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On the Minimality of Double Exponential System in Weighted
Lebesgue Space
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Abstract. This paper considers double exponential linear phase system in the weighted space L, ,
with power weight p (-) on the segment [, 7]. Under certain conditions on the weight function
p () and on the perturbation parameters, the minimality of this system in L, , is proved. An
explicit expression for the biorthogonal system in the case of minimality is derived and its integral
representation is obtained.
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1. Introduction

The study of many partial differential equations by the Fourier method reduces to the
study of perturbed trigonometric system of sines (or cosines) of the form

{sin (nt +a (t) }ren (1)

where v : [0,7] — R is some function (N is the set of all positive integers). Similar
problems were studied, for example, in the papers [9-16]. To justify the Fourier method, it
is necessary to study the basis properties (completeness, minimality, basicity, etc.) of these
systems in different functional spaces. Complex version of these systems is a perturbed
exponential system of the form

{ei(nt-l-ﬁ(t)sign n) } (2)
where 5 : [—m, 7] — R is some function (Z is the set of all integers). Basis properties of
the systems (1) and (2) in corresponding spaces are closely linked. In Lebesgue spaces L,
they have been well studied by various mathematicians (see, for example, [9-11,17,18,22,24-
32]). The case Lo, = C [—7, w] was treated in [43]. In the context of differential equations,
there has recently been a growing interest in Lebesgue spaces L,) with the variable
rate of summability p (-) and Morrey spaces LP*®. Problems of approximation in these
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spaces have also begun to be studied. Basicity problems of the systems (1), (2) in Ly,
were studied in [34, 35], while basicity of the classical exponential linear phase system in
Morrey spaces was studied in [38, 39]. Note that the study of basicity properties of the
systems (1), (2) in weighted spaces L, , is equivalent to the one of similar properties of
(1), (2) with corresponding degenerate coefficients in the spaces L,. That’s why we can
say that the study of the basicity of trigonometric systems in weighted Lebesgue spaces
dates back to K.Babenko [23]. This research area was further developed in the works
[19, 20, 21, 33, 36, 37, 40, 41]. The condition which allows to solve the problem of basicity
of exponential system in the weighted space L, , = Ly ,(—7,7), 1 < p < 400, can be
found in [42]. We mean the Muckenhaupt condition with respect to the weight function

p(-):
ol fron) (@ fra) =

where sup is taken over all intervals I C [—m, 7] and || is the length of the interval I.
In [6, 20], the basicity of the system (2) in L, ,, 1 < p < 400, was studied in the case
where 3 (t) = B¢, f € R is some real parameter and p (-) has the following form

T
p(t)y =TT It —tel*,

k=—r

with —m=t_, <t_, 1 <..<t,=m.
The class of weights, satisfying the condition (3), is denoted by A,. It is easy to see
that

peEA, & -1<a,<p—-1, k=—-rr.

It is additionally required in [6] that the condition a_, = «, holds, which means that
the degeneration must be present at both ends of the segment [—7,7]. This effect does
not take place in [20].

In this paper, the minimality of the exponential system

{ei (n-i-gsignn)t}
nEZ7

is studied in the weighted space L, ,, 1 < p < +o00, where § € C is a complex parameter.
Unlike [6], an explicit expression for the biorthogonal system is built and its integral
representation is obtained.

2. Preliminaries. Main lemma
Consider the following double exponential system:

{ei[(n+51)t+~f]; e—z‘[(k+ﬁz)t+~fz}} 7
neZy;keN
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where 0 = Refi + iImpBy, v = Re~vyp + ilm~y,, k = 1,2, are complex parameters,
Z+ = {0} UN. We assume that the weight function p (-) has the following form

T
p(t)=IT It —tul,

k=—r

where —m =t_, <t_,41 < ... <trp =0< ... < t, =, {ak}k:_-f;;- C R are some
numbers. We consider the weighted space L, ,, 1< p < 400, with the norm ||-|| .

1, = ([ 10O o0 dt)l/p.

—T

It is easy to see that the basicity properties of the system (4) in L, , are equivalent to
those of the system

{ei(n+61)t; e—i(k+62)t} (5)

neZykeN’

in L, Weputg(t) = e3(P2=Bt Tt is evident that 36 > 0:
0<6<|gt) <67 < 400, Vte|[-m,7].

Multiplying the system (5) by the function g (¢), we immediately obtain that the basicity
properties of the system (5) in Ly, , are equivalent to those of the system

{ellrteimmiy | (6)

in Ly ,, B = p1 + P2. Thus, the study of basicity properties of the system (4) in L, , is
reduced to the study of corresponding properties of the system (6) in Ly, ,.

Let B8 € C be some complex number. We will assume throughout this paper that
(14 2)” is some fixed branch of multivalued analytic function (14 z)” on the complex
plane with the cut along the half axis (—oo, —1) C R on the real axis and let

1

P B —
(1+2) (14 2)°

Similarly, we define a branch z? of a multivalued function z” on C with the cut along
(—00,0) C R and 27° = Z%.
We will essentially use the following main lemma in the proof of our main results.

Lemma 1. Let Ref8 > —1. Then the following Cauchy integral formulas hold

- 1 [T e—i(B+m)e (1 +ei9)ﬁ 0, |2 <1,
I (2) = — . do = Cmep1 3
27 0 —zTm (1+2)7, |z2|>1,

- e — 2
7 Li(m+1)6 0\ 5
J+(Z)Ei € (1+€ ) do = 07 ‘Z’B>17
n 27 ). et — 2 2" (1+2)7, |2l <1,

Vm € Z+.
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Proof. Consider an expression J,F (z). Make the change of variables

0 o 1+t
tgg—t:>e 1
We have
() /+°° (14it)™™ (1 —at) ™ ? 2dt
z) = =
m o 28 (14t _ (1 —at) (1 +7at)
(1_#)*5 1—it

—+o0
— 25+1/ 1—it) P A —it) ™ A+ it)" 1+ it — 2 +izt] tdt =

[e.e]
9+ oo i(1—2)]"
= — 1—it)y Pa—i)y™ - 2 1+ it)™ dt.
z'(1+z)/_oo( i) (1 —it) [ 1+z] (1+it)
Let Rez = x, Imz =y. We obtain

1-— 1— a2 —q?
Im(z’ z): TV S0, J2<1,
1+=2 (14 2)" 4+ y?

and it is evident that

1_
Im<z' Z> <0, |2/ >1.
142

Denote the integrand function by F (w), w € C:

F(w) = (1 —iw) 7™ (1 + iw)™ <w - zi :rz>_1.

It is obvious that for large values of |w| the following estimation holds

M

2 Ref’

[F (w)] < w

where M > 0 is some constant. Applying Theorem 5.3 from monograph [1] (see p. 127),
we obtain that

98+1 1— 2 -1
Jt ()= —— 21 R 1—it) Pt ity (t—i -
20+2r (9 \ ATl /g ™
— = 212™ (1 + 2)° <1,
1+2 <1+z> <1+z> " (1+2)7, J2]

since for |z| < 1, the only pole of the function F' (w) in the upper half-plane is w = z}%
Similar reasoning yields J;} (2) =0, |z| > 1, since for |z| > 1 the function F' (w) has no
poles in the upper half-plane.

The formula for J,, () is proved in a similar way. <
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3. Minimality in L, ,
Consider the following system of functions

B ,
62? (1+ e“) > h—0C"5 Femtkt n e Zy;
_iB .

m ()= 52 L+ et Som Cmokett e N,

where
ok _2r=1)..(y—k+1)
- k! ’

is a binomial coefficient. Denote
n

el (t) = ei("+§)t, nezZy e (t)= e_i("+g)t, ke N.

Assume that Re8 > —1. The expansion of the function (1 + z)™” JF (2)( which is analytic
on |z| < 1) in powers of z is

(1+2)" Zanm ,

where -
o :/ ei(m+§)t19:{ (t)dt.

On the other hand, it follows from Lemma 1 that
1+2)PJr(z)=2", |2 <1

Comparing the corresponding coefficients, we arrive at the following equalities:

/ e ()0 () dt = Gm, Ynym € Zy.

—T

Expanding the function (14 2)™? Jit (2) in powers of z~! at infinity, we obtain
(142" Jt (= Zb 2 2] > 1,

where -
by = / ei(m+§)t19,_z (t)dt, me Zy, neN.

It is easy to see that
lim (14 2) 7 Jt (2)=0.

|z]—00

On the other hand, again, due to Lemma 1, we have

(1+2)PJH(2)=0, |2|>1
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These two expansions imply

/ ei(m+§)t19; (t)dt =0, VYme Z,, Yne€ N.

—T

The relations

)2
)2

can be proved similarly.
As a result, we get the validity of the following statement.

(t)dt =0, me N, ne€ Zy;
(t)dt = 6pm,  VYn,m € N,

(t)v
(t)v

:\
SISI
:|:+

Proposition 1. Let Ref > —1. Then for all admissible values of indices n and m the
relations

[ oa=im [ Eoimoda=o

—T —Tr

hold.
Consider the following proposition.

Proposition 2. Let 1 < p < +o0 and %4—% =1. Then (L, ,)" = Lq,, and every functional
U* € (Lp,)" is represented, in terms of uniquely determined for it function ¥ € Lq,, by

the expression
™

0 (f)= | fopdt, VfeL,,

—Tr

Now define the following system of functions

BE (1) = o7t (1) 02 (2).
It is easy to see that the system {h;}} belongs to the space Ly, when
Olgp S 1

1 -
oap < ——, k=—-r+1,r—1; Ref —
q—1 p q

This follows directly from the representation of {¥:f} and from the relation

/” £ |7 pdt = / P 9|7 dt.

Taking into account that q%l = %, we obtain the following theorem from Propositions 1
and 2.

Theorem 1. Assume that the following inequalities hold:

Rep> -1 1 <aw<f k=7 LT
-1< Aty < q -I-pReﬁ

Then the exponential system {el ("+5“9”")t} Zz’s minimal in Ly, 1 <p < +00.
ne
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The lemma below plays a very important role in the study of orthogonal series.

Lemma 2. The system {19315} has the following integral representation:

—i(n+8)t ' o R
T (B) = o (1+ en)ﬁ [(1 +€") = M t*”)"/ . - dl’] :
0

s 0 1+ xett
3
B ci(n=5)t 1\ B _in—B  sinmfB o, Lgnth=1(1 — g)F
ﬁn(t):T(l—Fel) |:(1_|_el) _Tel( )n/o 1+$eit dx 9 nGN,

for Rep € (—1,1).

Proof. We will prove this lemma with regard to ¥J;, since for 9} it can be proved in
exactly the same way. Thus, let

%t
9 (1) =~ (14 ) ZC” keitk
k=1
Make the following transformation
n

n—1
Z Cngkeikt — eint Z Ckﬁe_ikt i
k=0

k=1

(1 +e—2t ch —zkt] —

(1 + e—it)—ﬁ _emint icﬁgne—ikt

— int [(1 + e—it)—ﬁ _ e—int(_l)n (5)nF (1;n 1 Bin+ 1;ei(”‘t)>] ’

n!
where r(s )
+n
B), =p(6+1).... B+n—1)= ———=,
(8 = BB +1) o )=t
I (+) is Euler’s gamma function and F (a; b; ¢; ) is hypergeometric function. Using integral
representation for hypergeometric functions (see [3], p. 72), we find
zn:cn—kez’kt _ int (1 + e—z’t)—ﬁ _ pilm—t)n Sln”ﬂ/ a"th- ' x)_ﬁdx
pt -8 1 —l— ze~H '

Substituting this representation into the expression for ¥, we arrive at the required result.
<
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