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Some Spaces of Double Sequences, Their Duals and Mat-
rix Transformations
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Abstract. In this paper we define certain generalized double difference sequence spaces by means
of an Orlicz function in 2-normed spaces. We prove that these spaces are Banach spaces
and establish some inclusion relations. We also determine the a— and [(t)-dual of spaces
M (M, A™ u,w, ||+, -]|) and Cp (M, A™ u,w, ||-,-||), respectively. Finally, we characterize the classes
(1 : Co(M,A™ u,w, ||+, -|) for & € {p,bp,t} of matrix transformations where p is any given space
of double sequences.
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1. Introduction and Preliminaries

In [8] Géhler introduced the notion of 2-normed spaces as a generalization of a normed
linear spaces, which was used to study sequence spaces and summability (see ([11],[31]),

[12], [26]).
Let X be a real vector space of dimension d, where 2 < d < oo. A 2-norm on X is a
function ||.,.]| : X x X — R which satisfies the following:

1. ||z, y|| = 0 if and only if x and y are linearly dependent,

2. [z, yll = lly, I,

3. |laz,yll = lofllz, yl,a € R,

4. |z, y+ 2| < ||z, yl| + ||z, 2|, for all z,y,z € X.

The pair (X, ||.,.]|) is called a 2-normed space (see [11]). For example, we may take

X = R? equipped with the 2-norm defined as |z, y|| = the area of the parallelogram
spanned by the vectors x and y which may be given explicitly by the formula

T11 T12 D

|21, 22||p = (’
21 TI22
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Then, clearly (X, ||-,-,-||) is a 2-normed space. Recall that (X,|-,-,||) is a 2-Banach space
if every Cauchy sequence in X is convergent to some x in X.

An Orlicz function M is a function, which is continuous, non-decreasing and convex
with M (0) =0, M(z) > 0 for z > 0 and M(z) — 0o as x — 00.

Lindenstrauss and Tzafriri [14] used the idea of Orlicz function to define the following
sequence space:

o0
by = {wa:ZM<M) < 00, forsomep>0},
p

k=1

which is called an Orlicz sequence space. The space ¢j; is a Banach space with the norm

. N (el
|]:U||—1nf{p>0.;M< )gl}.

p

It is shown in [14] that every Orlicz sequence space ¢; contains a subspace isomorphic to
l,(p > 1). In the later stage, different Orlicz sequence spaces were introduced and studied
by Parashar and Choudhary [27], Mursaleen [17] and many others.

The notion of difference sequence spaces was introduced by Kizmaz [13], who studied
the difference sequence spaces lo(A), ¢(A) and cy(A). The notion was further generalized
by Et and Colak [7] by introducing the spaces loo(A™), ¢(A™) and co(A™).

Let n, v be non-negative integers. Then for Z = ¢, ¢y and [, we have sequence spaces
Z(AY) ={x = (zx) e w: (ALzy,) € Z},

where Az = (A'z,,) = (A" 'z, — A" 12,,.1) and A%z, = z,,, for all m € N, which is

equivalent to the following binomial representation:

n & v n
Alx, = Z(—l) < y >xm+w.

v=0

Taking n = v = 1, we get the spaces lo(A), ¢(A) and co(A) studied by Kizmaz[13].
Taking v = 1, we get the spaces lo(A"), ¢(A™) and co(A"™) studied by Et and Colak [7].
Similarly, we can define difference operators on double sequence spaces as:

Al‘m,v = (xm,v - xm,erl) - ($m+1,v - :L‘erl,erl)
= Tmoy — Tmo+l — Tmtlo T Tmtlo+1s
and
n n—1 n—1 n—1 n—1
A Tmoy = A Tmup — A Tmo+1 — A Tm+1,v +A Tm+1,0+1-

For more details about sequence spaces see [18], [21], [22], [23], [25], [28], [29], [30]), and for
double sequence spaces one can refer to [15], [19], [24]. By w and © we denote the sets of
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all real valued single and double sequences which are the vector spaces with coordinatewise
addition and scalar multiplication. Any vector subspaces of w and §2 are called the single
sequence space and the double sequence space, respectively. By M, we denote the space
of all bounded double sequences, that is

M, = {:c = (Tmo) € Q1 [|Z]|cc = sUp |Tmo| < oo},
m,veEN
which is a Banach space with the norm ||z|/~, where N denotes the set of all positive
integers. Consider a sequence = (Z,,) € Q. If for every € > 0 there exists ng = ng(e) € N
and [ € R such that |z,,, — | < € for all m,v > ny, then we say that the double sequence
x is convergent in the Pringsheim’s sense to the limit [ and write p — lim x,,,, = [, where
R denotes the real field. By C, we denote the space of all convergent double sequences in
the Pringsheim’s sense. It is well-known that there are such sequences in the space C, but
not in the space M,,. Indeed, following Boos [4], if we define the sequence x = (z,) by

S m=1, v EN,
™0, m>2, veEN,

then it is trivial that « € C,\ M, since p—lim z,, = 0 but ||z||cc = 00. So, we can consider
the space Cyp, of the double sequences which are both convergent in the Pringsheim’s sense
and bounded, i.e., Cp, = C, N M,. A sequence in the space C, is said to be regularly
convergent if it is a single convergent sequence with respect to each index. We denote the
set of all such sequences by C;. Also, by Cy,0 and Cyo we denote the spaces of all double
sequences converging to 0 contained in the sequence spaces Cy, and C;, respectively. Moricz
[16] proved that Cpy, Cyop, C; and Cyo are Banach spaces with the norm ||-||. Let us consider
the isomorphism 7' defined by

T:Q— w, (1)

Tz = (20) == (Tp-1(n)),

where ¢ : N x N — N is a bijection defined by
e[(1,1)] =1,

el(1,2)] = 2,0[(2,2)] = 3, ¢[(2,1)] = 4,

Pl(Lv)] = (v =1 +1,0(20)] = (v-1)* +2,- -,
plw,v)] = (0 =1 +v,9[(v,0 = D] =v* —v+2,- -, ¢[(v, 1)] = v*,
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Let us consider a double sequence x = (z,,) and define the sequence h = (hy,,) which
will be used throughout via x by

m

Py = Z s Trs, (2)

r

for all m,v € N. For the sake of brevity, here and in what follows, we abbreviate the

m v
summation ZZ by Z and we use this abbreviation with other letters. Let A be
T S

rs
a space of a double sequences, converging with respect to some linear convergence rule

v—lim : A — R. The sum of a double series Z Trs With respect to this rule is defined by
TS

v— Z Trs =v— lim hg,,. Let A\, pu be two spaces of double sequences, converging with
muv—o00

TS
respect to the linear convergence rules v; —lim and vy — lim, respectively, and A = (auk1)
also be a four dimensional infinite matrix over the real or complex field.
The a—dual X%, 3(v)—dual M) with respect to the v—convergence for b € {p, bp, t}
and the y—dual A7 of a double sequence space A are respectively defined by

A = {(am) cQ: Z |arszrs| < oo for all (z,4) € /\},

r,s

M) = {(am) cQ:v— Zarsxm exists for all (z,5) € )\},

7,8

k,l
A\ = {(am) € Q:sup ‘ Zarsxrs < oo for all (z,s) € /\}.

k.l
It is easy to see for any two spaces A, p of double sequences that u® C A% whenever
A C pand X C A7, Additionally, it is known that the inclusion A* € A3®) | holds while
the inclusion A?(®) ¢ X7 does not hold, since the v—convergence of the sequence of partial
sums of a double series does not imply its boundedness. The v—summability domain /\g))
of a four dimensional infinite matrix A = (amnk) in a space A of a double sequences is

defined by

) _ [, _ ) (. . -
)\X = {x = (zp) € Q: Ax = (v kZJamvklxkl)m,veN exists and is in )\}. (3)

We say, with the notataion (3), that A maps the space A into the space p if and only if
Ax exists and is in p for all x € A and denote the set of all four dimensional matrices,
transforming the space A into the space p, by (A : u). It is trivial that for any matrix
A e (XN:p), (@mokl)k,ien is in the B(v)—dual M) of the space A for all m,v € N. An
infinite matrix A is said to be C,— conservative if C, C (Cy)a. Also by (A : u : p),
we denote the class of all four dimensional matrices A = (@ppk) in the class (A : )
such that ve — lim Az = v; — limz for all x € A. Now, following Zeltser [32], we note
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the terminology for double sequence spaces. A locally convex double sequence space A
is called a DK —space, if all of the seminorms tx; : A = R, x = (z) — |xg| for all
k,l € N are continuous. A DK —space with a Fréchet topology is called an F'DK —space.
A normed FDK —space is called a BDK —space. We record that C; endowed with the

norm || - oo : Gt = R, z = (x) — sup |zy| is a BDK—space. Let us define the
k,lEN
following sets of double sequences:

Mu(g) = {(xmv) S Q: sup |xmv‘gmv < OO},

m,vEN

Cplg) = {(xmv) €eQ:deCsp-— rr}iglelN |y — 1|9 = 0}7

C()p(g) = {(xmru) < Q p— W}%’IelN ’xmv‘gmv — 0}7

)

£u(9) = {(@me) €25 Y fomol < oo},

m,v

Cbp(g) = Cp(g) N Mu(g) and CObp(g) = COp(g) N Mu(g)a

where g = (gmo) is the sequence of strictly positive reals g, for all m,v € N. In the case
Gmy = 1 for all m,v € N; My (9),Cp(9),Cop(9), Lu(9), Cop(g) and Copp(g) reduce to the sets
My, Cp, Cop, Lu, Cpp, respectively. Now, we can summarize the knowledge given in some
previous works related to the double sequence spaces. Gokhan and Colak [9, 10] have
proved that M, (g),Cp(g) and Cp,(g) are complete paranormed spaces of double sequences
and gave the alpha-, beta-, gamma-duals of the spaces M, (g) and Cp,(g). Mursaleen and
Edely [20] have introduced the statistical convergence and statistical Cauchy for dou-
ble sequences, and gave the relation between statistically convergent and strongly Cesaro
summable double sequences. For recent on statistical convergence, we refer to [5]. In [1],
Altay and Bagar have defined the spaces BS,BS(g),CSpy, CS; and BY of double series
whose sequence of partial sums are in the spaces M, My(g),Cp,Cip,C; and L,,, respec-
tively, and also examined some properties of those sequence spaces and determined the
alpha-duals of the spaces BS, BV, CSy, and the 3(v)—duals of the spaces CSy, and CS; of
double series. Quite recently, Bagar and Sever [2] have introduced the Banach space £,
of double sequences corresponding to the well-known space [, of absolutely ¢g—summable
single sequences and examined some properties of the space £,. Furthermore, they deter-
mined the B(v)—dual of the space and established that the alpha- and gamma-duals of
the space L, coincide with the f(v)—dual, where

£q:{($rs)€QZZI‘r5‘q<OO}, (1§q§< 00)7

T8

c&:{@geammme@}

Here and after we assume that v € p, bp, t.
Demiriz and Duyar [6] introduced the new double difference sequence spaces M, (A),



108 K. Raj, M.A. Khan

Cp(A), Cop(A) and L4(A), where A = &, is the double difference matrix of order one
defined by

5 (=Ml m 1<k <m, v—1<1< ;s
mukl =, otherwise ’

for all m,v, k,1 € N. Additionally, a direct calculation gives the inverse A~ = H = (h,on1)
of matrix A as follows:

3 1L, 0<k<m, 01 <y
mekl = 0, otherwise ’

for all m,v,k,l € N. By Cyp,(M, A", u,w, |-, -||) and C¢(M, A", u,w, |-, -||) we denote the set
of all bounded and convergent and regularly convergent double sequence spaces, respec-
tively (see [3]). Let M be an Orlicz function, (X, |-,-||) be a 2-normed space, w = (Wmy)
be a bounded sequence of strictly positive real numbers and v = (uym,,) be a sequence of
positive real numbers. By (2 — ) we denote the space of all double sequences defined
over (X, ||-,-]|). In the present paper we define new generalized double difference classes of
sequences as follows:

Mo(M, A" u,w, ||--|)) = {(mmv) 02— 1) ﬁgNM(HW,zH)w”” < oo},

CP(Mv An,u,w, Hv H) -

m,v—00 P

- {($mv) €eQ2-x):IecCop— lim M(‘)M,zu>wmv _ 0}7

m A" m Wmv
60p<M,M,u,w,||-,-u>={(a:mv)em—x):p— lim g (|| 2= ) :o},

m,v—00 P

Lo(M, A" u,w,||-,-|]) = {(xmv) eN2-2): [ZM(HW’Z‘DMW](Z < 00,

1§q<00},

where A%, = A" L, — A”_lxm,wl — A”_lxmﬂﬂ, + A”_lmeerH.
Define the sequence y = (ymy) as the difference transform of the sequence = = (),
and an Orlicz function over 2-normed space:

mUAn muv Wmo
[ == ) ™ @

o = (A" )y = M (|| =2

for all m,v € N.
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The main purpose of this paper is to study some generalized double difference sequence
spaces via Orlicz function over 2-normed spaces. In the beginning we establish some
topological properties and prove some inclusion relations between above defined sequence
spaces. Further we also determine the duals of some spaces. In the end we characterize
the matrix transformation from the space Ci(M, A" u,w, |-, -||) to the double sequence
space Cy.

2. Some topological properties

In this section we make an effort to prove some topological properties and inclusion rela-
tions between above defined sequence spaces.

Theorem 1. Let M be an Orlicz function, w = (wpy) be a bounded sequence of strictly
positive real numbers and u = (umy) be a sequence of positive real numbers. Then the
classes of sequences My (M, A", u,w, ||-,-||), Cp(M, A", u,w,|-,-||), Cop(M, A", u,w,||-,-||)

and Lo(M, A", u,w, ||-,-||) are linear spaces with the coordinate wise addition and scalar
multiplication and M, (M, A", u,w, ||-,-||), Cp(M,A"™ u,w,||-,|), Cop(M,A", u,w,||,-||)
and Lq(M, A", u,w, |-,-||) are Banach spaces with the norms

(e

5 ()

% Mo (aram w1 = sup M
m,vEN

Q=

TIRYANLS, —
2/l 2, (M, A7 ) = [Z [M<H7ZH> ] ] (1<g<o0). (6)

m,v P

Proof. The first part of the theorem is obvious, so we omit the details. Since
the proof may be given for the spaces M, (M, A", u,w|-,-||), Cp(M, A", u,w,|-,-||) and

Cop(M, A", u,w, ||-,-||) to avoid the repetition of the similar statements, we prove the the-
orem only for the space L,(M, A", u,w, |-, -]]).
It is obvious that ||z, (a,amuw,--|) = IYllc,s where || - [[; is the norm on the space

L. Let {z(D} is a Cauchy sequence in Ly(M, A" u,w,|-,-]|). Then {yM};en be a Cauchy

sequence in £, where y(i) = {yffl)v mw—=0 With

(i) :M(H“mvw%v,z”)wm“,
P

ymv

for all m,v € N. Then for a given € > 0, there is a positive integer N = N (e) such that
. . l
{ Z ‘yirw - ygm)‘q}q
m,v
= {3 e ) - ne (e <))

oo P 1%

Hyi - yqu

Q=
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< e forall 4,j €N, (7)

which lead us to the fact that {y,(,?v}mmeN is a Cauchy sequence in C. As C is complete, it
converges, say

lim y£n)v = Ymo- (8)

i—00

Using these infinitely many limits, we define the sequence y = (yp)oe

mw=0- Lhen we get
by (8) that

1m {97, — Ymoll 2, (0,87 w0,
71— 00

= im {37 [ar(re e o) ar( e )

=0. 9)
Now we have to show that y € Ly. Since y* = {yh,,}55,—0 € Lg, by (9)

(5 (e 'y

7 p

Q=

R (e e e I

)

- Sl )T <

m,v

Q=

which shows that the sequence Lq(M,A"™ u,w,||-,-]|) belongs to L£,. As {x%}ieN was
arbitrary Cauchy sequence in L£4(M, A", u,w, ||-,-||), the space is complete. This completes
the proof. «

Theorem 2. Let M be an Orlicz function, w = (wpy) be a bounded sequence of strictly
positive real numbers and u = (unmy) be a sequence of positive real numbers. Then the
space N(M, A" u,w,|-,-||) is linear isomorphic to \, where A denotes any of the spaces
My, Cp, Cop and L.

Proof. We show here that M, (M, A" u,w, |-, -||) is linear isomorphic to M,,. Consider
the transformation 7" from M, (M, A", u,w, ||-,-||) to M, defined by

e = 33 o= 30 3 ha([ R )" (0)

m=0 v=0 m=0 v=0

for all r,s € N. Suppose y € M,,. Then, since

Ump A" X Wmo
bl = s | S5 (] o

r,s€N —0v—0
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= sup [yrs| = [|ylloc < o0,
r,s€N
x = (zr5) defined by (10) is in the space M, (M, A", u,w, |-, -||). Hence T is surjective and
norm preserving. This completes the proof. «

Theorem 3. Let M be an Orlicz function, w = (wpy) be a bounded sequence of strictly
positive real numbers and u = (umy) be a sequence of positive real numbers. Then M., is
a subspace of the space My (M, A", u,w,|-,-|).
Proof. Let us take © = () € My,. Then there exists a K such that sup |2,,,| < K for
m,v

all m,v € N. If we take M = I(Identity), u = (Umy) = 1, w = (Wimy) = 1 for all m,v € N|

n
n = 1,p =1, and replace 2-norm by l-norm(||z|| = Z |z;|), then one can observe that

=1
|Axmv‘ = |xmv — Tmuy+l — Tm+le T $m+1,v+1|
< Zmol + |Zmw+1] + 1 Zma10] + 1Zmt1,041]- (11)

Then we see by taking supremum over m,v € N in (11), that ||z||x < 4K that is x €
MU(M7 A" u, w, H? H)

Now we see that inclusion is strict. Let = (x,,) be defined by x,,, = muv, for all
m,v € N. Then © € M, (M, A", u,w, ||, -||)\ M,. This completes the proof. «

Theorem 4. Let M be an Orlicz function, w = (wpy) be a bounded sequence of strictly
positive real numbers and u = (umy) be a sequence of positive real numbers. The inclusion
Ly C Ly(M, A" u,w, ||-,-||) strictly holds, where 1 < g < 0.

Proof. To prove the validity of the inclusion £, C Ly(M, A", u,w, ||-,-||), it suffices to
show the existence of a number K > 0 such that

2]l £,(00,a7 s - < K2l

for every z € L, Let v € £, 1 < ¢ < oo, take M = I(Identity), u = (umy) = 1,
w = (W) = 1 for all m,v € N, n = 1,p = 1, and replace 2-norm by 1-norm. Then we
obtain

1
12l 2o, Aa7 - ) = { D me = Tmwt1 = Tmiprw + fﬁm+1,v+1|q} !

m,v

< Aflzlle,.

This shows that the inclusion £, C L,(M, A", u,w, |-, -||) holds. Additionally, the sequence
T = (Tymy) defined by

S 1, v=0,
™0, otherwise,
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for all m,v € Nis in L,(M, A", u,w, |-, -]|), but not in L,, as asserted. This completes the
proof. «

Theorem 5. Let M be an Orlicz function, w = (wpny) be a bounded sequence of strictly
positive real numbers and u = (umy) be a sequence of positive real numbers. Then the
following statements hold:

(1) Cp is a subspace of Cp(M, A", u,w,|-,-|);

(1) Cop is a subspace of Cop(M, A", u, w, |-, ]]).

Proof. We only prove the inclusion C, C C,(M, A", u,w, ||-,-||). Let us take z € Cp,.
Then for given € > 0 there exists n(e) € N such that
€
]xmv l| < Z,

for all m,v € n(e). In particular, by taking M = I(Identity), u = (ump) = 1 W = (Wmy) =
1for all m,v € N, n =1, p =1, and replacing 2-norm by 1-norm, we obtain

’Axmv’ = ’wmv — Tmy+l — Tm+loe T xm-{—l,v—&-l‘
< ’xmv - l| + ‘xm,v—s—l - l‘ + ‘wm—i-l,v - ” + ’xm—l-l,v—i—l - ”
< Syt
4 4 4 4 7
(i Ana}' Wmo
for sufficiently large m,v, which means p — lim M (Hu, z”) = 0. Hence
m,v—00

p
x € Cp(M, A", u,w, |-, -]|). This is to say that C, C C,(M, A", u,w, ||-,-||) holds.

Now we show that the inclusion is strict. Let = (2,,) be defined by zpn, = (m+1)(v+1)
for all m,v € N. It is easy to see that

An muv
p— lim M(Hiumv IBmv’ZH)“’ =1

m,v—00 P
But lir_1>1 (m+1)(v+ 1) does not tend to a finite limit. Hence x ¢ C,. This completes
m,v—00
the proof. «

3. The a— and [5(t)— duals

In this section, we determine the alpha-dual of the space M, (M, A" u,w,|-,-||)
and the [(t)— dual of the space Ci(M, A" u,w, |-, -||) and B(¥)— dual of the space
Cp(M, A" u,w,|-,-||) of double sequences, ¥,n € {p,bp,t}. Although the a-dual of a
space of double sequences is unique, its S-dual may be more than one with respect to
1¥—convergence.

Theorem 6. Let M be an Orlicz function, w = (Wmy) be a bounded sequence of strictly
positive real numbers and u = (umy) be a sequence of positive real numbers. Then the

a—dual of space My (M, A" u,w,|-,-||) is L.
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Proof. Let x = (xy5) € Myu(M, A" u,w, |-,-||) and z = (zs) € L,. Hence, by Theorem
2, there is a sequence y = (Ymo) € My, and by taking M = I(Identity), u = (Umy) = 1,
w = (W) = 1, for all m,v € N, n =1, p = 1, and replacing 2-norm by 1-norm, we obtain
that there exists a positive real number K such that |ym.| = W for all m,v € N.
So we use the relation (10) to have

S el = X
T,

S 33 T S

r,8 m=0 v=
T s
= E Zrs E E Ymo
TS m=0 v=0

< KZ‘ZTS‘ < 0.
T,8

So z € {M (M, A" u,w, |-, -||) }¥, that is
[’u - {MU(M7 An7u7w7 H’ H)}a (12)

Conversely, suppose z = (zps) € {My (M, A" u,w,|-,-||)}* By taking M = I(Identity),

u = (Uny) = 1, w = (W) = 1, for all my,v € N, n = 1,p = 1, and replacing 2-

norm by l-norm, we have Z |2rsrs| < 00, where © = (z,5) € My (M, A", u,w,|-,-||). If
r,5

z = (%rs) ¢ Ly, then Z |zrs| = 00,. Further if, we choose y = (ymy) such that

8

(m—+1)(v+1)°

S — 0<r<m, 0<s<uv;
Hmo = 0, otherwise.

for all m,v € N, then y € M,,, but

r s
1
D lestal = 3| 303 | = X el =
f s m=0 v=0 r,s

Hence z ¢ { M, (M, A" u,w, |-, -||)}*, which is a contradiction. So we have the following
inclusion:

{M (M, A" u,w, ||+ -} C L. (13)

Hence from the inclusions (12) and (13) we have

{MU(M7 An7u7w7 ”7 ||)}a - Eu |

Lemma 1. The matriz A = (amuors) s in (Cy : Cy) if and only if the conditions hold:

supz |@mnrs| < 00, (14)
m,v r,8
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FveC39— m}ir_r}loozs:amws =, (15)
d(ars) €239 — m,lzigloozam”” = aps for all r,s € N, (16)
Ju* e Co> 49— m}qi}r_rgoo Z Amors, = w0 for fivzed sgp € N, (17)
Fvp,, € C3 09— m}grBw Z murgs = Ury for fixed ro € N. (18)

Lemma 2. The matriz A = (amors) is in (Cop : Cy) if and only if the following conditions
(14)-(16) of Lemma 1 hold, and

9 — m}lljrgooz |@mursy — arsy| =0 for fized so € N, (19)
r

9 — m}li}rgoo Z |@murgs — Args| = 0 for fized ro € N. (20)
T

Lemma 3. The matriz A = (amurs) s in (Cyp : Cy) if and only if the conditions (14)-(16)
of Lemma 1 hold, and

Vre NIREN 3 amprs =0 for 7> R for all m,v €N, (21)

VseNISeN 3 amprs =0 for s> 8 forall m,veN. (22)

Theorem 7. Define the sets

F = {a = (ay5) €Q2(2—-X): Z(r +1)(s+1 )M(HM,z‘ am)wm < oo}7
F= {a = (ars) € Q2 - X) —mlqggﬂoozz Z (HM H)wmapq,

p=r q=s0

exists for each fixed 50},

F3 = {a = (a;5) €EQ2—-X) : t — mléglooz Z Z (HM,Z‘DWW%Q’

s P=T049=50

exists for each fized rg}.

Then {Cs(M, A", u,w, ||-,-|)}*®) = Fy N Fy N Fs.
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Proof. Let x = (zy5) € Ce(M, A™, u,w, |-, -||). Then there exists a sequence y = (Ymy) €
C¢. Consider the inequality

fmy = lim § E QrsTrs
m,v—00

r=0 s=0
r s
. u Anx Wmo
ST 9 30 b9y M CH(EESE )
’ r=0 s=0 p=0 q=0 P
. U An.’lj Wmy
- S (ST ) o
’ r=0 s=0 0 ¢g=0 P
m
= Zzbmvrsyrs
r=0 s=0
= (By)rsv

for all m,v € N. Hence we define the four dimensional matrix B = (byurs) as follows:

r s
U Aniv Wmo
lim E E M(HMZH) a 0<r<m, 0<s<u;
m,v—00 i p ’ P - ’ - =7
p=U g=

0, otherwise.

bmvrs =

(23)

Thus we see that ax = (ampTmy) € CSy whenever © = () € Co(M, A" u,w, |-, |)
if and only if z = (z) € C whenever y = (ymy) € C;. This means that a = (amy) €
{Ce(M, A™ u,w, |-, -|)}P® if and only if B € (C; : C;). Therefore, we consider the following
equality and equation:

suEZZ!bmwA < supZZ(ZZM(HumUA Lo H)wmv|apq]>
7 r=0 s=0 r=0 s=0 \ p=0 q=0
_ Supzz (ZZM(“umUA Tmo H)wmu|ars|)
r=0 s=0 \ p=0 q=0

= supzz r+1 (HM,ZH)WMWSL (24)

r=0 s=0 P

_ Sup(izM(H“mA e H)wmvapq) )
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Then we derive from the condition (14)-(16) that

sup(r + 1)(s + 1)M(HW”A/)%,ZH) |ans| < oo (26)

T8

From Lemma 1, conditions (17) and (18) it follows that

ol S =t i 37303 ([

T p=Trg=s0

)wmvam’ (27)

exists for each fixed sg € N and

m
b m,llllglooz bmvros =t- m,l},glooz Z ZM<H Uva T ‘
s

s p=ro q=s

)wmvapqv (28)

exists for each fixed 79 € N. This shows that {C;(M, A", u,w,|, -H)}B(t) = Fi1 N FyN F;,
which completes the proof. «

Now, we may give our theorem exhibiting the [(9)-dual of the series space
Cp(M, A", u,w, |-, -]|) in the case n, ¥ € {p,bp,t} without proof.

Theorem 8. {C,(M, A" u,w,|-,-|)}*™ = {a = (amy) € Q: B = (burs) € (Cy : Co)},
where B = (byurs) s defined by (23).

4. Characterization of some four dimensional matrices

Theorem 9. The matric A = (amurs) 15 i (Ce(M, A" u,w, ||-,-||) : Cy) if and only if the
following conditions hold:

33 S ([ ) | < @

p=k q=l

¥ — lim Z Z Z M(H uva Lo H)wmvamqu exists for fized sq, (30)

b,c—)oo

0 p=r g=s0
. U A" Ty Wmy
Y — lim Z Z ZM(Hi H) Amupq €xists for fized ro, (31)
b,c%oo Z0 p=ro g=s
Umo A" Wiy
—I%TZEEMQ‘ m m ZH) Amuvpg = Ak for all k,l € N, (32)
p=k ¢=

Hulo eC>syY— ELII;ZZ Z M(Huva Tmo H)’wnwamqu _ ulO for ﬁxed lo €N,

k p=kq=lo ()
33
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Jugy € C 59 — gnq}z Z ZM(HM ) g = vk for fized ko €N,
p=Fko q=I

(34)

avecaﬁ—%ZZZZM(H“m”A Lo H)wm”amvm:v. (35)

kil 1 p=k q=l

Proof. Let & = () € Ce(M, A", u,w, ||-,-||). If we take M = I(Identity), u = (tumy) =
1, w = (W) = 1 for all m,v € N, n =1,p = 1, and replace 2-norm by 1-norm, then we
define the sequence y = (y;) by

Ykl = Tkl — Thy1,] — Thie1 + Thp1041 (K1) € N

Then y = (yx) € C: by Theorem 2. Now for the (b, ¢)th rectangular partial sum of the
series Z QmursTrs, we derive that

T,8

b
(Ax)g){g} = Z GAmyrsTrs

r S
u Anm' Wmwv
_ M(HM’ZH) Ypa | Gmors
: p

- Zb: ¢ <r s M(Huva”xmv H)wv ) (36)
= : 7{) y 2 Amurs | Ypg>

for all m, v, b, c € N. Define the matrix D,,, = (dﬁ’lﬁ]rs) by

A" Wmo
ZZM(HUWW e H) Amopg, 071 <b, 0<s <

[b,q] _
(diivrs) = (37)
0, otherwise.
Then the inequality (36) may be rewritten as

[b,c]

Then the convergence of the rectangular partial sums (Ax)m), in the regular sense for all
m,v € N and for all x € C,(M, A", u,w, ||-,-||) is equivalent to saying that D,,, € (C; : Cy).
Hence the following conditions
A"
S (k4 1)1 +1 ’M(HM
k.l

7ZH>wmvamvkl’ < o0, (39)
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va muv Wmw 1
9— lim Z Z Z (Hu7 ZH> Amupq €xists for fixed sg, (40)

b,c—)oo
=0 p=r q=so

¥ — lim Z Z Z M(HM H)w"w Amupq €xists for fixed ro, (41)

b,c—o0
=0 p=rg q=5

must be satisfied for every fixed m,v € N. In this case,

J— Lim dg)ucjlrs ZZM(HUWWA Tmo zH)wmvaqu?

b,c—o0
pb=r q=s

9 — (Az)yid =t = lim(Dynoy),

hold. Thus we derive from the two sided implication that Az is in C; whenever x €

Ce(M, A" u,w, |-, -|) if and only if

L D R,

p=r q=s
We have
s 323 3 ([ ] ] < (@
p=k q=l
_ 17%12 Z M(H“m”A Lo zH)w’””amvm = ay for all k,1 € N, (43)

p=Fk q=l

Julo € C 39— %ZZ Z M(H“T’WA Lo H)wm“amvm — 4o for fixed Iy € N,

k p=k q=lp
(44)
uva Tmo Wmv
Jvg,, € C39 — hmz Z ZM(H zH) Amopg = Vk, for fixed kg € N,
ey I p=ko q=l
(45)
uva Tmo Wmo
EIUE(CSﬁ—hmZZZZM(H H) Amuvpg = V. (46)
kl 1 p=k q=l

Now, from the conditions (39)-(46) we have that A = (amuprs) is in (Ce(M, A™, u, |-, -||) : Cy)
if and only if the conditions (29)-(35) hold. This completes the proof. «
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Theorem 10. Suppose that the elements of the four dimensional infinite matrices £ =
(emwkt) and F = (fmwk) are concentrated with the relation

- - m+v—r—s Um”UAnxm”U tWmo
fmvkl = Z Z (_1) M(Hfa ZH) Erskls (47)

r=m—1s=v—1

for all k,l,m,v € N and p is any given space of double sequences. Then E € (u :
Co(M, A"y, |-, -[)) if and only F € (1 Cy).

Proof. Let x = (xy;) € u and consider the following inequality with (47):

Zm: Z Eb: i(_Umﬂ_“‘sM(HZ"””A%”“’,zH)wm”x

r=m—1s=v—1k=b—11l=c—1 P

b c
XershiTht = > Y frokiThi, (48)

k=b—1l=c-1

for all m,v,b,c € N. By letting b,c — oo in (48), one can derive that
Z Z (=)™ (E)s = (F2)mo, (49)
r=m—1s=v—1

for all m,v € N. Therefore Ex € Cy(M,A",u,w,|-,-||) if and only if Fz € Cy whenever
x € u. This step completes the proof. «
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