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On Third Order Coupled Systems with Full Nonlineari-
ties

F. Minhés, I. Coxe*

Abstract. This work studies the solvability of the nonlinear third order coupled system composed
by the differential equations

with f,h:[0,1] x R® — R L!-Carathéodory functions and the two-point boundary conditions

{ u(0)=u(0)=u(1)=0
v(0) =" (0) =2 (1) =0.

An adequate truncature together with Nagumo-type conditions allow the dependence of the non-
linearities on the second derivatives. By lower and upper solutions method we obtain strips where
the unknown functions and their derivatives must lie, which provides some qualitative data on the
solutions.
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1. Introduction

This work gives sufficient conditions for the existence of solution, positive or not, of
the nonlinear third order coupled system composed by the differential equations

{ —u"” (t) = f (t,0(t),v'(t),v"(t)) (1)
—v" (t) = h (t,u(t),(t), v (t)),

*Corresponding author.

http://www.azjm.org 147 © 2010 AZJM All rights reserved.



148 F. Minhés, 1. Coxe
where f,h:[0,1] x R = R are L'-Carathéodory functions, and the two-point boundary

conditions (0) = ' (0) =/ (1) = 0
{ v(0)=2"(0)=v(1) = 0 (2)

Moreover, by applying lower and upper solutions technique, the localization part of the
result allows us to have some qualitative data about solutions sign, growth or variation,
as suggested in [19].

Higher order nonlinear systems of differential equations have had an increasing interest
in last years, mostly due to their applications in several fields such as populations dynamics,
mechanics, optimal control, harvesting; see [1, 3, 6, 7, 8, 9, 10, 13, 14, 15, 16, 18] and the
references therein.

In particular, third order equations model many phenomenons in physics, engineering
and physiology, among others. As examples, we mention the flow of a thin film of viscous
fluid over a solid surface (see [2, 21]), the deflection of a curved beam having a constant or
varying cross section, the solitary waves solution of the Korteweg—de Vries equation ([17]),
the thyroid-pituitary interaction ([4]) or vehicles nonlinear suspensions ([11]).

The methods used in the literature for third order coupled systems can not deal with
the second derivatives of the unknown functions. See, for example, [20] where the author
proves the existence of at least three positive solutions for the boundary-value problem

(t,u(t),v(t)) =0, 0<t<1,
)= (0) =0, o (1)=pd(n),
v'(0) =0, o' (1) =pBv'(n),

where f,h : [0,1] x [0,00)?> — [0,00) are continuous and 0 < n < 1, 1 < B < 1/n,
a(t),b(t) € C(]0,1],]0,00)) and are not identically zero on [/, 7], applying the Leggett-
Williams fixed point theorem. And [12], where the authors study the third order differen-
tial equations

U;” (t) + fl (tyul(t)u 7un(t)7u,1(t)7 7U;L(t)) = 07 O <t< 17 i = 1’ SRXLP

where f; : [0,1] x R™ — R are continuous functions, with multi-point integral boundary
conditions, via the Guo-Krasnosels’kii fixed point theorem in a cone.

Motivated by the above papers and by those applications which include a second
derivative dependence, we consider problem (1), (2). Note that standard cone theory can
not be applied to our problem because the second derivative of the Green’s functions,
associated to the linear form of (1), changes sign.

Our arguments apply an integral system defined with the Green’s functions as the
kernel component, and some auxiliary compact operators, in which an adequate truncature
plays a key role. Coupled lower and upper solutions provide a localization tool to establish
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not only the equivalence between auxiliary and initial problems, but also to give some
qualitative properties of the solution. Moreover, a Nagumo-type condition allows an a
priori control on second derivatives, as in [5].

The paper is organized as follows: Section 2 contains the expression of the Green’s
functions, coupled lower and upper solutions definitions and a priori estimations for the
second derivatives. The main theorem, an existence and localization result, is in Section
3. In last section we present an example to show the applicability of our main result.

2. Definitions and auxiliary results
Let E = C?[0, 1] be the Banach space equipped with the norm || - ||z, defined by
[wlle2 := max { [Jwl]], '], |},
where
ly[l :== max [y(t)

te[0,1]

and E? = (C?[0, 1])2 with the norm

[[(u, )| g2 = max {[Jul|c2, [[v]lc2} -
For the reader’s convenience, we present the definition of L!-Carathéodory function:

Definition 1. A function g : [0,1] x R® — R is a L'-Carathéodory function, if it satisfies
the following properties:

1. g(t,,-) is continuous in R? for a.e. t €1[0,1] .
2. g(-,z,y,2) is measurable in [0,1] for all (z,y,z) € R3.

3. For every L > 0 there exists 1y, € L'[0,1] such that, for a.e. t € [0,1] and all
(z,y,2) € R® with ||(2,y,2)|| < L,

‘g(t7x7y7z)‘ < wL(t)'

Lemma 1. The pair of functions (u(t),v(t)) € (C3[0, 1], ]R)2 is a solution of problem
(1)-(2) if and only if (u(t),v(t)) is a solution of the following system of integral equations:

u(t) = fif G(t,5)f(s, v(s), V'(s),0"(s))ds, 5
3
o(t) = [ G(t,s)h(s, u(s), u/(s),u" (5))ds,
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where G(t, s) is the Green’s function associated to problem (1)-(2), defined by

2 2
—bs o 4ts ,0<s<t<],

G(t,s)= (4)

2 2
L4 ,t<s<1

The proof follows by standard arguments and is omitted.

Definition 2. The pair of functions (ai,az) € (C? 0, 1])2 is called coupled lower solution

of (1)-(2) if

{ a:l::(t)gf(7a1 t)70/1(t)70/1/(t))7
—Qy (t) < h( ) Q2 (t) 70/2 (t) 70/2/ (t)) )
with
01 (0) < 0,04 (0) < 0,a} (1) <0 (5)
and

asz (0) < 0,05 (0) <0,05 (1) <O0.

The pair (B1,52) € (03 [0, 1])2 is said to be coupled upper solutions of (1)-(2) if B1 and
Bo verify the reversed inequalities.

To control the growth of the second derivatives we need Nagumo-type conditions:

Definition 3. The L'-Carathéodory functions f,h : [0,1] x R® — R satisfy Nagumo-type
conditions if there are positive continuos functions ¢1,ps such that

|f (t,v0,v1,v2) | < 1 (v2) (6)
and
|h(t,u0,u1,u2) | < ¢2 (u2) (7)
with
+00 +o0
s s
0/ ™ (s)ds =400 and O/ % (s)ds = +o0. (8)

Next lemma gives a priori estimations for u”(t) and v”(¢) :

Lemma 2. Let f h:[0,1] x R — R be L'-Carathéodory functions satisfying (6), (7) and
(8), in [0,1] x R3. Then there exist Ry Rs > 0 (not depending on (u,v) ) such that for
every solution of (1) verifying

of’ (1) < Wl (1) <8 (1),

ob) () < oW (1)< B (), fori=0,1, and t €[0,1],

we have
||[u"|| < Ry and |]v"|| < Re. (9)
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Proof. Let (u,v) be a solution of (1) such that

ai(t) < ult) < Bi(t), oy (t) <u'(t) < By(t), for t € [0,1], (10)

and
as(t) S w(t) < Ba(t), ay(t) <v'(t) < Ba(t), for t € [0,1].
Define r > 0 such that

r = max {§(0) — a1 (1), 1 (1) — @/ (0), 55 (0) — @5(1), B5(1) — a5(0) } (11)

and take 71 Ry > 0 such that

—d t) — t 12
/ S > max A (1) = min of (1) (12)

and

— t
@ ds > max fy () — min aj (¢).

Let us prove the a priori estimation for u”(t). For v”(t) the technique is identical.
If, by contradiction, |u” (t)] > r,Vt € [0,1], in the case u”(t) > r, for t € [0,1], by (10)
and (11), we have the contradiction

1 1
B1(1) = (0) > /(1) —u/(0) = /u”(t)dt > /7‘ dt > B1(1) — 4 (0).
0 0

In the case where u”(t) < —r, for t € [0,1], we arrive at a similar contradiction.
Therefore there exists ¢ € [0,1] such that |[u” (¢)] < r.

If |u” (t)] <, Vt €[0,1], the proof would be finished assuming Ry > r.

Consider that there is to € [0, 1[ such that |u” (t0)] > r. If u” (t9) > r, thereis t* € [0, 1],
with t* < tg, u” (t*) = r and u” (t) > r,Vt €]t*, to).

By a change of variable,

u'(tg) to " )
s u” (s
— ds = /fu’” s)ds
,,4) o1 (s) J ¢1 (u” (s)) (#)
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< /u” (s)ds = (to) —u' (t¥)

t*
< max t) — min o/
<m0 — i of / e

As tg is taken arbitrarily on the values where u” (tg) > r, we have u” (t) < Ry,Vt €
[0,1].

If we assume u” (tg) < —r, the method is analogous. Therefore, |[u”|| < R;.

Applying a similar technique and (7) it can be shown that ||v”|| < Ra, for some Ry > 0.

The existence tool will be the Schauder’s fixed point theorem:

Theorem 1. ([22]) Let Y be a nonempty, closed, bounded and convex subset of a Banach
space X, and suppose that P :'Y — Y is a compact operator. Then P has at least one
fixed point in'Y .

3. Existence and localization theorem

The main theorem will provide the existence and the localization of a solution for the
problem (1)-(2).

Theorem 2. Let f,h: [0,1]xR? — R be L'-Carathéodory functions satisfying the Nagumo
type conditions (6), (7) and (8).

If there are coupled lower and wupper solutions of (1)-(2), (a1,a2) and (B1,B2), respec-
tively, such that

(a1, ab) < (81,85)
that is,
6 (t) < Bi(t) and a(t) < Bit), VE € [0,1],
then there is at least a pair (u(t),v(t)) € (C?[0, 1], R)2 solution of (1)-(2) and, moreover,
fori=0,1,
of’ (1) < u®(t) < 8 (1)

and ‘ ' ‘
ol (1) < @) < B (1), Wt € [0,1].

Remark 1. If o) (t) < u/(t) < Bi(t) for t € [0,1], then by integration in [0,t], and, by (5)
and (2),

ar(t) < ait) —a1(0) < w(t) < B (t) = B1(0) < i(t), fort €0, 1].
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Analogously, if ob(t) < o' (t) < B4(t), Vt € [0,1], then

as(t) < v(t) < Ba(t) fort € [0,1].

Proof. Define the operators T} : E> = E |, Ty : E> — E and

T (u,v) = (T (u,v) , Ts (u,v)) (13)

with

() (1) = [ Gts)f (s,0().0 (5).0" (s) ds,

(T2 (u,v)) (1) = G(t,s)h(s,u(s),u (s),u" (s))ds.

o O~ _

By Lemma 1, the fixed points of T" are the solutions of (1)-(2). In the sequel, we prove
that T has a fixed point.

Consider the auxiliary operators T* : E? — E% T* (u,v) = (T} (u,v) , T3 (u,v)), where
Ty : B> — E is given by

T7 (u(t),v(t) = | G(t,s) F(s,u(s),v(s))ds,

o _
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with F(t,u(t),v(t)) := F defined as

and 15

( Ul _ ’U/ A/ .
£ (6, B (), BL(8), B (8) — il — Tty if w2 > BL(2),

V() > Ba(t)

£t ut), o (8), 0" (8)) = Tty i a4 () < o'(8) < B{(),

) >
f (8,01 (t), 0 (1), oY (8)) — T3 st + Tty if W (t) < ai(2),
) >

£ (6, Bu(1), B (), BY (1)) — sl il (2) > B} (1)
ah(t) < v'(t) < B3()

£ (8 0(0), 0/ (8), 0" (1)) 3 o4 (1) < /(1) < Bi(#), ah(t) < v'(1) < Bh(t)
£ (8,01 (t), 0 (1), 0 (£)) — T3 riytiilyy if /() < al (1), ah(t) < /(1) < B5(t)
£ (8, B1(2), B0, BL (D) — sty + Tty it /() > Bi(#),

o v (1) < ah(t)
F (8 ult), ' (8),w" () — Tty if 64 () < o/(8) < B1(8), v/ (1) < ah(t)
f (5 0n(8), a4 (8), 04 (8) — it — Tpeair i ' (8) < a4 (1),

v (1) < ah(t),

: E? — E is given by

T5(u(t),v(t) = [ G(t,s) H (s,u(s),v(s))ds,

o _
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with H(t,u(t),v(t)) := H defined as

([ h(t, Ba(t), BY(t), BL(L)) — 1+“|/f<)§

D U8
1~ - ) > A,

Q"“

(t,v(t), v v%»—ﬁ%ﬁ%ﬁﬁw>>mw»mwgwws%@
(t7u(t)7u/(t)7u//(t)) if al( ) u ( ) < Bl(t% a/2(t v

(t, v (1)) — st i (1) < of
(t 04(0)) + T by — 155?5%“&” 06) > B0

1

o (t

h (1 aa(t), ab(t), af (1)) — 2 i ol (1) < o' () < BY(1), V(1) < ah(t)
h(t,aa(t), ab(t), 4 (1)) - ﬁﬂfﬁm—;&ﬂﬁmﬁw><%w
k v (t) < ab(t).

As f and h are L'-Carathéodory functions, it follows ' and H are L'-Carathéodory
functions, too. Define the compact subset of E?

K = {(u,v) € E?: || (u,0)]| g < L},
with L > 0 given by

L > max {Rl, Ry, ||«

189 H,z':l,Q,j:0,1,2}, (14)

where R, Ry are defined in (9). Therefore, by Definition 1, for (u,v) € K, there are
positive functions v, ¥ar, : [0,1] — (0, +00) such that v, ver, € L0, 1] and, for (u,v) €
K,

|E(t,u(t),v(t))] < 1p(t), for ae. t €0,1], (15)

and

\H (£, u(t), v(t))] < or(t), for ace. t € [0,1]. (16)

);

The Green’s function G (¢, s) is continuous in [0, 1] x [0, 1] and, by Remark 1, functions
F(t,u(t),v(t)) and H(t,u(t),v(t)) are bounded. Then T} (u,v) and T3 (u,v) are well
defined and continuous in E?, and so, the operator 7% is well defined and continuous in
EZ.

Step 1: T} and T35 are completely continuous in (02 [0, 1])2.
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The operator 77 is continuous in (C? [0, 1])2 as G (t,s) and % are continuous and
82G(t,5)

5 18 bounded and therefore

f is a L'-Carathéodory function. Moreover,

2
/8%75275,8)1? (s,u(s),v(s))ds is continuous.
0

In the same way, T3 is continuous in (C?[0, 1])2.

Claim 1.1. T} and T3 are uniformly bounded in (C? [0, 1])2.

Define
oG 0*G
() = s { g G 0,90 s |5 .91 s | 09| |
Then, by Lemma (2) and (15),
1 1
|(T7 (u( / (t,s)||F (s,u(s), (s))]dsg/M(s)wlL(s)ds<k0.
0 0

Analogously, it can be proved that

|(T7 (u(t),0()))' | < k1 and [(T7 (u(t),0(t)"] < ks,

for some kg, k1, ko > 0.
As, for Ty (u,v), by (7),

1

1
(T3 (u( / (t:5) 1 (s, (s) o) ds < [ M(s) bar () ds <
0

0

for ng > 0, by similar arguments we have

(T3 (u(t),0(t)))'| < m and [(T3 (u(t),v(t)" | <2,

for some ny,m2 > 0.
Therefore T* is uniformly bounded in (C? [0, 1])2 .

Claim 1.2. T} and Ty are equicontinuous in (C? [0, 1])2.
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For the first operator 17, consider ¢, t3 € [0, 1] and, without loss of generality, suppose
t1 < ta. So, by (15),
1

Ty (u,v) (t1) — 15 (u,v) / (t1,8) — G (ta,8)| 1 (s)ds — 0 as t; — to.
0

By similar arguments,

1
T o) (1) - (o) )] < [ |25 - 250 (s o
0
as t1 — t9, and
1
2 2 s
(T3 0))" (1) — (T () ()] = [ |FGEE - EED 0
0

< /1/11Lsds—>0ast1—>t2.

The proof that T3 is equicontinuous in (02 [0, 1])2 follows as above.
By the Arzela-Ascoli theorem, the operator T (u,v) is completely continuous.
Step 3: T* : E? — E? has a fived point.

In order to apply Theorem 1 for operator T* (u,v) it remains to prove that 7D C D,

for some closed, bounded and convex D C EZ2.
Consider D C E? given by D := {(u,v) € E? : [|(u,v)|| g2 < p} , with p > 0 such that

p>max{Ry, Ro, L, k;i,n;,i =0,1,2},

where Ry, Ry are given by (9 ) L by (14), and k;,n;, i = 0, 1,2, are as in Claim 1.1.
By Claim 1.1, ||(T}(u,v)?|| < ki, i = 0,1,2, and HTzuv(ZH < i io=0,1,2.
Therefore ||(T7(u,v)|| 5 < p and [[(T5 (u,v)| < p, that is,

1T (u, v) | g2 < p-

So, T*D C D, and, by Theorem 1, T* has a fixed point (u,v) € D C E2.
Step 4: This fized point (u,v) of T is also a fized point of T, given by (13).

As (u,v) is a fixed point of T™*(u,v), it means that (u,v) is a fixed point of 75 (u,v)
and of T5 (u,v).
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By standard arguments it can be shown that
—u"'(t) = F(t,u(t),v(t))
and
=" (t) = H(t,u(t),v(t)).

So, to prove this step it will be enough to show that
o) (t) < (t) < Bi(t) and ah(t) < o' (t) < Bi(t), Vt € [0,1].

For the first inequality suppose, by contradiction, that there is ¢t € [0,1] such that
ol (t) > o' (t) . Define

max. (04 (1) = (1) = i (to) — ' (to) > 0.

By (2) and (5), tg # 0 because o/(0) — v/ (0) = &/(0) < 0. Analogously, ty # 1. So
to €10,1[ and
af(to) = uj (to) , oy’ (to) —u" (to) < 0.

As (o (t) —u/ (t)) € C[0, 1], there is I C [0,1] such that ¢ty € I and

ai(t)y—u' (t) >

ol (t) — " (1) <

For all possible values of v/ (ty) , we obtain the following contradictions by the trunca-
ture F' and Definition 2:

If o' (tg) < af(to), and as v’ (t) — ah(t) € C[0,1], then there is Jy C [0, 1] such that

to € Jo and v’ (t) — ah(t) <0, Vt € Jy.
As tg € INJy, we have I N Jy # & and

0 > / (o' (t) —u" (1)) dt

INnJy
-/ <0/1”(t)+f(t, o ()0 (1) o (1))
INnJy
V- ()
1+|uf<t>—a;<t>|>dt
> /(o/l”(t)+f(t,al(t),a’l(t),a’l’(t)))dt20.

INnJy

__w()—a ()
14 [u' (1) — o (B)]
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If o (tg) < V' (to) < Bh(to), and as v/, b, 85 € C[0,1], then there exists J; C [0,1] such
that tg € J1 and ob(t) < o' (t) < B4(t), Vt € Ji.
As INnJ, # @, we have

0 > / (o' (t) — u" (t)) dt

InJy
_ o a o o - u' (t) — O/1 (t)
- Irjh<1(t)+f(t7 1(t)7 1(t)7 1(t)) 1—|—’u’(t)—0/1(t)’>dt
> / ("(t) + f (t,00 (t), 0] (t), 0] (1)) dt > 0.

InJy

If o' (to) > B5(to), and as v (t) — B5(t) € C[0,1], then there is Jo C [0,1] such that
tg € Jo and v/ (t) — 5é(t) >0, Vt € Jo.
Astg € INJy, we have I N Jo # @ and

0 > / (o(t) — o (1)) dt

INJs
_ o o a o o _ u' (t) — 0/1 (t)
—ﬁé<1w F (b1 (8.0 0).0 () = 3 ups s

o (1) — B (1)
*dﬂwm—@mO“

> / (' (t) + f (t,0n (2), ) (2), 0] (1)) dt > 0.

INnJs

Therefore, o(t) < u'(t),Vt € [0,1]. By similar arguments it can be proved that
u' (t) < By(t), Vvt € 0,1], and so,

o (t) < ' (£) < Bi(1), Wt € [0,1]. (17)
Applying the same technique with the truncature H, it can be achieved that
ab(t) <o’ (t) < Ba(t), Vt € [0,1]. (18)

So, the fixed point (u,v) of T* is also a fixed point of T, given by (13), and by Lemma
1, (u(t),v(t)) is a solution of the problem (1)-(2).



160 F. Minhos, 1. Coxe

4. Example

Consider the system of nonlinear and nonautonomous differential equations

() = o) + e — 60 (1)
(19)

—0"(t) = & —arctan (u (1)) + (u/ (1))" + 2 (" (1)),

with the boundary conditions (2).
In fact, (19) is a particular case of (1) with

ft,zy2) =2+ —6V22

and ;
h(t,z,y,z) = 1 arctan x + y° + 222,

where f and h are L'-Carathéodory functions.
By easy calculations, it can be seen that the functions

a(t) = —1, Bi(t) =12
a(t) = —t2, Bo(t) =1,

are the coupled lower and upper solutions of (19), (1).
By Theorem 2, there is a solution (u,v) of (19), (2) such that

-1

u(t) <t?, —t* <w(t) <1,
0 /

1
o (t) <2t, —2t < (t) <0, for t € [0,1].

IAIA

From the localization part, u (¢) is a nondecreasing function and v (¢) is a nonincreasing
one.
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