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Blow-up of Solutions for a Viscoelastic Equation with
Nonlinear Boundary Damping and Interior Source

G. Li*, D. Wang, B. Zhu

Abstract. In this paper we consider the viscoelastic wave equation with nonlinear boundary
damping —|y:(L,t)|™ 'y,(L,t) and interior source |y(t)[?~y(t). We obtain two blow-up results
for the solution with negative initial energy as well as nonnegative initial energy.
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1. Introduction

In this paper, we shall study the following viscoelastic equation with nonlinear bound-
ary damping and interior source terms:

ytt(x’t) - ymm($vt) +/0 g(t - s)ymds = |y($,t)|p_1y(l’,t), (:Evt) € (OvL) X (OvT)7

y(O,t) =0, y:c(L7t) - /0 g(t - S)yx(Las)dS = _‘yt(Lat)‘m_lyt(Lat)v te [07T)7

y(x70) = yO(w)7 yt(l',()) = yl(x)v S [OvLL
(1)

where (0, L) is a bounded open interval in R, m > 1, p > 1.

In the absence of the viscoelastic term (g = 0), the wave equation with interior damping
term has been extensively studied and several results concerning existence, asymptotic
behavior and blow-up have been established. When m = 1, Levine [11, 12] proved that
the solution blows up in finite time with negative initial energy. When m > 1, Georgiev and
Todorova [10] extended this result and established a global existence result if m > p and
a blow-up result if m < p for sufficiently large initial data. Later Messaoudi [20] improved
[10] by considering only negative initial energy. The wave equation with boundary source
term has also been extensively studied. Vitillaro [24] proved a global existence result when
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p < m or the initial data are inside the potential well. In [28], Zhang and Hu proved the
decay result when the initial data are inside a stable set, and the blow-up result when p > m
and the initial data is inside an unstable set. For other related equations with various
source, we can also refer the reader to [1, 3, 4, 5, 7, 9, 13, 14, 15, 16, 17, 19, 22, 25, 26, 27]
and references therein.

In the presence of the viscoelastic term (g # 0), Messaoudi [21] studied the following
system:

t

ug(x,t) — Au —I—/ g(t — 8)Au(T)dT + awgu ™2 = bululP~2, in Qx(0,00),
0

u =0, on T x(0,00),

u(z,0) = ul(z), wu(z,0) =u'(x), x €Q,

(2)
and proved that any weak solution with negative initial energy blows up in finite time if
p > m, while the solutions exist globally for any initial data, in the appropriate space,
provided that m > p. Cavalcanti et al. [6] studied (2) for m = 2 and a localized damping
a(x)u;. They obtained an exponential rate of decay by assuming that the kernel g is
of exponential decay. This work extended the result of Zuazua [29] in which the author
considered (2) with g = 0 and the linear damping is localized.

Recently, Feng et al. [8] considered problem (1) without the viscoelastic term and
obtained the blow-up results with one of the following conditions: (A) 2m < p+ 1 and
E(0) <0; (B) 2m > p+1, E(0) <0, and L > ==y Later, Liu et al. [18] improved
theses results for the solution with nonnegative initial energy.

In this paper we consider problem (1) which contains the viscoelastic term. We are
interested in the interaction among the viscoelastic term fg g(t — 8)yzds, the boundary
damping —|y;(L,t)|™ y;(L,t) and the interior source |y(t)[P~'y(t). We obtain two blow-
up results for the solution with negative initial energy as well as nonnegative initial energy.

This paper is organized as follows. In Section 2, we present some notations needed for
our work and state our main blow-up results (see Theorem 2 and Theorem 3 below). In
Section 3, we give the proof of Theorem 2. Section 4 is dedicated to the proof of Theorem
3.

2. Notations and main results

As in [8], we introduce the notation || - || = || - [|Le(0,z) and the Hilbert space
Hy(0,L) := {u € H'(0,L) : u(0) = 0}.

We define the following functionals:

B0) = 5l + 5 (1= [ o) ) 1@ + S0 0)0) - —Iy@lEE

1) = (1 - g(s)ds> I3 + (9.0 3)(6) — Iy 2T, ()
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where .
(gou)(®) = [ st =7)p(®) — v(r) o

Then, we make the following assumptions on g:
[ee]
90)>0, 1= [Tglds=1>0, g0, <0, Vezo.  (5)
0
By taking a derivative of (3), we get

1 1
E'(t) = —|y(L, 1) + 5 (9 0 ue)(t) - gg(t)ny(t)H% <0, Vt>0.

Next, we state the local existence theorem, which can be proved by adopting the
arguments of [2, 10].

Theorem 1. Assume that (y°,y') € Hlleft(O, L)xL*(0,L) and g is a C' function satisfying
(5). Then problem (1) has a unique local solution y(x,t) satisfying

y(x,t) € C(0, T Higy(0, L)), yi(w,t) € C(0,T; L*(0, L)), we(L,t) € L0, T)
for some T, > 0.
Now, we state our main results as follows.

Theorem 2. Let y(x,t) be a solution of problem (1). Assume that 2m < p+1, (5) and

00 p—1
fy oo < ey o

hold, and the initial energy satisfies E(0) < 0, where

Loz 102 1 0)p+1
E(0) = 5”?4 12 + 5”%“2 Tt 197 -
Then the solution blows up in finite time.

2
1 1 Iyt
FE = <§ — m) apl, oy := <@> 5 (7)

where C, is the optimal constant of the Sobolev embedding ||y||p+1 < Ckl|yz||2, for any
y € H.(0,L). We have the following result.

Set

Theorem 3. Let y(x,t) be a solution of problem (1). Assume that 2m < p+1, I(0) <0,
(5) and
s)ds < ) 8
/0 (o) p—1+1/[(1=n6)*(p—1) +2(1 —n0)] )
hold, where n = er(p_l) € (0,1). Suppose that for any fired 0 < 6 < 1, 0 < E(0) <
OFE1. Then the solution blows up in finite time.
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3. Proof of Theorem 2

In this section, we consider the blow-up result in the case of F(0) < 0. Our proof tech-
nique follows the arguments of [8, 21], with some modifications needed for our problems.

Lemma 1. Let y(x,t) be a solution of problem (1). Assume that E(0) < 0 and 2 < s <
p+ 1. Then there exists a positive constant C > 0 such that

+1
Iyll5+1 < Clllyl13 + lyllpio)- (9)

Proof. If ||y|[p+1 < 1, then it follows from Sobolev embedding and the fact E(t) <
E(0) < 0 that

l9lls1 < I9lsr < Cllysl3 < Clyl L
If ||lyllp+1 > 1, then
lyllyr < il (10)
Therefore (9) follows. <

Set
H(t) := —E(t). (11)

As a result of (3) and (9), we have
Lemma 2. (/21]) Let the assumptions of Lemma 1 hold. Then we have

lyla < CH® = lurll3 = (o ua)®) + Iyl 1), for all ¢ €[0,7),
for any y(-,t) € Hlleﬁ(O, L).

Taking the conditions m > 1, p > 1 and 2m < p + 1 into account, it follows that

z%’ 5 1= < 1. As in [8], we can choose a constant r such that
2 m
0<max{ , }<r<1. (12)
p+1'p+1—m
Then we infer that ) )
2§m+1,mr—: ,]%(1+r)<p+1. (13)

Lemma 3 ([8]). Let y(x,t) be a solution of problem (1) with E(0) < 0. Then there exists
a positive constant C' such that

m# E(1-i—7“)
ly(L, )™ < Oyl + lyllsr + ol 2 ; (14)

for all t € [0,400).
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Define a functional L(t) as

L
L(t) = H'"(t) + ¢ / Yy ()de,
0

for € small to be chosen later and

) { p—1 p—m 1 14+r 1 1—|—r}
0 <o < min , —— —————y— — —— &,
20+ 1) " m(p+1)"m rp+1)m 2m

where 7 is defined in (12). Then we have the following lemma.

Lemma 4 ([8]). Let y(z,t) be a solution of problem (1) with E(0) < 0 and 2m < p
Then there exists a positive constant C' such that

H™()]y(L, )] < Clly(®)lp11.

for all t € [0,400).

Now we are ready to prove our first result.
Proof. (Proof of Theorem 2) Taking a derivative of (15) yields

L L
L(t) 2(1 = o) H 7 (#)lye(L, )" + 5/0 W7 = lyal*](, t)do + E/0 [y da—
t L
— ely(L, )™y (L, £)] + /0 ot —7) /0 e (Oa(7) — e ()]ddr+

e /0 gt — )y (6) 3dr.

Using Schwarz inequality, we obtain
L L
L) 21 - ) H WL 4 e [ = Pl + e [ poP -
0 0
t
—ely (L, )™ y(L, t)| — 6/0 g(t = 7))y (®)l2/lyz(7) = yo(t)||2d7+

e /0 ot — )y (6)|3dr.

By using Young’s inequality, (3) and (11), we obtain from (18)

L t
() >(1 - o) H=* () (L, )™+ + ¢ /O y(a, t)dz — ¢ (1 - /O g(s)ds> lua(8)]13+
p+1

re |4 nmO + T o+ 25 (1 [ atods) I+

107

(15)

(16)

+ 1

(17)

(18)

+I%1<goym)<t>} = elye(L, 0" ly(L. D] — <Blg 0 ya)(1) — 15 / g(s)dsllys (05 >
0

4p
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>(1— o) H " ()L 1)+ + (1 n ]%1) / * 2@ de + c(p+ DHD+
e (ﬂ - B) (9.0 9a)(t) — elye (L™ (L, 1)+

v (B -0) - (B -1 D) [ o] ol (19

for some number 5 with 0 < 5 < 7%1. Since (6) holds, (19) reduces to
p+1\ [*
L'(t) >(1 = o)H ™ (t)|ye(L,t)| " + & <1 + T) / yi(z, t)dz +(p + 1) H(t)+
0
+eai(g o ya)(t) + cazllys (4)|3 — elye (L, )| [y(L. )],

where

_p+1 _p+1 p+1 1 t
a=— B>0, az= 5 1 <2 1+ 45>/ g(s)ds > 0.

Using Young’s inequality, we have

L'(t) >(1 — o)H " (t)|ye(L, £)™+ + <1 T yt z,t)dz + =(p + ) H(t)+

+ 6@1(9 0 o) (t) + eazlya(t)3

e |yt< )

_ — 15m+1|y(L t)|m+1

If we let 6™+ =k~ H™ ie., 6 = =kH™?, k> 0 to be determined later, then

kme _ p+1 L
l > o o m+1 2
L'(t) > <1 0= — - 1) H™(t)|ys (L, t)] +e (1 + 5 ) /0 yi (z,t)dx+

+elp+ DH) + ear(g0)(0) + <aallusOIF — 1 HOly(L, O™

It follows from Lemma 4 that

L
= (1-0- 11 )H-0<t>|yt<L,t>|m+l+s(1+1i1> J
m + 1 0

2

+e(p + D) H(t) + car(g o ya)(t) + azllyz (B3 — Ck Hy()Hﬁﬂ' (20)

By noting that

H(t) 2 — IOl = 5101 - 301 - 5 o)(0)
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and writing p + 1 = 2a3 + (p + 1 — 2a3), where ag = min{aq, a2}, (20) becomes

kme s m +1
202 (1-0 - 22 ) Bl ve (1425 — ) [+

+e(ar — az)(g 0 ya)(t) + e(az — as)llya ()13 + l(p + 1) — 2a3]H(t)+

2&3 Ck—m p+1
re (22 - S5 ol 1

At this point, choosing k large enough, we have (since 142+ —az > 0 and (p+1)—2az > 0)

20> (1-0 - 255 ) H OO+l + )l + O, @

where v > 0 is the minimum of the coefficients of H (t), ||y:(t)||3, and ||y(t )Hgﬂ in (21).

Once k is fixed, we pick € small enough so that

k
| _ g Jme

>0,
m+1—

and

L(0) = H'77(0) + z—:/OL y2(z)yt (z)dz > 0.
Therefore (22) takes the form
L'(8) = ey[H(E) + 015 + ly@)151)-
Consequently, we have
L(t) > L(0) >0, for all t>0.

We now estimate

L
/0 y(O)ye(z, t)da| < ly®)ll2llye ()2 < Clly (@) llp+allye@)]]2-

Again Young’s inequality gives us

1/(1-0)

L
/0 y(t)y(z, t)dz ClllyOILS ™ + lye(t)lly ), (23)

for 1/u+1/60 =1. We take § = 2(1 —0) to get u/(1—0) =2/(1 —20) < p+ 1. Therefore
(23) becomes
1/(1-0)

L
/0 y(@)y(x, t)dx Cllly® 541 + lye®)I3),
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where s =2/(1 —20) < p+ 1. By using Lemma 2 we obtain

1/(1-0)
< C[H(®) + ly@) L + lye®)I3],

L 1/(1-0)
/0 y(t)yn(x, 1)da) )s

< CLH(#) + lyOI2E + e (®)113], (24)

L
/ y(O)ye(z, t)de
0

for all ¢ > 0. Therefore we have

LY (=) (4) < 21/(1=0) <H(t) +

for all t > 0.
By combining (22) and (24) we arrive at

L'(t) >TLY =) @), for all t>0, (25)
where T" is a positive constant depending only on £y. A simple integration of (25) over
(0,t) then yields

1
Lo/0=9) () > .
) 2 T/ 0) —Tto /(1 =)

Therefore (26) shows that L(t) blows up in time

(26)

< 1—0
= To[L(0)]o/0=)

*

This completes the proof.«

4. Proof of Theorem 3
In this section, we shall combine the frameworks of [18] to improve the former blow-up
result to the case of 0 < E(0) < 0E.

Lemma 5. Let y(x,t) be a solution of problem (1) with 0 < E(0) < §E; and I(0) < 0.
Then there exists a positive constant 0 < n < 1 such that

p—1
2(p+1)

By <7 ly(z, )Pty ¥t >0, (27)

Proof. We adopt the manner which was first introduced in [23]. From (3) and Sobolev
embedding, we have

1
B > Ll = =1t = Ltz = Sy
- p+1"7"PtL =9 p+1

_ Cf+1 p+1

Let h(¢) = §¢ — S5¢"2 . Then

E(t) > h(€) with &= y.|3.
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It is easy to see that h(§) is strictly increasing on [0, «p), strictly decreasing on (cv, +00)
and takes its maximum value Fq at «g.
Since 1(0) < 0, we have

+1 +1
Uyl < lly2ll3 < lly°llpin < CFFHlwalls™,

which leads to
42113 > ag, for ag defined in (7).

Furthermore, since
Ei > E(0) > E(t) > h(|ly.[l3), Vt>0,

we can get that there exists no time t* such that ”yl‘(t*)H% — ap. By the continuity of
HymH%, we obtain
lyz]l3 > a0, VY t>0.

On the other hand, we have

gt = ~EO) + Sl > ~6B: + a0 = <1i} —9> B
which gives , ,
s 2(1;; ) (p+1)—6(p—1) Iyl
Taking n = m € (0,1), we get the validity of (27).«

Set
H,(t) =0E, — E(t).

Then it is clear that Hi(t) is increasing, Hy(t) > H1(0) > 0 and

Hi(1) < %n e (28)

Lemma 6. Under the assumptions of Lemma 5, there exists a positive constant C' such
that

+1
1yllp+1 < Cllyliis,

forany2 <s<p+1.

Proof. If HprH > 1, then y[7; < CHyHZJﬁ, since s < p+1. If HyHiii < 1, then

Iyl < ||y\|p+1, since 2 < s. By using Sobolev embedding inequality, (3), and Lemma
5, we have

1 1 1
19241 < Cullgall < € (B@) + lyEE1) < € (Ba+ i) < Clylipl.

This finishes the proof.«

Similar to the proof of Theorem 2, we can prove the following lemmas.
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Lemma 7. Let the assumptions of Lemma & hold. Then we have

lyllp1 < C=Hi(8) = lgell3 = (9 0 wa) (1) + IllbLh),  for all t € [0,T),
for any y(-,t) € Hlleﬁ(O, L).

We choose a constant r such that

2 m
0 < max , <r<l.
p+1'p+1—m

Then we infer that

1 1
2 Sm—l—l,mr—i_ ,1%(1—1—7‘) <p+1.
r
Lemma 8. Under the assumptions of Lemma 5, there exists a positive constant C' such
that X
r+1 p+
1 1 m== PR (14r)
O < € g+ g+ ol 5,
Set

L
L) = H 0+ | uOuds (29)
0
for € small to be chosen later and

) { p—1 p—m 1 14+r 1 1—|—r}
0 <o < min , — Y — — —— .
20+ 1) " m(p+1)m rp+1)m 2m

Then we have the following lemma.

Lemma 9. Under the assumptions of Lemma 5, there exists a positive constant C' such
that

o 1
H™(0)]y(L, )™ < Cllylipia,

for any 2m < p+ 1.

Now we are ready to prove our second main result.
Proof. (Proof of Theorem 3) Taking a derivative of (29) yields

L L
Li(t) >(1 = o) Hy 7 () [y (L, )™ + 6/0 [y? — |ye|?](z, t)dx + g/o ()P da—
L

—ely (L, O |y (L, )] + 6/0 gt - T)/O Yo ()Y () — yo(t)]dzdr+

e /0 ot — )y (6)|3dr.

By using Schwarz and Young’s inequality, we have

L t
() >(1 — o) Ho ()L )™ + ¢ /0 Yz, )z — ¢ (1 - /0 g(s)ds> lua(0)]13+
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re |4 Dm0+ L 0B+ 25 (1= [ geas) a0+

+ ]%1(9 o yz)(t) — (p + 1)9E1} —ely( L, )| [y(L, )] — eBu(g 0 ya) (£)—
_ &
461

L
>(1 = o)H{ o (t)|ys (L, )™ + ¢ <1 + 1%) /0 y?2 (x,t)dz 4+ e(p + 1) Hy(t)—

e nom e (P ) - (B L) [ ] iz

/0 o(s)dsl|y. (£)]2 >

e <f%1 _ 5l> (9.0 42)(t) — elye (L, )" y(L, 1)) >
p+1

L
>(1— o) Hy ()L, )™ + ¢ (1 + T) /0 Y, )z + e(p + 1) Hy (1) +

velamm (P 0) (0w (B 1) ) [ o] e

rela-m (Pt - 1)+ 0= 5| Gow)) - dmi.orzal. 30)

for some number £ with 0 < 51 < (1 — 779)(”—31 -1)+ 1
Since (8) holds, (30) reduces to

2
+ebi(goya)(t) + eballya ()13 — elye(L, )™ |y (L, 1)),

L
Ly(t) =(1 = o) H{ 7 () |y (L, )" + ¢ <1 + E) /0 vi (z,t)de +e(p+ 1) Hi (t)+

where

== (5 1) + - >0,

by = (1— 6) <1%1—1>—<(1—n9) <]%1—1>+4—;1>/0tg(3)d3>0.

Following the steps in the proof of Theorem 2, we get

kme o m p+1 L
50 2 (1-0 - ) @iz o +e (14250 [ aes
o Ck™™Me p+1
b elp+ 1) + eba(g o)D)+ <balle I — oS o)z

The remaining part is similar to the proof of Theorem 2, so we omit it.«
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