cantor function a — a* generated by the odd factorial is a uniformly
n+1
continuous function of type (2_%, 1/n!l). Here, n runs over all odd positive integers.

Proof. The proof is the same as Theorem 2. «

If we reexamine the proof above, we have:

Proposition 12. Let n be an odd integer in [3,00). Let a € [0,1 — 1/n!!] be such that

nla is an integer. Writeaz%—i—%ﬁ-H-—F%, where a1 = 0,0 < a3z <2,---,0<
1\" 1

an—2 < n—3. Then <a—|—”> —a" = —=, if and only if a; =0, a3 = 0,2, ...,
n..: 272

ap—9 =0,n—3.

3.4. Cantor function with respect to even factorial-type expansion

As in the case of the odd factorial, we define another Cantor function.
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Definition 4. Let a € [0,1]. Suppose that a has an expression:

0<a,<n—-1 (n=2/4,...), a= Z iﬁ
n::

n:even

Define the sequence {a3,}°° | in the following manner:

Rule 1 If there is no number n such that 1 < a, <n—2, that is, ifa, =0 ora, =n—1

define a;, = ap. (a* assumes only the value 0 or 1.)
n

-1

Rule 2 If there is a number n such that 1 < a, < n—2, then ng as the minimum of such

1
numbers. When n < ng, define a;, = an. When n = ng, define ay,, = 1.

n—1
1
When n > no, define ay, = 0. (Again aj, = — Tn € {0,1}.)

For a3, ay}, ... which is determined in this way, define a* as
*
a
at = .
22

n:.even

Lemma 5. The definition of a* does not depend on the expression of a.

Proof. Go through the same argument as Lemma 1. <«

As in the case of the odd factorial, we have:

Lemma 6. Whenenver 0 <b<c <1, b* <c*.

Proof. The proof is the same as that of Lemma 2. <«

As in the case of the odd factorial, we have:

Theorem 4. Cantor function a — a* generated by the even factorial is a uniformly
continuous function of type (2_”/2, 1/nW). Here, n runs over all even integers.

Proof. Go through the same argument as Theorem 2. <«

If we reexamine the proof above, we have:

Proposition 13. Let n be an odd integer in [3,00). Let a € [0,1 — 1/n!l] be such
n/2

that n!la is an integer. Write a = Z%, where 0 < as < 1,0 < ay <3,...,0<
— 21!
1\" . 1 . .
an—o2 < n—3. Then at— ] —a :fzfandonlyzf@:O,l, as = 0,3, ...,
nl! 2

ap—o =0,n—3.
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4. An algorithm for approximating the Cantor function for some
simple cases

Here, we attempt to approximate these Cantor functions.

Definition 5. A piecewise linear function f on [0,1] is a continuous function such
that there exists a partition {tj}j-vzo of [0,1] such that f is affine on each [t;—1,t;]. In
this case, the point (t;, f(t;)), 0 < j < N, is called a vertex.

4.1. Cantor function with respect to factorial-type expansion

Definition 6. Let L be a natural number. The order L approrimation of t — t* of
order L is the piecewise linear function whose vertices are the points of the form (t,t*),
where 0 < t <1 and L't is an integer.

Here, we explain the method of plotting the 5th order approximation.

a a a a a
(1) Calculate ag,as,aq,as in the expansion of t = —— e T T S

120 2f "3 a4 Tl
a=0,1,2,...,119. Define

a
ay = [@} = 21, (10)
as = [% — 3(12:| = |:3' (t - %)} 5 (11)
a az a3
a1 = |5 — 1202 oo = [a1 (1= 57 = 1) (12)
a a2 as a4 a2 as Qa4
— s 2 — ' (+ - = _ 2 =
a5 = 120 (120 21 3l 4!) =9 (t STRE] 4!) ' (13)
(2) We then calculate
a \* a5 a% af af
= (7) R N
120 22+23+24+25

fora=0,1,2,...,119.
. . 1 . .
(3) Complementing a point 1,5 , we create an affine function using the data

a a *
a4 (e —0,1,2,...,120).
(120’(120) ) » (@=0,1,2,...,120)

According to Claim 1, we have the following:

Corollary 1. Whena =0,1,2,...,119, the integers as, as, a4, a5 which are determined
by (10)~(13), satisfy 0 <as <1,0<a3<2,0<as <3,0<as <4.
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4.2. Cantor function with respect to odd factorial-type expansion

Definition 7. Let L be a natural number. The approrimate function of t — t* of order
L is a piecewise linear function whose vertices are the points of the form (t,t*), where
0<t<1and (2L — 1)t is an integer.

Here, we explain the method of drawing the approximate function of the 5th order.

a _a1 as as ay ag
o015 10 T3n T En T T on

(1) Calculate aq,as, as, ar,ag in the expansion of ¢t =
fora=0,1,2,...,944. Define

o = 945} = [1), (14)
ag = _% — 3a1} = {3!! (t - %)} , (15)
a5 = % —15a; — 5a3} - [5!! (t _ % _ %)] , (16)
ar = % — 105a; — 35a3 — 7a5} - {7!! (t - % - % - %)} , (17)
00 =945 (i =G~ 30~ —7w) = (T g ) (9

(2) We then calculate the

a \* af ar af ar af
= (7) S I S T
945 21+22+23+24+25

fora=0,1,2,...,944.
. . 1 . .
(3) Complementing a point 1,2>, we create an affine function using the data

(9%57 (&)) (a=0,1,2,...,945).

We shall show that this algorithm makes sense.

Corollary 2. When a =0,1,2,...,944, the integers a1, as, as, ay, ag, which are deter-
mined by (14)—(18), satisfies a1 =0,0<a3<2,0<a5<4,0<a7<6,0<ag<8.

Proof. The proof is the same as Corollary 1. «

4.3. Cantor function with respect to even factorial-type expansion

Definition 8. Let L be a natural number. The approximate function of t — t* of order
L is a piecewise linear function whose vertices are the points of the form (t,t*), where
0<t<1 and (2L)"t is an integer.

Here, we explain the method of drawing the approximate function of the 5th order.
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a a2 a4 G  Gg
3840 211 4l el T sn o0

(1) Calculate a9, a4, ag, ag, a1p in the expansion of ¢t =
fora=0,1,2,...,3839. Define as

ra
= _1920] = [2t], (19)
[ a a9
a1 = | 455 4a2} = [4!! <t - ﬁ)} , (20)
[ a as a4
a6 = |55 — 24az 6a4} - [6!! <t — o - H)} , (21)
[ a a9 a4 ag
N P _ — — n(i+ - =2 _ = _ 2
as = |15 — 1920z — 48as 8%} - [6.. (t . 6”)] , (22)
a as a4 ag  ag as a4 ag ag
-1 - - = = __ - _ =2 — "W+ __ = _ = _ 2 _ _°
@10 = 3840 (3840 o 4 6l 8!!) =10 (t o 4l 6l 8”)
(23)
« [ @ \* ay ay ai ay aj, ¢ B
(2) We then calculate t* = (%) _§+?+273+274+275 ora=0,1,2,...,3839.

a a \*
3) Complementing (1,1), te an affine function using dat (7<7>>
(3) Complementing (1, 1), we create an affine function using data 3340° \ 3840
(a=0,1,2,...,3840).

We shall show that this algorithm makes sense.

Corollary 3. When a =0,1,2,...,3839, the integers ag, aq, ag, as, aig, which are de-
termined by (19)—(23), satisfies 0 < ax < 1,0< a4 <3,0<as <5, 0<ag <7,
0 < aio < 9.

Proof. The proof is the same as Lemma 1. <«

5. Nondifferentiability sets of the Cantor function

We specify the nondifferentiability set of the Cantor function with respect to the
factorial-type expansion.

We consider the union K, of the intervals of the form:

_ |92 | 43 an G2 = a3 ap + 1
Iag,ag,...,an— 5+§+”'+H’E+§+'” o ’
where ao, as, ..., a, run through all integers as = 0,1,a3 =0,2,...,a, =0,n — 1.

Example 1. (n = 3) The endpoints of intervals that constitute K3 and the values of
f on the endpoints of the intervals are as follows:

ag,as | endpoint of Ipyq, | min f(x) | max f(x)
z€1ay,ag T€lay,ag
(0,0) 0,1/6 0 1/8
0,2) 1/3,1/2 1/8 1/4
(1,0) 1/2,2/3 1/4 3/8
(1,2) 5/6,1 3/8 1/2
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-l [ 2o o] - o )

Example 2. (n = 4) The endpoints of intervals that constitute K4 and the values of
f on the endpoints of the intervals are as follows:

Thus

ag, as,as | endpoint of Iy, as.a4 min  f(x) max f(x)
2€lay az,a4 2€lay ag,a4
0,0,0) 0,1/24 0 1/16
(0,0,3) 1/8,1/6 1/16 1/8
(0,2,0) 1/3,3/8 1/8 3/16
0,2,3) 11/24,1/2 3/16 1/4
(1,0,0) 1/2,13/24 1/4 5/16
(1,0,3) 5/8,2/3 5/16 3/8
(1,2,0) 5/6,7/3 3/8 7/16
(1,2,3) 93/24, 1 7/16 1/2

Thus

ko= og] v 50550 sl ol o 55 v 5] o
24 86 3’8 247 2 2724 8’3 6’8 24’
~Pavsale el e sl 5] ]
24 876 378 247 24 873 6’8 2477 |
Example 3. (n = 5) The endpoints of intervals that constitute K5 and the values of
f on the endpoints of the intervals are as follows:

as, a3, aq,as | endpoint of 1oy as.a4.a5 el min  f(x) g ax f(z)
a2,a3,24,a5 a2,43,24,25
(0,0,0,0) 0,1/120 0 1/32
(0,0,0,4) 1/30,1/24 1/32 1/16
(0,0,3,0) 1/8,2/15 1/16 3/32
(0,0,3,4) 19/120,1/6 3/32 1/8
(0,2,0,0) 1/3,41/120 1/8 5/32
(0,2,0,4) 11/30,3/8 5/32 3/16
(0,2,3,0) 11/24,7/15 3/16 7/32
(0,2,3,4) 59/120, 1/2 7732 1/4
(1,0,0,0) 1/2,61/120 1/4 9/32
(1,0,0,4) 61/120, 13/24 9/32 5/16
(1,0,3,0) 5/8,19/30 5/16 11/32
(1,0,3,4) 79/120,2/3 11/32 3/8
(1,2,0,0) 5/6,101/120 3/8 13/32
(1,2,0,4) 13/15,7/8 13/32 7/16
(1,2,3,0) 23/24,29/30 7/16 15/16
(1,2,3,4) 119/120, 1 15/32 1/2
Thus
e ple Al b Al o Bl
120 307 24 815 120’ 6 37120 308
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1 7 59 1 1 61 8 13 5 19
[24 15] N [120 2} [2’120] N [1524} N [8’30}
(B 2 2 5
1207 3 6’120 15’8 24" 30 120°
bl bl B b
12 307 24 815 1207 6 37120 308
SR
24715 1207 120 157 24 8730
R R N
12073 6’120 15’8 24" 30 120°
As can be seen in the above examples, we obtain:

Proposition 14. Let f(z) = z*, x € [0,1].

(1) K, consists of one long interval with length % and 2" 1 —1 small closed intervals
with length %

(2) K, D Kp41 foralln > 2.

(3) Forx ¢ (2, Kn, f/(x)=0

Proof. We shall prove (3). Let us suppose x ¢ K, for some m € N. Then x
is between two intervals lu, as,.. .0 and Iy, s p,., Where Ig, qs 4. lies in the left-
hand side of z and Iy, 4, .. 5,, lies in the right-hand side of x. Denote by p the point on
Loy as,...am closest to z and by ¢ the point on Iy, p, . 5, closest to z. Then f(p) = f(q) as
we have seen from the above examples. Since f is non-decreasing, f(p) = f(z) = f(q),
since p < x < ¢. Thus, for all p < 2’ < ¢, we have

) 1),
¥ —x
Letting ' — x, we obtain
f/(z) = lim 7"0(”0,), —I@ _ . o
' —x Tr —x

Contrary to Proposition 14(3) above, the function f(z) = z* is nowhere differen-
tiable in (77, Kp.
Theorem 5. Let f(z) =a*, x € (0,1]. For allz € (. Ky, f'(x) does not exist as a
finite value.

Proof. Let n € N and = € (o2, K. Suppose that z is included in the interval
[an, by] constituting K,,. Then
f(bn) — flan) 11 n!

be—an 2l gm0k
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Assume that f’(x) is well-defined [0, oc]. Then we have

T —— — f'(x).
Since
f(bn) — flan) _ by, — f(bn)_f@:) i T — an f(x)_f(an>
by, — an by, — an b, —x by, — an T —an
we obtain J(bn) = flan) — f'(z). It thus follows that f(z) = co. <«

by, — an

Next, going through the same argument, we specify the nondifferentiability set of
the Cantor function with respect to the odd factorial-type expansion.

Example 4. (n = 3) The endpoints of intervals that constitute K3 and the values of
f on the endpoints of the intervals are as follows:

ai,as | endpoint of Iy, 4, | min f(x) | max f(x)
2€lag,ag r€lay,ag
(0,0) 0,1/3 0 1/2
0,2) 3/2,1 1/2 1
1 3
T K3 = - —, 1.
hus, K3 [0’3}U[2’ }

Example 5. (n = 5) The endpoints of intervals that constitute K5 and the values of
f on the endpoints of the intervals are as follows:

ai,as,as | endpoint of Iy, as.as min  f(x) max  f(x)

2€lay a3,a5 2€lay ag,a5
0,0,0) 0,1/15 0 1/4
0,0,4) 4/15,1/3 1/4 1/2
0,2,0) 2/3,11/15 1/2 3/4
0,2, 4) 14/15,1 3/4 1

1 4 1 2 11 14
T Ky = — —, = -, — —, 1.
hus, K [0’15] N [15’3] N {3’15} N [15’ }
Example 6. (n = 7) The endpoints of intervals that constitute K7 and the values of
f on the endpoints of the intervals are as follows:

ai,as,as,ar | endpoint of Iy, as.a5,00 min f(zx) max f(x)
$€Ia1,a3,a5,a7 1‘61@17“315157“7
(0,0,0,0) 0,1/105 0 1/8

( ) 2/35,1/15 1/8 1/4
( ) 4/15,29/105 1/4 3/8
( ) 34/105,1/3 3/8 1/2
(0,2,0,0) 2/3,71/105 1/2 5/8
( )
( )
( )

76/105,11/15 5/8 3/4
14/15, 33/35 3/4 7/8
104/105, 1 7/8 1
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o - lo 1 U 2 1 U 4 29 U 34 1
T 105 35715 157105 10573
U 2 71 U 76 11 U 14 33 U 104 1
37105 1057 15 15735 105 |
As can be seen from the above examples, we obtain;

Proposition 15. Let f(z) = 2*, x € [0,1].

Thus

n— 1
(1) K, consists of 2" — 1 closed intervals with length —s.
n!!
(2) K, D Kpta for all odd n > 3.
(3) Forx ¢,y Kont1, f'(x)=0.

Contrary to Proposition 15(3) above, the function f(x) = x* is nowhere differen-
tiable in ﬂzozl K2n+1.

Theorem 6. For x € (2| Kont1, f'(x) does not exist as a finite value.
Proof. The proof is the same as that of Theorem 5. «

Finally, we specify the nondifferentiability set of the Cantor function with respect
to the even factorial-type expansion.

Example 7. (n = 4) Here, we list endpoints of intervals that constitute K4 and the
values of f on the endpoints of the intervals are as follows:

ag,aq | endpoint of Ip,q, | min f(x) | max f(x)
x€lay,ay z€lay,ay
0,0) 0,1/8 0 1/4
0,3) 3/8,1/2 1/4 1/2
(1,0 1/2,5/8 1/2 3/4
(1,3) 778, 1 3/4 1

1 31 15 7
Thus, Ky = |0, < = == =, 1].
o 1= o [g ] o o 6] 5

Example 8. (n = 6) The endpoints of intervals that constitute K¢ and the values of
f on the endpoints of the intervals are as follows:

az, a4, a6 | endpoint of o, ay.a6 min  f(x) max f(x)
r€lay,ay,a4 2€lay,ay,a¢
(0,0,0) 0,1/48 0 1/8
0,0,5 5/48,1/8 1/8 1/4

( )

( ) 3/8,19/48 1/4 3/8
( ) 23/48,1/2 3/8 1/2
(1,0,0) 1/2,25/48 1/2 5/8
( )

( )

( )

29/48,5/3 5/8 3/4
7/8,43/43 3/4 7/8
47/48,1 7/8 1




1

Thus, Kg = |0, —
us, e |:748

v
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) 1U319U231U125
48’ 8 8748 487 2 2748

Example 9. (n = 8) The endpoints of intervals that constitute Kg and the values of

f on the endpoints of the intervals are as follows:

I

29 51 ,|7 43
18'8) 7|8 48

43

I

ag, a4, a6, ag | endpoint of o, ay.a6.08 min f(zx) max  f(x)
2€lay,ay,a6,08 2€lay,ay,a6,08
(0,0,0,0) 0,1/384 0 1/16
(0,0,0,7) 77384, 1/48 1/16 1/8
(0,0,5,0) 5/48,41/334 1/8 3/16
(0,0,5,7) 47/384,1/8 3/16 1/4
(0,3,0,0) 3/8,145/384 1/4 5/16
0,3,0,7) 151/384, 10/48 5/16 3/8
(0,3,5,0) 93/48, 185 /384 3/8 7/16
(0,3,5,7) 191/384, 1/2 7/16 172
(1,0,0,0) 1/2,193/384 1/2 9/16
(1,0,0,7) 199,384, 25,/48 9/16 5/8
(1,0,5,0) 20748, 233 /384 5/3 11/16
(1,0,5,7) 239/384,5/8 11/16 3/4
(1,3,0,0) 7/8,337/384 3/4 13/16
(1,3,0,7) 343/384,43/48 13/16 7/8
(1,3,5,0) 47748, 377/384 778 15/8
(1,3,5,7) 383/384, 1 15/16 1
Thus
- ol e 5 B B
' 384 3847 48 48’7 384 384" 8 87384

v i) i 3] s ] 23

384748 ~ |487384] T 38472 T [27384
20 233) 1289 5] (7 387] [843 48) [47 877] (383
487 384 3847 8 87 384 3847 48 48’7 384 384’

199 25
3847 48

47
48’

As observed the above examples, we obtain;

Proposition 16. Let f(z) = 2*, x € [0,1].

1 n
(1) K, consists of one long interval with length -5 and 2271 —1 small closed intervals
n!!
2
with length —.
nl!
(2) Ky, D Kpya for all even n > 2.

(3) Forx ¢ (oo, Kon, f'(x)=0.

Contrary to Proposition 16(3) above, the function f(z) = z* is again nowhere
differentiable in (07 ; Kay.
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Theorem 7. For x € (| Kon, f'(z) does not exist as a finite value.

Proof. The proof is the same as that of Theorem 5. «

6. Dimension of the nondifferentiability sets of the Cantor functions

6.1. Box dimension of the subset on the number line

Let us recall the definition of the box dimension.

Definition 9. Let E be a subset of [0, 1].

(1) Write N.(E) for the smallest number of intervals of length r to cover E.
log N,.(E
(2) The box dimension, dimp E of E, is defined to be dimp E = lir% Oglog()'
r—> - T

Example 10.

(1) Let E = {0}. Since N,(E) =1 for any r > 0, we have

log N,.(E log 1
dimp E = lim 28V (E) _ ) losl
r—0 —logr r—0 —logr

(2) Let E ={a,b}, where 0 <a<b<1l. When0<r <b—a, then N.(E) =2, and

log N,.(E log 2
dimp E — lim 08N () oy log2
r—0 —logr r—0 — logr

(3) Let E=(0,1). Then it may be deduced that

NT(E):{l/T 1/reZ,
[1/r]+1 1/r ¢ Z.
Thus, 1/7 < N,(E) < 1/r+1. Since

1:10g1/7“<10g]\7,ﬂ(E)<10g1/r+1:1_ 1 7
—logr = —logr — —logr log r

as r | 0, we obtain dimp E = 1.

6.2. Box dimension of the nondifferentiability set of the Cantor func-
tion with respect to factorial-type expansion

Theorem 8. Let K be the nondifferentiability set of the Cantor function with respect
to the expansion generated by the factorial. Then dimp K = 0.
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1 1
Proof. Let 0 < r < 3 and take n € N so that — < r < . Recall that

1
n! ~ (n—1)!
K,_1 is composed of 2"~2 — 1 intervals. We denote by L,, the union of the one-point
set {1/2} and the set of all endpoints of these intervals. Thus L, is made up of 272

1
Tk Therefore, N,(L,) = 2"2.

points and the distance between them is at least
Since L, C K, N.(K) > N,(Ly) = 2"2.

On the other hand, K C K,,, and K,, is made up of 2"~! — 1 intervals. Decompose

one large interval equally to obtain [a7,b7] for j =1,2,..., 2"~1. Considering
aj + by B aj + by

+r| j=1,2,...,2" 1

T?
2 2
we obtain N,(K) < N,(K,) < 2", Therefore

log 22 < log N,-(K) < log 271
logn! = —logr = log(n—1)!"

Since n — oo as r — 0, we obtain

deK:hmEQ&@Q

=0. «
rl0  —logr

6.3. Box dimension of the nondifferentiability set of the Cantor func-
tion with respect to odd factorial-type expansion

Theorem 9. Let K be the nondifferentiability set of the Cantor function with respect
to the expansion generated by the odd factorial. Then dimp K = 0.

Proof. Although the proof is almost the same as Theorem 8, we give the details since

1
the intervals we need to consider are a little different from other cases. Let 0 < r < 3"

1 1
We take n € N so that ————— < r < —. Recall that K,,_o is composed of
(n+2)! ol

2"7" intervals. We denote by L, the set of all endpoints of these intervals. Note that
n—1
L, is made up of 272 points. Note that these points are torn apart: the distance

1 ne
of any distinct points is at least — Therefore, N, (L) = 92"2". Since L, C K,
n!!
N,(K) > Ny(L,) = 2" .
On the other hand, K C K,, and K,, is made up of 9" intervals, which we label
n—1
[a?,07] for j =1,2,...,2 2 . Considering

3777

a” + b a” +b? n—
.72 .7_7.’ ]2 J_|_r j:1’2,...,2717
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n—1

we obtain N, (K) < N,(K,) <22 . Therefore

logQHT_1 < log N, (K) < log;QnT_1
log(n +2)!! = —logr ~— logn!!

Since n — oo as 7 — 0, we obtain

dimp K = lim log N (K)

=0. «
rl0  —logr

6.4. Box dimension of the nondifferentiability set of the Cantor func-
tion with respect to even factorial-type expansion

Theorem 10. Let K be the nondifferentiability set of the Cantor function with respect
to the expansion generated by the even factorial. Then dimp K = 0.

Proof. The proof is the same as Theorem 8. <«
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