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Abstract. In this paper, an extension of the Fan-KKM lemma to Hadamard manifolds is estab-
lished. By using it, some existence results for equilibrium problems on Hadamard manifolds are
provided. Finally, as an application of the main results, an existence result of a solution of the
mixed variational inequality problem in the setting of Hadamard manifolds is stated.
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1. Introduction

It has been shown in [3, 24] that a vast number of the optimization problems such as
variational inequality, convex minimization, fixed point and Nash equilibrium problems
can be formulated as the equilibrium problem related to the Bi-function F': K x K — R in
which K is a subset of Hilbert space H given as follows: Find = € K such that F' (z,y) > 0
for every y € K.

So far many methods and algorithms have been established to reach and approximate
the equilibrium point (see [13, 17, 16, 7]). In a majority of equilibrium problems the
subset K is assumed to be convex, as the result of the fact that convexity is an important
tool to investigate the equilibrium problems. Corresponding to convexity in linear vector
spaces, geodesic convexity is a well-known similar useful tool in non-linear metric spaces
framework for optimization problems; see [30].

The main motivation to investigate equilibrium and optimization problems in the
framework of Riemannian manifolds is the fact that by endowing the space with suitable
Riemannian metric, some constrained optimization problems can be seen as unconstrained
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ones and optimization problems with un-convex objective function can be rewritten as con-
vex ones in Riemannian manifold framework; (see [30, 26]). This attitude, in fact, poses a
method through which many of the related optimization problems can be revisited in Rie-
mannian manifolds framework. For instance, in [8] an example of a non-monotone vector
field can be found which can be rewritten as a monotone vector field in the framework of
Riemannian manifolds.

It should be noticed that Riemannian manifolds, especially Hadamard manifolds, which
hold the topological structure, are the proper framework in these fields for developing
concepts and methods from Euclidian spaces to non-linear structure. Therefore, the key
idea in above mentioned problems is to transfer the concepts and methods from Euclidian
space to Riemannian manifolds that has been shown in [1, 23, 31, 21]. The equilibrium
problem was first investigated as a minimax inequality problem with a great generalization
of KKM theory for Hausdorff topological vector spaces by Ky Fan [11]. In 1961, Fan [10]
has proved the KKM lemma for Hausdorff topological vector spaces and later in 1984
stated and proved the developed KKM lemma by omitting compactness condition and
presented the new version of Fan (1961) in [12] for Hausdorff topological vector spaces.
In 2009, Zhou and Hang [33], proved a version of KKM’s lemma for Hadamard manifolds
under suitable conditions. In 2012 [6] Colao et al. developed and proved Fan’s KKM [10]
for Hadamard manifolds and later solved equilibrium problems and some related problems
based on this extension.

Mixed variational inequality problem is one of the most important problems in op-
timization which has vast applications in economy, pure and applied mathematics. At
first, this problem was brought up in the linear spaces framework and has been studied
extensively. For instance, [14, 32] explain the concepts more extensively. Colao et al. in [6]
brought up mixed variational inequality problem on Hadamard manifolds and proved the
existence of a solution of this problem in Hadamard manifolds framework under suitable
conditions.

In this paper, at first, we generalize KKM’s lemma due to Fan in [12] on Hadamard
manifolds with constant sectional curvature —1 and then we state and prove the existence
theorem for the solution of equilibrium problem for Hadamard manifolds with sectional
curvature —1. Then, as an application of this equilibrium problem, we develop and solve
the mixed variational inequality problem on Hadamard manifolds with sectional curvature
—1 under weaker conditions. The organization of this paper is as follows:

In Section 1 some concepts and basic results in Riemannian manifold which will be
used throughout the paper are presented.

In section 2, at first, we obtain and prove the lemmas and theorems that are essential in
this paper. Then inspired by them, we bring up and prove Fan’s KKM lemma (1984) [12],
under weaker condition for Hadamard manifolds with sectional curvature —1. After that,
as a consequence of this KKM lemma, we develope and prove the existence theorem for
the solution of equilibrium problem on Hadamard manifold with sectional curvature —1.



A New Extension of Fan-KKM Theory and Equilibrium Theory 87

Finally, as an application of this equilibrium theorem, we generalize the mixed variational
inequality under weaker conditions for Hadamard manifolds with sectional curvature —1.

2. Preliminaries

In this section, we recall some concepts and basic results which are needed in this paper
(for more details on these concepts and results we refer the readers to [9, 4, 28, 18, 19, 20]).
Recall that the definition of smooth function between two finite dimensional smooth man-
ifolds is as follows:

Definition 1. [18]. Let M and N be two smooth manifolds of dimensions m,n, re-
spectively. A map F : M — N is called smooth at p € M if there exist charts (U, p)
, (Vi) withp €e U C M and F(p) € V C N with F(U) C V and the composition
oFopt:pU)— (V) is smooth. F is called smooth if it is smooth at every p € M.

Let M be a connected smooth manifold of dimension n. The tangent space of M at
x is denoted by T, M and X (M) is the space of vector fields over M, in other words, if
V € X (M), then V is a smooth mapping of M into T'M which associate to each z € M
a vector V (z) € T, M. Firstly, we recall some fundamental concepts about tangent space
of manifold which are useful in this paper.

Proposition 1. [9]. The tangent vector X, to the curve c: (—e,e) - M att =0 can be
considered as a map ¢’ (0) : O (¢ (0)) — R given by the formula

B d(foc)

|, ECT e 0) =,

where C* (p) is the set of functions defined on some open neighbourhood of p and smooth
at p.

Remark 1. [9]. Every tangent vector at p on a smooth manifold M is a linear function
defined on C*° (p) which satisfies the Leibniz property:

Xy (fg)=Xp(f) g+ fXp(9);Yf, g€ C™(p)

Definition 2. [9]. Let M be a smooth manifold. A Riemannian metric g on M is a
smooth family of inner products on the tangent spaces of M. Namely, g associates to each
p € M a positive definite symmetric bilinear form on

gp : TyM x TyM — R
and the smoothness condition on g refers to the fact that the function

p—gp(X(p),Y(p)eR

must be smooth as in Definition 1 for every locally defined smooth vector fields X,Y in

M.
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Equivalently, a Riemannian metric is a symmetric, positive definite (0,2) tensor field
on M . A Riemannian manifold is a pair (M, g) where M is a differentiable manifold and
g is a Riemannian metric on M.

As a consequence of this definition, it is deduced that for each p € M the Riemannian
metric induces a norm on 7, M. The following theorem states the existence result which
guarantees such a Riemannian metric for every smooth manifold.

Theorem 1. [9]. Any smooth manifold can be given a Riemannian metric.

So, as a consequence of the above theorem, we can deduce that every smooth manifold
can be considered as Riemannian manifold.

Let 0 : [a,b] — M be a piecewise smooth curve segment. Then the length of § is
defined and denoted by

b 1
L) = / (g5 (6 (1) .8 (£))) .

The following proposition guarantees a piecewise smooth curve between each pair of
points in a smooth manifold.

Proposition 2. [18]. If M is a connected smooth manifold, any two points of M can be
joined by piecewise smooth curve segment.

The following example shows that the result of Proposition 2 may fail when ”con-
nected” is replaced by ”locally connected”.

Example 1. The subspace (0,1) U (2,3) of the real line R is a locally connected manifold
but there exist many pairs of points for which there isn’t any piece-wise smooth curve that
joins them.

The distance between two points z,y € M which is defined in [18] is as follows:

d(xz,y) =2 inf{L[d] | § : [a,b] = M piecewise smooth curve,
d(a) =z, §(b) = y}.

It should be noted that minimal curve plays an important role in geometry which is
defined as follows:

Definition 3. The piecewise smooth curve d : [a,b] — M, ¢ (a) = x and 6 (b) =y, joining
two points x ,y in M is called minimal curve between x and y if

L[§] =d(x,y).
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Notice that the Riemannian metric at each p € M induces an inner product on tangent
space T, M of manifold and then using this inner product on 7}, M the length of piecewise
smooth curve segment is defined. Then the distance function d on M is defined.

The following proposition shows that M is a metric space with the distance function
d and states the relationship between topology induced by the metric of distance function
on M and the inherent topology of M.

Proposition 3. [20]. If M is a Riemannian manifold with metric g, then M is a metric
space with the distance function d defined above. The metric topology agrees with the
manifold topology.

The following remark recalls the statement related to finite intersection property in
metric space which is used in this paper.

Remark 2. [5]. A metric space X is compact if and only if every collection F of closed
sets with the finite intersection property has nonempty intersection.

An affine connection is a geometric object on a smooth manifold which connects nearby
tangent spaces, and this is useful to define the concept of geodesics between two points in
Riemannian manifold.

Definition 4. [28]. An affine (linear) connection on a smooth manifold M is a mapping

{ VX (M) x X (M) — X (M)
(X,Y) > Vy X

satisfying the following conditions:

o For each firxed Y € X (M) the map X — VxY is C*°(M)— linear . That is
VixtgvV = fVXxV +gVyV forall f,g € C* (M) and X,Y,V € X (M).

e For each X € X (M) the map Y — VxY is R-linear. That is Vx (aY7 + bY2) =
aVxY1 +bVxYs for all a,b € R and
Y1,Ys € X (M).

e Vx (fY)=X(f)Y + fVxY forall f € C® (M) and X,Y € X (M),
where X (f) € C* (M). (C* (M) := {smooth fuctions on M})

In Riemannian geometry, the Levi-Civita connection is a specific connection on tangent
bundle and it is useful to define geodesics on Riemannian manifold M.

Definition 5. [28]. An affine connection V is called a Levi-Civita connection if
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o [t preserves the metric, i.e., Vg = 0. that is :

for all vector fields X,Y,Z on M, where Vxg(Y,Z) denotes the derivative of the
function g (Y, Z) along the vector field X .

e [t is torsion-free, that is, for any vector fields X and Y we have
VxY —VyX = [X,Y], where [X,Y] is the Lie bracket of the vector fields X andY .

Proposition 4. [20]. For each Riemannian manifold (M,g), there exists a unique Levi-
Civita connection on M.

Let V be the Levi-Civita connection associated with (M,g) and let 4 be a smooth
curve in M. A vector field X € X (M) is said to be parallel along ¢ if Vg X = 0.
By using this fact, the concept of geodesics is defined as follows:

Definition 6. [9]. A geodesics on a smooth manifold M is defined as a curve ¢ (t) such
that parallel transport along the curve preserves the tangent vector to the curve, so

Vsid' (t) =0,
at each point along the curve, where ' is the derivative with respect to t.

Note that if §’ itself is parallel along §, we say that § is a geodesic and in this case
[|6” (¢)]| is constant, where the norm induced by Riemannian metric is defined as

1
16 (t) [1:= (9s) (8" (2), 0" (1)) 2.
It should be noted that when |0’ (¢)|| = 1, then § is said to be normalized.

Remark 3. A geodesics joining x and y in M is said to be minimal if the geodesy induced
by smooth curve § between two points x and y is minimal.

Recall that complete Riemannian manifold is useful to define Hadamard manifold
which is defined as follows:

Remark 4. [18]. A Riemannian manifold is complete if for any x € M all geodesics
emanating from x are defined for all t € R.

The following example shows that there exists Riemannian manifold which is not com-
plete.

Example 2. A simple example of a non-complete manifold is given by the punctured plane
M =R\ {0} (with its induced metric). Geodesics passing to the origin cannot be defined
on the entire real line.
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Exponential map makes relationships between manifolds and their tangent spaces at
each point. Also, it can be deduced that M is locally diffeomorphic to the Euclidean space
R™. Thus, the manifold M has the same topology and differential structure as R™.

Definition 7. [28]. Assuming that M is complete, the exponential map expy, : T,M — M
at p is defined by exppv = 6, (1,p) for each v € TyM, where 6 (.) = &, (., p) is the geodesics
starting at p with velocity v (that is, 6 (0) = p and ¢’ (0) = v). Then expytv =4, (t,p) for
each real number t.

Note that the differential structures are invariant under diffeomorphism mappings,
but algebraic structures are not invariant under diffeomorphism mappings such as linear
structures and structures of vector spaces.

Theorem 2. (Hopf Rinow)/[4]. Let (M, g) be a connected Riemannian manifold. Then
the following statements are equivalent:

(i) The closed and bounded subsets of M are compact;

(ii) M is a complete metric space; (with respect to the metrics induced by distance func-
tion on M)

(iit) M is complete; that is, for every p in M, the exponential map expy, is defined on the
entire tangent space TpM.

As a consequence of Hopf-Rinow theorem, we deduce that if Riemannian manifold
M is complete, then (M,d) is a complete metric space, and bounded closed subsets are
compact. Moreover, we know that if M is complete then any pair of points in M can be
joined by a minimal geodesics.
In the sequel, we recall some topological concepts which are needed in the next section
and play an important role in this paper (for more details see [19, 22])

At first, we recall the concept of path-homotopy and then the concept of simply con-
nected topological space.

Definition 8. [22]. Suppose X andY are topological spaces, and let I denote the interval
0,1] C R. Ifa,p : X — Y are two continuous maps, a homotopy from « to ( is a
continuous map H : X x I — Y such that for every x € X the following relations are true:

H(z,0)=a(x),

H(xz,1)=p5(z).

We need a kind of definition of path which is called a loop. A loop based on point z
is a continuous function « : [a,b] — X such that a (a) = « (b) = x. In other words, a loop
is a path whose starting point is equal to the ending point.

According to the above statements, recall the definition of simply connected topological
spaces as follows:



92 R. Rahimi, A.P. Farajzadeh, S.M. Vaezpour

Definition 9. [19]. A topological space X is said to be simply connected if it is path
connected and every loop in X can be continuously shrunk to the constant loop while its
endpoints are kept fized (i.e., the loop c : [a,b] — X such that c(s) = x for all s € [a,b]).

Definition 10. [22] Let X be a topological space. A covering space of X is a topological
space E together with a continuous surjective map P : E — X such that for any x € X,
there exists an open nieghborhood U of x such that P~ (U) is a union of disjoint open
sets in E.

A special covering space is called a universal covering space defined as follows:
Definition 11. [22]. A covering space is universal covering space if it is simply connected.

The following proposition shows the connection between two simply connected univer-
sal covers of the same space.

Proposition 5. [19]. Any two simply connected coverings of the same space are isomor-
phic.

In the following statement we recall the definition of Hadamard manifold which this
paper is based on.

Definition 12. [/]. A complete simply connected Riemannian manifold of nonpositive
sectional curvature is called a Hadamard manifold. (The sectional curvature is one of the
ways to describe the curvature of Riemannian manifolds; for more details about curvature

see [9].)
So from now on M always is a finite dimensional Hadamard manifold.

Example 3. The real line R with its usual metric is a Hadamard manifold with constant
sectional curvature equal to 0.

The following proposition emphasizes that in Hadamard manifold for each pair of
points there exists a unique normalized geodesics which is joining them minimally.

Proposition 6. [28]. Let M be a Hadamard manifold andp € M. Then exp, : T,M — M
is a diffeomorphism, and for any two points x,y € M there ezists a unique normalized
geodesics joining x to y, 04, which is minimal.

Let p,q € M be two fixed points. By construction, the unique minimal geodesics
6 :[0,1] — M joining these points is given by 6 (t) = exp, (texp,* (q)).
So from now on, when referring to the geodesics joining two points we mean the unique
minimal normalized one.
Recall that a geodesic triangle A (z1, x3, x3) of a Hadamard manifold M is a set consisting
of three points x1, €2, x3 and three minimal geodesics joining these points. As in Euclidean
geometry, the concept of convexity plays an important role also in Hadamard manifold.
It is defined in Hadamard manifold as follows:
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Definition 13. [4]. Let M be a Hadamard manifold. A subset K C M s said to be convex
if for any two points x and y in K, the geodesics joining x to y is contained in K ; that is,
if 6 : [a,b] — M is a geodesics such that x = 6 (a) andy = 0 (b), then § (1 —t)a+tb) € K
for all t € [0,1].

Definition 14. [18]. A real-valued function f defined on M is said to be convez if for
any geodesics 0 of M, the composition function fod :R — R is convex; that is,

(fod)(ta+ (1—1t)b) <t(fod)(a)+ (1—1t)(fod)(d)
forany a,be R, and 0 <t < 1.
The following proposition is useful in this paper.

Proposition 7. [25]. Assume that M is a Hadamard manifold and K is a nonempty
subset of M. Let x € K and u € TyM. Define the function g : M — R by

g(y) = <u, exp;1y> .
Then both g and —g are affine, in other words, g and —g are convex functions.

Lemma 1. [}]. Let A(x,y,z) be a geodesic triangle in a Hadamard manifold M. Then
there exist unique x',y’, 2" € R? such that

1. d(z,y) = |l" =yl
2. d(z,z2) =]/ =]
3. d(y,z) =y’ — 2.

The triangle A (', 3/, 2’) is called comparison triangle of the geodesic triangle A (z, v, 2),
which is unique up to isometry of M. The following Lemma shows the relation between
geodesic triangle and its comparison triangle. This Lemma states the geometric idea
behind manifold with nonposetive sectional curvature.

Lemma 2. [4]. Let A(xz,y,z) be a geodesic triangle in a Hadamard manifold M and
A (2, y',2) be its comparison triangle.

Given any point q belonging to the geodesics which joins x to y, its comparison point is
the point ¢' in the interval [2',y'] such that d(q,x) =| ¢ — 2" || and d(q,y) =|| ¢ — ¥ |
Then

d(z,q) <[z —q"|.
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We introduce the Hyperbolic geometry briefly which is useful for this paper as follows.

To comprehend the Hyperbolic geometry and the following statements which are con-
centrated in Hyperbolic geometry in this paper, see [29, 15, 27].

Hyperbolic geometry is a result of trying to prove parallel postulate of Euclidean
geometry. For about 2000 years, mathematicians try to prove parallel postulate by use
of the other postulates of Euclidean geometry. So Hyperbolic geometry arose out. For
Hyperbolic geometry, some models are suggested such as Klein model and Half-plane
model which explain this geometry by tools of Euclidian geometry. It should be noted
that all of these models are related to each other. Hence, we consider upper-half plane as
follows:

From the geometrical point of view, the hyperbolic plane is the open upper half plane
which is denoted by H?, in other words H? := {x + yily > 0}. A geodesics in H? is
either a semicircle meeting the real axis at right angles, or a vertical ray emanating from
a point on the axis. Let p and ¢ be two points in H?, o and r denote the points where
the geodesics between p and ¢ meets the real axis, the distance between two points p and
q be defined as follows:

lo—q||p—r|

In
lo—p|lg—r|

distance (p,q) :=

Here |o — p| is the Euclidean distance from o to p.

In the following paragraph, we explain the Klein model:

In the Klein model, points are inside the unit disk. The geodesics consist of all diameters
of disk and all arcs of Euclidean circles that are contained within the disk. Note that
these arcs are orthogonal to the boundary of the disk. Additionally, according to the all
above mentioned information in two-dimensional models, n-dimensional half-plane model,
which is called Hyperbolic plane and denoted by H" , and n-dimensional Klein model are
obtained by replacing lines by Hyperplanes and circles by hyperspheres.

The following statement shows that all this models are isomorphic.

Proposition 8. [27]. All of models in Hyperbolic geometry are isomorphic.

3. Main results

At first, we introduce the following concepts and lemmas which play a crucial role in
this paper and then by inspiration taken from these lemmas, we prove that convex hull
of every compact set in finite dimensional Hadamard manifold with constant sectional
curvature —1 is compact.

Also, we bring up KKM lemma [12] which concentrates on Hausdorff topological vector
spaces for Hadamard manifolds with constant sectional curvature —1 and then develop
and prove the existence theorem of equilibrium problem for Hadamard manifolds with
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sectional curvature —1. Finally, as a result of this equilibrium theorem, we develop and
prove mixed variational inequality problem under weaker conditions.

Definition 15. Let M be a Hadamard manifold. Define the function v on M x M x [0, 1]
as
{ y:MxMx|[0,1] - M
(@,y,t) = v (z,y;1)

where 7y (z,y;t) = d(z,y;t) and 6 (x,y;t) is a point of the unique minimal geodesics
joining two points x,y.

Note that for all ¢ € [0, 1], ¢ (x,y;t) is the unique minimal geodesics joining two points
x and y.
In the two following lemmas, at first we show that the function 7 is continuous in each
variable and then we prove the critical lemma that is useful to establish that v is a
continuous function on M x M x [0, 1].

Lemma 3. The function v : M x M x [0,1] — M is continuous function in each variable
of M x M x [0,1].

Proof. Since § is a geodesics by definition of « it is easy to see that for two fixed points
x and y in M, the function « is continuous in third variable.
To prove that v is continuous in first variable, we must show that

Jim oy (z,y58) = (w0, 43t) -

Let A (z,y,20) be a geodesic triangle in Hadamard manifold M, and A (2/,y', z¢") be its
comparison triangle in R?, with the fixed point y and time 9. We know that v (z,y;to)
is a point on the geodesics joining x,y at t = tg. The geodesics joining = ,y is denoted by
Ye,y- We also know that v (zo, y; o) is a point on 7y, , in the A (z,y, z9). Now we consider
A (zo,v (x,y;t0) ,y) in M and its comparison geodesic triangle A (z¢’, v (2/,y';t0),y’) in
R?, where v (2/,y'; 1) is a comparison point v (z,y;ty) on geodesics (line segment) 7,/ ..
According to this, v (20, y; to) is a point on 7z, , in A (xo, 7 (x,y;to) ,y) and v (zo', ¥'; to)
is its comparison point on gy, in A (zo’, v (2, y';t0) . Y/).
Since d (y,7v (xo,y;t0)) = ||v — v (zo, /s to)|| and d (x0,y) = ||xo’ — V||, we have

d (z0,7 (z0,y:t0)) = ||zo" — v (z0',¥/5 t0) ] -
So from Lemma 2, we have

17 (&', 9, t0) = (0’ /s to) ||
| toz” + (1 = to)y’ — (toxo” + (1 —t0)y') ||
I toz" = toxo” [|< to [| &' — o’ |,

d (’7 (27, Y, tO) Y (.%'0, Y3 tO))

INIAIA
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Since d (x, o) =|| 2’ — z¢’ ||, as © — xo , we have

d(7 (l’,y,to) » Y ($0)y;t0)) =0.

Similarly we can prove that

lim v (z,y;t) = v (2, y0; 1) -
Y—Yyo

<

Lemma 4. Let M be a Hadamard manifold and x and y be arbitrary points in M. For
every u € M, the following statement is true:

d (u,y (2, y5t)) < td (u,2) + (1 = t) d (u,y) (1)

Proof.

Firstly, the Lemma is true in the setting of an Euclidean space, since geodesics in
Euclidean space are straight lines, since the geodesic between two points x and y is tx +
(1—=1t)y, sovy(z,y;t) =tx+ (1 —t)y, and it is clear that the inequality (1) is satisfied.

By Lemma 1 for three points z,y and v in M, there exist unique points 2/, v, v’ € R?
such that d (z,y) = ||/ —¢/|| , d (z,u) = ||z — /|| and

d(y,u) = ||y — |-

We claim that there exists an isometry of a minimal geodesics between = and y which is
denoted by o, to line segment between 2’ and v/, denoted by [z, y/].

In fact, since o, , is a minimal geodesics between = and y, there exists a continuous
curve ¢ : [0,l] = M such that ¢(0) =z, c(l) =y and d(x,y) = l.

We define { o (i ('t()f)m i l?t[i,’ji ]Ilty, . It is easy to see that ¢ is an isometry.

Since the geodesics ¢ is an isometry, we get d (¢ (t),c(t')) = |t —t/|. For every fixed
time t = ¢, choose the point ¢ = v (x,y;t =tg) of 0,,. Since ¢ is an isometry, there
exists a corresponding point ¢' = ¢ (q¢) = v (2/,y';t0) on [2/,4/]. Since ¢ is an isometry,
we have

)= d(g,2).
|

| ' — ¢ || and

d(q,2') =d(e(a),¢ ()
So it follows from Lemma 2 that d (u, v (z,y,t9)) <
d(u,y (2, y5t0)) <[l v’ = ¢ =] v —~ (2, 4/ t0) || -

Consequently

| W =@ ysto) || < tollu —a' ||+(1—to) || —y |
= tod(u,x) + (1 —to)d(u,y).
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So we have
d(u,y (z,y;t) < td (u,2) + (1 —t)d(u,y).

<

In the following lemma, by using the Lemmas 3 and 4 we prove that « is continuous
function on M x M x [0, 1].

Lemma 5. Let M be a Hadamard manifold. Then the geodesics

{fy : M xMx|[0,1] > M
(z,y5t) = v (z,y31)

is a continuous mapping on M x M x [0, 1].

Proof. Without loss of generality, we can suppose that g < ¢t. To prove v is continuous
on M x M x [0,1], we must show that

lim v (z,y5t) = v (o0, y0; to) -
(z,y5t)—(w0,y05t0)

Equivalently
Ve > 0,30 >0, doo ((z,y31), (20, y05t0)) <0 — d (v (2,9:t),7 (z0,y0:t0)) <&,

where do ((z,y;t), (z0,y0;t0)) := max{d (z,x0),d (y,y0) ,d (t,t0)}.

For each given ¢ > 0, it suffices that we take § := min {d, 02,03}, where 91, d2, d3, re-
spectively, correspond to continuity of v in first, second and third variable (Note that by
Lemma 3 , we know that ~y is continuous in each variable). From inequality (1) of Lemma
4, we have

d (v (2, y;t),v (zo,y0;t0)) < ttod (w,20) +1 (1 —to)d(x,y0) + 2)
to(1=t)d(y,z0) + (1 —1) (1 —t0) d(y,y0) -

By Lemma 3, we know that « is continuous in each variable. From continuity of ~ in
second and third variable and according to inequality (1) of Lemma 4, we have two cases
for d (z,yo):

a) d(z,y0) < i — : )
Y0) = 05 T Hi—to)tte(1—t)  t(i—t)

b) d A
) (x’yo)—t(lft) td—to)+to(1—1) _ t(1—t)

And from continuity of « in first and third variable and according to inequality (1) of
Lemma 4, there exist two cases for d (zg, y):
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2
c) d(zo,y) = t(1€—t) - t(tl—(st) - t(l—to)j—to(l—t)

5 25 €
d) d(zo,y) < a-1n t(ift) — t(I—to)Fto(1-1) "

By comparing these cases and according to the inequality (2), and due to the ¢ tending to
to, it is not hard to see that

d (7 (CU, Y; t) Y (x07y0; tO)) <e.

It should be noted that in vector spaces we have linear structure. So we know that if
FE is a vector space, then for every subset X of E, the convex hull of X which is denoted
by co(X), is the set of affine convex combinations of finite subsets of X, in other words,
each element of co(X) is an affine finite combination element in X . This method in vector
spaces is very useful and has many results.

As in this framework (Hadamard manifold) we don’t have linear structure, in order
to incept this method at this framework we need to have the following definition. This
definition is useful in the rest of this paper.

Let M be a finite dimensional Hadamard manifold and {x1,x2,...,2,} be a finite
subset of M.

Define D (x1, x2;t1,t2) as a point of geodesics joining two points x1, z2 at (¢1,t2), such
that t1,ts € [0,1] and ¢; + to = 1, that is

D (1'17372; tl,tg) =7 (xg, :Cl;t) N with t = t2 and (1 — t) = tl.
(Note that since M is a Hadamard manifold and we know that in Hadamard manifolds
for each pair of points there exists unique geodesics between them which is minimal). So
always for each pair of points x,y in M, there exist such ¢, € [0, 1].

Note that in the normed space the geodesics between two points is a line segment
between them, i.e § (x,y;t) =tz + (1 —t)y. Then

D (x1,x9;t1,t2) := v (22, 21;t) = txg + (1 — t) 21 = toxg + t127.

By induction we can define:

oty
D (21, x2, 23511, t2,t3) := v | w3, D | 1, w23 ——, it3 ],
1—t3'1— 13

such that ty + to +t3 =1, t3 # 1. (t1,t2,t3 € [0,1])
So, we have:
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Definition 16. Let x1,xo,...,x, be a finite number of elements of a Hadamard manifold
n

M and tq,to, ... t, € [0,1] be such that > t; = 1. For each positive integer n, inductively,
i=1

we can define

fy(mn,D(xl,...,mn_l;lf—ltn,..., i”_‘ti) ;tn> tn # 1

D (xy,...,¢p5t1, ... ty) =
T, t, =1

Note that the definition of convex hull here is the definition of convex hull in [6], which
is as follows:

Definition 17. [6] Let A C M. The convex hull of A is defined by
co(A) := ﬂ{E CM:E is a convex subset containing A}.

By Definition 16, we can define the set of all D (z1, ..., xp;t1,. .., t,) forevery ty,... t, €
[0, 1] as follows:

Definition 18. Let x1,x2,...,x, be a finite number of elements of a Hadamard manifold
n

M and for every ty,ta, ..., t, €[0,1] such that > t; =1, define
i=1

n
D (z1,...,zy) = {D(;Ul,...,mn;tl,...,tn);Vti € [0,1], such that Zti = 1}.
i=1

Recall some important statements that are useful to prove the Proposition 9:

Remark 5. [19]. The simply connected universal cover of a finite dimensional Hadamard
manifold M with sectional curvature —1 is H™.

Remark 6. [2]. FEvery geodesic triangle in H™ lies in 2-dimensional Hyperbolic plane
H? C H™.

In the following Proposition, inspired by the above remarks, we can state and prove
that for a finite subset {x1,..., 25} in M, D (z1,...,x,) mentioned in Definition 18, is
equal to co({x1,...,z,}).

Proposition 9. Let M be a finite dimensional Hadamard manifold with constant sectional
curvature —1. Then for finite elements x1,x2,...,Tn € M

D (x1,...,2n) =co{xy,...,zn} (3)
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Proof. We prove this statement by induction. From Remark 5, we know that the
simply connected universal covering space M is H" and it is easy to see that M is a
universal cover of itself. Also, by definition of Hadamard manifold, we know that M is
simply connected. Since both M and H™ are simply connected universal covers of M, so
according to Proposition 5, we deduce that M and H" are isomporphic. So it is adequate
to prove statement (3) for H™.

For three elements x1,z9,z3 in H™ we prove that D (z1,x9,23) = co{x1,z2,x3}. It
suffices to show that D (x1,x2,x3) is convex. As a consequence of Remark 6, we know
that the three points 1, z2, 3 in H" lie in a copy of H?, which is totally geodesic in H".

So any construction involved in taking geodesics between these three points in this
copy of H? stays in H?. So, it suffices to prove that the structure D (1, 2, z3) is convex
in the case of H?.

According to structure of geodesics in the half-plane model H?, we know that geodesics
in H? is either a semicircle meeting the real axis at right angles, or a vertical ray emanating
from a point on the real axis, and also we know that in H? any two discrete geodesic
meeting together at most one point, so it is not hard to see that D (z1,x2,z3) is convex
in H2.

To prove the statement for finite elements =1, xs, ..., T,, we can use the Klein model,
in which all geodesics are straight line segments and all totally geodesic subspaces are
intersections of the unit ball with Euclidean planes. The convex hull of n points in H"
is contained in an isometric copy of H" !, and according to the statement that any
two discrete geodesics meeting together at most one point, it is not hard to see that
D (z1,...,zy,) is convex in H", and this completes the proof.«

As a consequence of Proposition 9, we deduce that D (x1, ..., z,) is convex in Hadamard
manifold M with constant sectional curvature —1 that it is very essential in the following
lemma to show that for a nonempty subset X of M the convex hull co(X) is the set of
convex combinations of finite subsets of X.

Lemma 6. Let M be a finite dimensional Hadamard manifold with constant sectional
curvature —1 and X be a nonempty subset of M, The convex hull of X is the set of convex
combinations of finite subsets of X. In other words, co(X) is equal to the subset S(X) of
M defined by

S(X) = {D(l‘o,l‘l,...,l‘n;to,tl,...,tn)
n
with n>0; z; € X such that t; € [0,1],> t; =1, for i=0,1,..,n}.
i=0
Proof. Consider a € S (X). Then there exists nonnegative integer n and tg, t1, to,. ..,

n
t, € [0,1], t, # 1 and xp,z1,...,2, € X, such that > ¢; =1 and
i=0
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a=D(x1,...,xn;t1,...,t,). By Definition 16, we know that

a = D(l‘o,...,l‘n;tl,...,tn)
— .t tn-1).
= 7 .’L'n,D x07"'7xn—171_0tna"'71n_tn>7t’n>7
Si X), D pl L, e X), and si X) i
ince x,, € co(X), Loy .y T 13 75> 1o ) € co(X), and since co(X) is convex,
n n

the minimal geodesics between them belongs to co(X), i.e

~ (acn,D (xo,...,xn_l; lf—otn, e in_—‘ti) ;tn> € co(X), so a € co(X).

To complete the proof of Lemma, we must show that co (X) C S(X), so it is suffices
to show that S(X) is convex. As a consequence of Proposition 9, it is not hard to see that
S(X) is convex. <

In the following theorem, we show that in finite dimensional Hadamard manifold with
sectional curvature —1, the convex hull of every compact set is compact.

Theorem 3. Let M be a finite dimensional Hadamard manifold with constant sectional
curvature —1, and let X be a compact subset of M. Then co(X) is compact.

Proof. Let {x,},~, be a sequence in co(X). Let’s prove that this sequence has a
convergent subsequence. According to Lemma 6, for each n = 0,1,2,..., there exists
nonnegative integer d,, denoted by d (d := d,,) such that

Tn =D (an707 an,1y---50n.d; tn,Oa .. 7tn,d) .

d
with app € X | tprp >0, >ty =1, for every k =0,1,..,d.
k=0

The sequence {an0},,~, belongs to the set X. Since X is compact, {an0} has a
convergent subsequence. Let {anho}mzo be such a subsequence.

Next, consider {an,1},5, in X. It also has a convergent subsequence {an,,1},,>-
Then consider the sequence {a,2},~, and so on. Repeating this reasoning d + 1 times,
we end up with a sequence {nq},~, of nonnegetive integers such that the d 4 1 sequences
{ans0}t{ans 1}, .- {an, 4}, 5, are convergent.

We consider now the sequence of real numbers {t,,0},+,, belonging to the compact
interval [0, 1]. It has convergent subsequence. By repeating the argument above d+1 more
times, we end up with a sequences {nsq},~, of nonnegative integers such that the d + 1
sequences {an,,.0} > {@nyg,1} s {@nya.d}, o in X are convergent and the d + 1 sequence
{tnoa0} s {tnoart - - - {tnsu,dt,>o 0 [0, 1] are convergent.

Then by Definition 16, and Lemma 5, we deduce that the subsequence {2y,,},~, of
{zn},>¢ is convergent.This completes the proof.«

n>0
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3.1. An extention of Fan’s KKM to Hadamard manifolds

In this section, we explore the extension of the Fan’s 1984 KKM Theorem [12] on
Hadamard manifold with sectional curvature —1, under suitable conditions.

Definition 19. Let K be a nonempty subset of M and F : K — 25 be a set valued
mapping. F is called KKM if for every n € N and x1,20,...,2, € K

n
co({z1,z2,...,2,}) C 1 F (z;).
In 2012 [6] Colao et al. extended the Fan’s 1961 KKM Theorem [10] from topological
vector spaces to Hadamard manifolds.

Lemma 7. [6]. Let M be a Hadamard manifold and K be a closed and convex subset of
M, given G : K — 25 be a mapping such that for each x, G(z) is closed. Suppose that

i) There exists xg € K such that G (xo) is compact;
i) Va1, x2,...,xn € K,co({z1,22,...,20}) C UL, G ().
Then
(,er Gl@) # &

Ky Fan, in 1984, obtained the well-known Fan’s 1984 KKM theorem in order to relax
the compactness condition on topological vector spaces. In this paper, we develop the
Fan’s 1984 KKM Theorem[12] on Hadamard manifolds with sectional curvature —1 under
weaker conditions.

The following Lemma recalls the version of Fan’s 1984 KKM Lemma [12] on Hausdorff
topological vector spaces.

Lemma 8. [12]. Let C be a nonempty subset of a Hausdorff topological vector space Y
and F : C — 2% be a map such that

(i) F has closed values;
(i) F is a KKM map;

(iii) There exists a nonempty compact convexr subset B of C such that (\,cp F(x) is
compact.

Then
(), F @) # 6.

Assume that M is a finite dimensional Hadamard manifold with constant sectional
curvature —1 and K is a submanifold of M. Then we have the following lemma.
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Lemma 9. Let B be a nonempty convex compact subset of K. Then for every finite subset
{z1,29,...,2,} of K, the set co({x1,x2,...,x,} UB) is compact in K.

Proof. Since M is Hadamard manifold of finite dimension, and K is a submanifold of
M, {z1,...,z,} U B is compact. Then it follows from Theorem 3 that

co({x1,...,z,} UB)

is compact in K.«

It should be noted that the authors in [6] extended KKM Lemma [10] from topological
vector spaces to Hadamard manifolds under suitable conditions. In our next result, we de-
velop the version of Fan’s KKM Theorem [12] from topological vector spaces to Hadamard
manifolds with sectional curvature —1 under the conditions weaker than those in Lemma

8.

Theorem 4. Let M be a Hadamard manifold with sectional curvature —1 and K be a
nonempty convex submanifold of M. Suppose that the set-valued mapping F : K — 2K
satisfies the following conditions:

(i) F has closed values;
(ii) Fis a KKM map;

(11i) There exists a nonempty compact convexr subset B of K and there exists a bounded
subset S of K such that (\,cp F(x) C S.

Then
(), Fla) #o.

Proof. First we show that (), .z F(x) # ¢. We define the set-valued map
H:B — 28 by H(z) = BN F(x). For every x € B we have H (z) # ) (since B is
nonempty, there exists a z9 € B and since xg € F (z9), this implies that H (zg) # ¢).
Also, since F'(z) for every x in K is closed and B is a compact subset of K, H (z) is
compact for every x € B. Moreover, inspired by B is convex subset of K and F' is KKM
map on K, we deduce that the convex hull of every finite subset of B is contained in
Bn (Uzz? F(z;)). This shows that H is KKM map on B. For every z in B, H(x) is
compact and nonempty and all conditions of Lemma 7 is satisfied for set valued mapping
H. So from Lemma 7 we have () .5 H(x) # ¢ and according to the definition of H above,
we have (.5 F(x) # ¢.

By (iii), there exists a bounded subset S of K such that () F(z) C S. Since S is

€D

bounded and (.5 F(x) # ¢, (] F(z) is bounded (as subset of metric spaces). Also,
zeB
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by (i) we know that F(x) is closed for every x in K, so (| F(z) is closed and bounded
zeB
subset of K. And, as K is a submanifold of M, it is also a Hadamard manifold. So by

Hopf-Rinow theorem 2, we conclude that [ F(x) is compact.
zeB
Let N = () F(z). Then N is nonempty and compact. Now, we are going to prove
reB
that the intersection [, F'(z) is nonempty. To see this, we consider an arbitrary finite

subset {z1,z2,...,z,} of K and K' := BU {21, x2,...,2,} and L := co(K’).

From Lemma 9, L is compact subset of K. Given y € L, define T'(y) = L N F(y). It is
easy to see that for every y € L, T (y) # (). Since L is compact and F'(y) is closed for every
y € L, T(y) is compact for every y € L. Moreover, since L is a subset of K and F'is KKM
map on K, the convex hull of every finite subset of L is contained in L N (UZ:{ F(yi))-
This implies that 7" is a KKM map on L. Thus all conditions of Lemma 7 are satisfied

for T, so from Lemma 7 we derive that (| H(y) # ¢. Therefore, definition of H and N
yeL
imply that

N () P 2 L0, Fa) n (2 P 20, T)

i=1

Thus for every finite elements x1, zo,...,x, € K, we get

Niey (NN F(x;)) # ¢, which implies that the collection {N N F(z) : # € K} has finite
intersection property.

Thus by Remark 2 we conclude that (), (N N F(x)) # ¢ and consequently

(), Fla) #o.

<

Remark 7. It should be noted that since every monempty and open subset of smooth
manifold is a submanifold, if we assume in the above theorem that K is nonempty, open
and convex subset of finite dimensional Hadamard manifold M with sectional curvature
—1, then Theorem 4 is also true.

This is the open version Fan-KKM lemma, that is when the values of the set valued
mapping are open.

The following corollary is a special case of the previous theorem that is useful in this
paper.

Corollary 1. Let M be a Hadamard manifold with sectional curvature —1 and K be a
convex submanifold of M. Suppose that the set-valued mapping F : K — 25 satisfies the
following conditions:



A New Extension of Fan-KKM Theory and Equilibrium Theory 105
(i) F has closed values;
(ii) Fis a KKM map;

(iii) There exists a nonempty compact conver subset B of K such that (\,cp F(x) is
compact.

Then
(), Fla) #o.

Proof. By Hopf-Rinow Theorem, if (|, F'(z) is compact then [, 5 F'(2) is bounded
and closed, so by the previous theorem it is straightforward to deduce that

), F@) # 0.

<

We are now able to establish our existence results for the solutions of the equilibrium

problem in the setting of Hadamard manifold.
Let M be a finite dimensional Hadamard manifold with sectional curvature —1 and K

be a convex submanifold of M. Then we have the following theorem.
Theorem 5. Let F': K x K — R be a bifunction such that

(i) For anyx € K, F (z,x) > 0.

(ii) For every x € K, the set {y € K; F (z,y) < 0} is convez.

K —R

1S upper semicontinuous.
x— F(x,y) pp

(iii) For everyy € K, {

(iv) There exists a nonempty compact and conver subset B of M such that for each
x € K\B there exists y € BN K such that F (x,y) < 0.

Then there exists a point xg € BN K, such that for every y € K, the following inequality

holds:
F (3301 y) > 0.

Proof. Define the mapping G : K — 2K by
G(y)={re K:F(x,y) >0},Vy € K.

Since F'(.,y) is upper semicontinuous, G (y) is closed for all y € K. It follows from (iv)

that the set B N K is nonempty, convex and compact where (| G(y) € B. Then
yeBNK
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(N  G(y) is compact. In order to apply Theorem 4, we have to prove that G is a KKM
yeEBNK

mapping on K. In order to verify this, let {y1,92,...,ym} be a finite subset of K then

m
co (v va}) €U G (w0
On the contrary, if G is not KKM mapping, then there exists a point Z, such that
m
z€co({y1,y2,---,ym}) but & ¢ |J G (y;), that is for every i € {1,2,...,m};
i=1

F(ﬁ:,yi) < 0.

Hence y; € {ye€ K;F(z,y) <0},Vi € {1,...,m}. It follows from (ii) that the set
{y € K;F (z,y) <0} is convex. Thus

z€co{y,y2,.--,ym}) C{y € K; F (z,y) <0},

which contradicts (i). Then all of conditions of Theorem 4 are satisfied for the set valued
mapping G. Hence by Theorem 4 there exists a point xg € K such that

To € ﬂyeK G(y).

Then it follows

N Gwc () GycB

yeK yeBNK
Therefore zp € BN K. Thus by the definition of G(y), for every y € K, we have

F(ajan) > 0.

<

As an application of our main theorem we consider mixed variational inequality prob-
lem. That is one of the most important issues in optimization problems. This problem
has been vastly studied in linear framework, see for instance [32, 14].

We develop and establish the mixed variational inequality problem under suitable
conditions in Hadamard manifold framework with sectional curvature —1, by use of the
equilibrium Theorem 5.

Let M be a finite dimensional Hadamard manifold with sectional curvature —1 and
K be a convex submanifold of M. Assume that T': K — T'M is a single valued vector
field and f : K — R is a real valued function. Consider the mixed variational inequality
problem (MVIP) in the Hadamard manifold framework which is to find a point z¢p € K
such that

(Two, expyyy) + f (y) — f (wo) > 0,¥y € K.
The mixed variational inequality problem associated to T" and f is denoted by MVIP(T', f).
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Theorem 6. Let T : K — TM be a continuous vector field and f : K — R be a conver
lower semicontinuous function. Assume that:

(H) there exists a nonemty, conver and compact subset B C M such that for each
x € K\B there exists y € BN K, such that

(Tz,expy) + f(y) — f (z) <0, (4)
Then MVIP(T,f) has a solution in BN K.

Proof. Define Fr s (z,y) : K x K — R by

FT,f (:c,y) = <T:L‘,€$p;1y> + f(y) - f(x) Vo,y € K.

For any x € K, it is easy to see that Fr s (x,z) > 0, so the function Fp y, satisfies (i)
of Theorem 5. It can be deduced from the continuity of 1" and lower semicontinuity of f
Fri(hy): K =R
x— Fry(z,y)
implies the validity of the hypothesis (iii) of Theorem 5.
The condition (H) is equivalent to the existence of a nonempty, convex and compact
subset B C M such that for each = € K\ B there exists y € BN K, with

that for every y € K the function { is upper semicontinuous. This

FT,f (l‘,y) < 07

which implies the condition (iv) of Theorem 5 is satisfied. We assert that the condition
(ii) of Theorem 5 is valid for Fr ;. Indeed, define the map g : K — R, for any € K as
follows:

g(y) = <Ta;, exp;1y>.

By Proposition 7, the map g is convex. And so for each x € K, the function Fr ¢ (x,.) :
K — R is convex.

Hence the set {y € K;Fry(x,y) < 0} is convex. This completes the proof of the
assertion. Since all conditions of Theorem 5 are satisfied for the function Fr f, there exists
a point zg € BN K such that

Fr(zo,y) >0,Vy € K.

Then zg € BN K is a solution of the MVIP (T, f).«
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