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On Bessel Property and Unconditional Basicity of the
Systems of Root Vector-functions of a Dirac type Oper-
ator

V.M. Kurbanov, E.J. Ibadov*, G.R. Hajiyeva

Abstract. In this paper, we consider Dirac type one-dimensional operator Dy = B % +P(2)y,

y(z) = (1 (z),y2(x)7, where B = ( " > b > 0, by < 0, Pz) = < pé(‘”}h (2) ) ,
p1 (z) and ps (z) are complex-valued functions defined on arbitrary finite interval G (a,b) of a real
straightline, and establish the criterion of Bessel property and unconditional basicity of the system
of root vector-functions of this operator.
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1. Introduction

In [1, 2], necessary and sufficient conditions of Bessel property and unconditional basic-
ity in Lo (G) of the system of root functions of second order ordinary differential equations
are established. Later, these and other issues for higher order ordinary differential opera-
tors and one-dimensional Dirac operator were studied in the papers [3, 4, 5, 6, 7, 8].

In the present paper, we establish the validity of the Bessel inequality and unconditional
basicity in L3 (G) of the system of root functions of a Dirac type one-dimensional operator.

Let Lg (G), p > 1 be a space of two-component vector-functions

f (@)= (fi(2), f2(x)"

with the norm
L
D

1£1p2 = [ [ (n@rimere)™ d;U]
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In the case p = oo the norm is determined by the equality

[fllso,2 = sup vrai | f (2)].
zeG

It is clear that for arbitrary functions f (z) € L2 (G) g( ) € LZ(G), where l + % =
1, 1 <p < oo, the “scalar” derivative (f,g) fG ] iz ( ) dz is deﬁned
Consider the Dirac type one-dimensional operator

d
Dy=BZ+P@)y, y@) =@, p@)
where B = 0 by, by >0, bp<0; P(x)= x) and p2 (z)
b2 O Y ) I 0 ( )
are complex-valued functions defined on an arbitrary interval G = (a,b) of a real straight

line.
Following the paper [1], by the eigen function of the operator D, corresponding to the

. . . . . 0
complex eigenvalue A\, we will mean any identically nonzero complex-valued function u (x)
that is continuous on any closed subinterval of the interval G and satisfies the equation

Dg = )\3 almost everywhere in G.

In the similar way, by the associated function of order I, [ > 1, corresponding to
the same A and the eigen function u (z) we will mean any complex-valued vector-function
4 (x) that is absolutely continuous on any closed subinterval of G and satisfies the equation
Du=Au+ lz_ﬁl almost everywhere in G.

Let {uy (x)}5—; be an arbitrary system composed of eigen and associated functions
of the operator D, {\z};—; be the corresponding system of eigen values. Also, let the
function uy, (x) be included in the system {uy (z)}7; together with appropriate associated
functions of less order.

We say that for the given system of functions ¢y (z) € L3 (G) the Bessel inequal-
ity is fulfilled if there exists a constant M such that for an arbitrary vector-function
f (z) € L% (G), the following inequality is valid:

> em HIP <M | £1134, (1)
k=1

where the constant M is independent of f (x).
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2. Main value formula

Lemma 1. (The mean value formula). If py (z) and ps (x) belong to the class LY (G)
and the points x — t, x, x +t lie in the domain G, then the following formulas are valid:

B

A A
COS 7t1—sin t
V/ 1b1ba] V|b1ba|  +/[b1b2]

l

bz +t) = u(z)+

x+t by B by
+B71 (sin (t—¢&+x) —cos —— (t— &+ x) I)X

V/ |b1ba] V16102
o) - <£>] de. )

X
—
i
—~
o
IS

’LlL(‘T—t):[COS#tI-FS' A, B
A

{L(w+t)+1lL(x—t):21lL(x)cos

\/ |b1ba|

+B_1/x+t (Sin (1 — o — &) —2— + sgn (€ — @) cos ——— (¢ — | — £]) I) "
ot V/|b1b2] \/ [b1b2] V/ [b1b2]
y [P(g)zi(s)—’?f <£>] de. (1)

where Iis a unit operator in E?.

Proof. To derive formulas (2) and (3), it suffices to apply the operator

A i A =
COS\/W(t_|£_$|)I‘i‘Sgn(g_:E)Sln\/W(t_|x_£|)\/W

l l -1
to the equation Lu (§) = Au(§) + u (£) and integrate with respect to the parameter &
from x to x +t (from = —t to ), and then integrate by parts in the expression of the form

ot A . A B !
/x <COSM(t—{+:n)[—sm\/m(t—§+:n) M) Bdu (§)
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* A , A B !
</m_t <cos T (t+&—x) I+sin T (t+&—u) —|b1b2|> Bdu(§)>

having grouped the similar terms. Formula (4) follows from formulas (2) and (3). The
lemma is proved. <«

In the present paper we prove the following criterion of Bessel property and uncondi-
tional basicity of the system {¢y, (x)}7—, where ¢y (z) = ug () Hungé

3. Criterion of Bessel property and unconditional basicity

Theorem 1. Let G be a finite interval, the functions pi (z) and p2 (x) belong to the class
Ly (G), the lengths of the chains of oot functions be uniformly bounded and there exist a
constant Cy such that

‘Jm)\k’§C0, k:1,2,... (5)

Then, for the system of functions {¢x (x)}, where ¢k (x) = ug () HukHz_%, to satisfy the
Bessel inequality, it is necessary and sufficient that there exist a constant K such that

> 1<K (6)

|Re A\ —v|<1

where v is an arbitrary real number.

-1
Proof. Necessity. Denote by R the number < \/\nb(l)—bﬂ (1+ C’o)> , Where ﬁ >1

is chosen in such a way that R < mesG/4 and for any set E € G, mes E < 2R, the

inequality max{||p1\|27E, Hp2||27E} < % is fulfilled, where L is a positive integer to be

defined below. This is possible because of summability of the functions p; (z) and pa (z).
Let 0<t<R, x€ [a, “TH’] Write the mean value formula (4) for the points z, z +1,
r+2t € G:

ug (z) = 2ug (z +t) cos it —up (x+2t)+
D10

T+2t Y B
—I—B_l/ sin (b |+t —E]) +
x V/|b1b2] V/|b1b2]

+sgn (§ —x —1t) cos< Ak (t—\x—i—t—{\)) I}x

V/ |b1b2]
X [P (&) uk (&) — Opug—1(§)] d€ (7)
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where 0, = 0, if ug (z) is an eigen vector-function; 6, = 1 if uy (x) is an associated
vector-function, and in the last case we assume A = A\;,_1.<4

Adding and subtracting 2uy (x + t) cos ( t> to the right side of inequality (7),

|b1b2]
we represent this formula in the form

v
ug () = 2uy, (x +t) cos t) —up (z+2t)+
V0102
[ MNe+v [ =
+ug (z + 1) sin | ——=—=t | sin | ——=t | +
<2 |b1b2| ) (2 |b1b2| )
T+2t A B
+B—1/ sin [ —25 (¢~ |z 4t—g)) +

z { (\/\blbzl V/ [b1b2]

+sgn (§ —x —1t) cos<\/|)\bf_bz|(t—\x+t—§\)> I}x
X [P (&) uk (§) — Orup—1 (£)] d€.

Integrate the last relation with respect to ¢ from 0 to R to obtain:
i () 1/ i (1) (t)dt+4/R () sin | ) gin [ 222 ) gt
u. (x)== [ u v — uy, (z sin [ ——— ] sin | ——
k RJg " RJy " 2./]b1b2] 2,/]bybo]
x+2t A B
+5 L p- / / i (t—lz+t—¢) +
{ < V/1b10o] Vb1

+sgn (§ —x —t) cos <\/|)l\)1—bg|(t_ \x—i—t—{\)) }x

where u}, (z) is the i -th component of the vector uy, (z), [J, is the i -th component of the
corresponding vector

v(t):2cos<\/m(x—t)> —

v (t) = —% forx+ R <t <z +2R and v (t) = 0 in the remaining cases.
Introduce the set of indices J, = {k : |[ReXy — v| < 1, [JmAg| < Cp}.

for x <t<z+ R,

N =
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Let k € J,. Using the inequalities [sin z|, |cos z| < 2 and [sinz| < 2|z for |Jm z| < 1,
from relation (8) we find

h@@ﬂé%k@u“ﬂv@dd AWﬂAARMﬂx+Mtﬁ+

8
"RV
2 R px+2t
+W/o [ 1 b O] + e O] [ (O]} de de+
2 R o2t
+W/o / {Ip1 ()] [b2uk ()] + Ip2 ()] [ba i} (&)]} de i+

2 R x+2t 1 9
*W// {[ub_y (O] + |ud_y (©)]} dedi+

2 R po+2t
cxm [ e ©l @l asar <

1 ; 8VR 1 i
< /Guk (t)v(t)dt‘JrW\/m(lJrco) [l +

t (Ip1ll5 bl + 92l [l ) +
V/ |b1b2] ’ ’ ’ ’

2
+’b1b2’ (”p1”2,E Hb2 u}fHZG + Hp2”2,E Hbl uing) +

AR 1 2 4R 1 9
T <
+ b1bo] (Huk_lHoo,ch Huk—IHOO’(;) + ‘bﬂ)g’ (Hbz uk_l”oo,G+ Hbl uk—IHOQG) <
LI [ BVER - luelbc (il + [ba)])
< — || up(t) v(t) dt|+——= (1 + C0) ||up]|, ~+4 ; " n
< | [0 0 ) a2 (15 C) il g
AR AR (|b1] + [b2]) 1 ‘/ . '
R sl + o [luk— = [ ul () vt) dt| +
[0102] H k 1HOO,G ‘blbg‘ ” k 1”oo,G 7|/ k() (t)
8VR - 4 A(fb+ [bal)
+——=(1+0C)) ||y + + w n
/37“)1[)2’( 0) H kHZG <L /‘blbg‘ L|b1b2| H kH2,G
4R 4R (|b1] + |ba])
+ + Up— )
( /‘blbg‘ |b1b2| H k 1Hoo,G
Consequently
1 .
|uj, (2)] < = / uy, (t) v (¢) dt‘ +
RJa
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8vVR 4 4 (|ba] + [b2])
+ | —— 1+ Cy) + + U +
< /73 |b1b2| ( 0) I /—|b1b2| L |b1b2| ” k”Q,G

4R n 4R (|b1]| + |b2|)
V/ |b1b2] 102

In [7], the estimations

> k-1l 2i @ =1,2.

-1 l
lullsez < CH (LG b1,b2) (14 [TmA]) Jlull 2. 9)

l l
Il o < C% (1, Gubrbo) (L4 [Tm AT Jfull, o 1< 7 < oo, (10)

were obtained under the conditions b = 1 and by = —1. For arbitrary b; > 0 and bs < 0,
the estimations (9) and (10) are proved similarly.
Applying estimations (9) and (10), for » = 2 we get the inequality

i, ()] < =

. VR 4 1 [b1] + [b2
7 /Guk (t) v (t) dt' + {8(1+00) \/W+ L (N/]blbﬂ i 0102 > "

4R 4R (b b
+< ([l + b2])

+
\/‘blbg‘ ‘blb2‘

XC (ny, Gy b1, ba) (14 €)Y} gl (11)

) Cl (’I’Lk,G, b17b2) X

Because of uniform boundedness of the lengths of the chains of associated functions, the
inequality C! (ng, G,b1,bo) C% (ny, G,b1,bs) < j = const is true.
From (11), by virtue of the inequality |>_1", a;|? <md=1 37 |a;]?, for ¢ = 2 we have

ul (t) i ul (1) i
/Gk v (t) dt /Gk v (t) dt

| ()] <3
”uk”2,2 Huka

<=
Huk”2,2 R

_l’_

+

R 4 1 b b

+3 .22 8(1+C0)L+_ Lol el )
3 Jbiba| L\ \/]b1b2] |b1bo |

( 4R 4R (|bi] + |bo

V/ |b1b2| |b102]

The number nyg is chosen sufficiently large (the numbers R and L respectively as well) to
satisfy

2
3
|)> c! (nk,G,bl,bg) C? (nk,G,bl,bg) (1—|—C0) /2} . (12)

3 .22 {8(1+C’0

R 4 1 bi| +|b
\/3 ’b1b2’ L \/‘blbg‘ ’b1b2’
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( AR 4R (|b1] + |bo)

_|_
V/ |b1b2| |b102]|

2
X02 (nkv G, by, b2) (1 + 00)3/2} <

> Cl (nk,G,bl,bg) X

1
2mes G’

Then, for any finite set of indices J C J, and for z € [a, %] from (12) we get the

inequality
2 2
ud (1)
g (@) el < / viyde +| [ D ]
gj 22 = R? ,;, G HukH22 G Hukuzg
2m€SGZ (13)

ke

We establish this inequality for = € [“+b b] in the same way.

Applying the Bessel inequality, from (13) we have

1

2 2

<2M3R~ s> L
S e )] 52 1016+ Fmer 2
oyt kedJ

Taking into account the estimate [[v|l, o = O (R%>, and then integrating with respect to
x € G, from the last inequality we get the validity of the following estimation for any finite

set J C J,:
Z 1 < const R2 Z 1.
keJ keJ

Consequently
Z 1 < const R
keJ

Hence, by virtue of arbitrariness of the finite set J C J,,, we get it follows the necessity
of the inequality (6).

Sufficiency. For simplicity we take G = (0,27). Writing out the formula (2) for
ug (x +t) with = 0 and then multiplying it scalarly by the vector-function f(t) =
(f1 @), f2 () € L%(G) we arrive at the conclusion that to prove the validity of the Bessel
inequality for the system ¢y () = ug, () [Juglly, %, it suffices to establish the validity of the
following inequalities:

fi(t) cos Ak t| dt
0 |b1ba]

2
ek O <CIfI3,, i=1.2, (14)

[e.e]

D

k=1
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o 2

kZ_l Ozﬂfz(t) sin( lsz2’t> dt| [ O <CIfl3,, i=12 (15
| [ ' Lo N 2 ,

kZ:l ; fi(®) /0291(5) sﬁk(é’)sm\/m(t—g) dedi| <CIfI3,, (16)
0o | om . 2 N ) 2

kZZI ; fi(®) /Opz(f) ©;, (€) cos \/m(t—g) dedt| < CIf|2,, (17)
o | on . 1 \ ) 2

kZ:l ; f2(t)/0p1(§) cpk(ﬁ)cos\/m(t—g) d¢dt| <C | fll3z, (18)
| [ ! Y 2 )

kZ:l ; f2(t) /Opz(ﬁ) ‘Pk(f)sln\/m(t—ﬁ) dedi| <CIfI3,, (19)

2

o] 27 : t Ui_l (é) . )\k . 2 .
Z 0 fl (t) /0 ”ukH2,2 s \/m (t 6) df dt| < ¢ ”fH2,27 L= 1727 (20)

2

S| O N o
i o d d —C 9 :1,27 21
; o (t)/o Trlos < Voo ¢~ &) “t] <Ol ls (21)

The proof of inequalities (14), (15), (20) and (21) is similar to the one of corresponding
inequalities in [2]. Here, the validity of estimations (9) and (10) should be taken into
account.

Prove the inequality (16) by the method of [7]. Denote by Jj the expressions standing
under the summation sign. Then

27 2r 2
) Ak
h=| [ m@ek©( [ R (t—¢) dt ) de| <
0 g ¢ V| b1b2|
T @P @) | [ s - ga]
gzw/ MGHELG 7 (@) sin t—€)dt| de,
0 b V/ |b1b2]
whence, taking into account the estimation (10), we have
27 5 27 )\k
Jkscj m©F || 78 sin tdt| dg = C . (22)
0 0 |b1b2|
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where g (t,§) = fr(+1t) for E <t+ ¢ <2mand g(t,§) =0for 2r <t+& <2+ & It
is clear that for any fixed £ € [0, 27| we have f027r lg (¢, ) dt < || f1|]%2 (0,2m)- Furthermore,
under the conditions (5) and (6), for any ¢ (t) € Lo (0,27) the validity of the inequality

2

0 27

— . A 2

©(t) sin tl <Cp -
2;; !/E (t) Tt el Z,0,2m)

was established in [2]. Therefore, for any positive integer N we have

N o N
o= [ m@Fy
k=1 0 k=1

Because of the arbitrariness of N, we find Y 2, J, < C Hf”g2 Hence, from (22) it
follows that the inequality (16) is true. Inequalities (17)-(19) are proved in the same way.
Theorem 1 is proved.

Denote by D* an operator formally associated to the operator D : D*v = Bg—; +

2

2m Ak
/ g (t,€) sin dt
0

<C le”ig(o,%) Hfluig(o,%) :
0102

P (z)v(x), where P (z) = <p1(x) o >
0 p2 (x)
Based on Theorem 1, we can also prove the following one using the known method:

Theorem 2. Let G be a finite interval, {uy (r)} be an arbitrary, closed in L3 (G) and
minimal system consisting of eigen and associated functions of the operator D, the system
{vg} be biorthogonally associated with {uy, (z)} in L3 (G), consisting of eigen and associ-
ated functions of the operator D* and closed in L3 (G), the length of any chain of the root
vectors be uniformly bounded and condition (5) be fulfilled.

Then the necessary and sufficient condition for unconditional basicity of the system
{ug, ()} in L2 (G) is the existence of constants M and My such that the inequalities (6)
and

Huka Hvk||2,2 < My, (23)

are true for any k =1, 2.
Note that under the conditions of Theorem 2, the validity of inequalities (6) and (23)
is a necessary and sufficient condition for Riesz basicity of the system {uk (x) HukHQ_%} in

L3(@).
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