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Reconstruction of the Sturm—Liouville Operators
with a Finite Number of Tranmission and Param-
eter Dependent Boundary Conditions

M. Shahriari*, M. Fallahi, F. Shareghi

Abstract. In this paper, we study discontinuous Sturm-Liouville problems with the
eigenvalue parameter linearly contained in boundary conditions, and the coefficients are
recovered by (i) Weyl function and (i7) spectral data. Further eigenparameter appears
in both of the boundary conditions.
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1. Introduction
We consider the Sturm—Liouville problem
ty = —y" +qy =Ny, (1)

with the eigenparameter dependent boundary conditions

U(y) == (A = h1)y'(0) + (Ah — ha)y(0) = 0, (2)
V(y) == (A= Hy)y () + (A\H — Hz)y(m) =0, (3)

and discontinuous conditions for i =1,...,m — 1
y(di +0) = a;y(d; — 0), y'(di +0) = b/ (di — 0) + ciy(di — 0), (4)

where g(x) € Lo(0,7) is a real-valued function, h, hy, ho, H, Hy, Ha, d;, a;, b;,
¢ € Rand r{ := hg —hhy >0, r9 ;= HH{ — Hy > 0,dy =0 < d; < dy <

*Corresponding author.

http://www.azjm.org 3 © 2010 AZJM Al rights reserved.



4 M. Shahriari, M. Fallahi, F. Shareghi

coo < dp_1 < dy, = mand a;b; > 0. where {di}z@_ll are discontinuous points. For
simplicity we use the notation L := L (q(x),d;, a;, b, ¢i, h, h1, he, H, Hy, Hy) for
the problem (1)—(4).

Spectral problems for Sturm—Liouville operators with eigenvalue dependent
boundary conditions have been studied extensively. Boundary value problems
with discontinuities inside the interval often appear in mathematics, mechanics,
physics, geophysics and other branches of natural sciences. Further, it is known
that inverse spectral problems play an important role in the study of some non-
linear evolution equations of mathematical physics.

The inverse problem of recovering higher—order differential operators from
the Weyl functions has been studied in [19]. In [1], the Sturm-Liouville problem
with discontinuities in the case where an eigenparameter linearly appears not
only in the differential equation, but also in both of the boundary conditions is
investigated. Paper [2] is dedicated to the study of inverse problems by (i) one
spectrum and a sequence of norming constants; (ii) two spectra. Recently these
results were extended to finite number of transmission conditions in [15, 24]. We
obtain necessary conditions for eigenvalues and norming constants in Section 2.
In Section 3 we prove that the operator L in (1)—(4) is unique, also in this section
we construct it using Weyl M-function. In Section 4 by using spectral data we
obtain inverse problem solution. Furthermore, we present an example in the end
of this section. We refer to [1, 2, 3,4, 7, 8, 10, 11, 13, 14, 16, 17, 18, 20] and [22] for
further aspects of this field. For general information on inverse Sturm—Liouville
problems we refer (e.g.) to the monographs [6, 9, 12, 19, 21] and [23].

2. Preliminaries

Let ¢(x,\) and 9 (x, \) be the solutions of (1) satisfying the initial conditions
©(0,\) =X —h1,  ¢'(0,A) = —=Ah+ ho,

and
Y(m, A)=A—Hi, ¢ (7,\)=—\H+ Hy,

and the jump conditions (4). Without loss of generality, in [15, Lemma 3.2] we
can suppose that a;b; = 1. From the linear differential equations it follows that
the Wronskian

W(u,v) := u(z)v'(z) — o' (z)v(z),

is constant on [0,d;) U (d1,d2) U -+ U (dp—1, 7] for two solutions fu = Au and
fv = v satisfying the transmission conditions (4). Set

X(A) == W(p(A), ¥(A) = V(p) = —U(¥).
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Then x(A) is an entire function whose roots A, coincide with the eigenvalues of
L. Define the inner product in the Hilbert space H = Lo (0, 7) & C? by

<F, G)H = / Fl(l')Gl(.%')dH? + lFQGQ + ngGg,
0 1 2
where
Fi(z) Gi(z)
F .= F , G = Go € H.
F3 Gs

Define the operator T' in H by

—F(z) + q() Fi(x)
T(F):= | hiF}0)+ hoF1(0) |,
H\F|() + HyF ()

with
Fi(z) and Fl/(.r) € AC[0,d1) U (d1,d2) -+ U (dm—1, 7],
B LFy € La(0,m), Fi(di +0) =a;Fi(di —0),
D(T)=qFeH Fi(d; +0) = b F(d; — 0) + ¢:Fy (di — 0),
FQ = F{(O) + hFl(O), F3 = Fl/(ﬂ') + HF1(7F)
Denote
o, An)
(I)n(x) = ‘10,(07 )‘n) + h(p(o, )\n)

(pl(ﬂv A'ﬂ) + HSO(Wv An)

The eigenfunctions of Eqgs. (1)—(4) are {®,,}7° . It is easy to see that the set of
all eigenfunctions are orthogonal, i.e.

(Ppy, Ppy) =0, for ny # no.

Also we note that

901($7An>7 0 <z <dy,
An)a dl <z < dg,
@m(xa )\n)7 dm—l <x S .
We define the norming constants by

Iy :H(I)nH2 =

m—1 dit1 / 2
©1(0, An) + hip1(0, Ay,
=3 [ e AOAERAGAIE, )
1=0 i




6 M. Shahriari, M. Fallahi, F. Shareghi

i (90271(77’ An) + Hopp (T, )\n))2
T9 ’

where the functions p;(z, \,,) for (i =1,...,m) are defined in Theorem 1.

Remark 1. The set of eigenvalues and norming constants ({\n, Ty }n>0) is called
the spectral data of the problem (1)—(4).

Theorem 1. The following asymptotic forms hold:

p? cos px 4+ O(pexp(|T|z)), 0<z<d,
p*[au cos px + o) cos p(2dy — x)] + O(pexp(|7|z)), di < x < da,
P2 o cos p + oy cos p(2dy — x) + a1ah cos p(2ds — )

+alah cos p(2ds — 2d1 — x)] + O(pexp(|7|)), dy < z < ds,

Pl ... am—1 cos pr+

e(z,A) = +alas...am_1cosp(2d; —x) + - -

+ais...ap,_1cosp(2dm—1 — x)+

+alabas ... m_1cosp(2ds — 2d; — x) + - - -
ta1...0f. .. Q... amo1cosp(2d; — 2d; — x)
+ar...0... Q. . ame1cos p(2dk — 2d; — 2d; — x) + -+

+ahah ... al 1 cos p(2dm—1 — 2dm—2... — 2(=1)""2dy — 2(=1)" " d; — x)]
+O(pexp(|T|z)), dm-1 <z <,

(6)

where o; = %(ai +bi), o = %(ai —b;), 7 =Imp and p — oo, and the asymptotic
form of eigenvalues is

pn =n+o(n), (7)

where A\, = p2 and n — co. Also,

m—1 dit1 1
Y= /d Pe1 (@, An)da = prpa(pns dis ai; by) {1 +0 (5)} (8)
i=0 i
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where pi(pn; di; a;; b)) =

5 form =1,
%1+ %(Q%Jro/?Jralo/l cospn(2d1)), form =2,

%1 + @(a% + o/% + a1a’1 cos pn(2d1))
—|—Tr72i (afas + /103 + a'Ta's + 201000 10z €08 pr (2d1)
+aiaea’s cos pn(2dse) + 201 azad o cos pn(2de — 2d1)
+aPanad cos pn(2de — 4d1)), for m =3,

e (T o'T 4 a1’y cos pn(2dy))
—|—@ (a%a% + a’%a% + a’fa'g + 2a1a2a’ 1z cos pr (2dy)
201 ) €08 pr (2d2 — 2d1) + a2 anady cos prn(2de — 4dy)
+alazals cos pn(2d2)) 4+ .-

1 2 2 2 122 2 2 12
+§(a1a2...am,1+a1a2...o¢m,1—&—---alaz...am,l

12 12 12 / 2 2
4+ 4 aias. a1 Fard’ias .. i, cos pn(2d1)
2 o 2
Fafaanas. .. a1 oS pp(2d2)

+alal ... am—_10,_1 08 pn(2dm—_1) + - -

+alasds .. o1l cos pn (2[(=1)™ " + 1]dy +2(=1)""2d2 + - — 2dm—1)
Far1aiah ... Qm—100, 1 €08 pnr(2(—=1)" " dy + 2[(—1)™ 2 + 1]d2 4 - - — 2dm—1)
+otona1ab’ . ol cos pn(2d1)

+a20h? . o1, COS pn(2dm-1)), form > 2.

Proof. Egs. (6) and (7) have been obtained in [15, Theorems 5.3 and 5.4],
and by using (5) and (6) we get (8). «

3. Reconstruction by Weyl M—function

Using the properties of the spectrum of the Weyl function [15, Section 5], we
can define the Weyl M—function by

P'(0,A) + h1tp(0, )

M(N) = — RGN ,

(9)

O(xz, \) :=

=S(xz,\) = M(N)p(z, N), (10)

where S(x, \) is a solution of (1) under the initial conditions S(0, ) = 0, S’(0,\) =
1, and the jump conditions (4). The functions 6(x,\) and M (X) are called the
Weyl solution and the Weyl function of the operator L, respectively. From [15]
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we have

Now we are ready to prove our uniqueness theorem for the solutions of the prob-
lems (1)—(4). For this purpose, together with L, we consider a boundary value
problem L of the same form but with different coefficients q(z), h, h1, he, H, Hi,
Ho, a;, bl, G, d;. If a certain symbol 1 denotes an object related to L, then 7 will
denote the analogous object related to L.

Theorem 2 (see [15]). If M()\) = ]\Zf(i\), then L = L, i.e., q(x) = q(z), a.e. and
di:dia ai:dhh:ha h1:h17h2:h27H:Ha H1:H17 H2:H2'

Proof. Let us define the matrix P(x,\) = [Pj(x, A)]j k=12 by the formula

o(z, A) é(m,A) (e(x,A) O(x,N)
}%%A)<¢K%A) @u;»)“(wxax) 0@;&)' (11)

Using (10) and (11) we have

{ Pji(z,\) = go('jfl)(x, N (x,\) — 9(?*1)(x,k)g~5/(x,A), (12)
Py (1‘, A) = 0(]71)(3;’ /\)(,5(1‘, )‘) - @(Jil)(xv /\)9(.%‘, )‘)7
{ p(x,A) = Pii(z, \)p(x,\) + Pra(x, \) &' (z,N), (13)
O(z,\) = Pii(x, \)0(z, \) + Pra(z, \)8' (z, \).

According to (9) and (12), for fixed x, the functions Pj,(z, A) are meromorphic
functions in A with simple poles in the points A, and \,. Denote G5 GsN Gs,
where

SN Aa] >80 n=1,2,.}

and
Gs={\:]A=Xp| >0, n=1,2,..}.

From p € G5 and using the asymptotic form of 6Y(z,\) we get |6V (x, )| <
Cs|p|"=3 exp(—|7|z). Thus it follows that

‘Pll(xaA)’ SC& |P12($7)‘)‘ §C§|p|717 peGg (14)
Using (9) and (12) we get

Pii(z,\) = o2, )8 (2, \) —
Pio(z,\) = S(z, \)@(x,\) — o(x, \)S(z, A

§8
=
hASY
—~
&
—
f
+
=
>~
N
S
N
5
8
>
¢
St
—~
&
=
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Thus, if M(\) = M()), then for each fixed  the function Pjj(x,\) is entire in
A. Together with (14) this yields Pia(z,A) =0, Pi1(z, ) = A(z). Using (13) we
derive

o(x,\) = A(x)p(x, N), 0(x,\) EA(Q:)@(J:,)\). (15)
From W (0(z,\), o(x,\)) = 1 and W((z, \), &(z,\)) = 1, we have A(z) = 1.
So from (15) we obtain ¢(z,\) = @¢(x, A) and O(z, \) = ( ,A) for all x and .
Consequently, L = L. <

Now we construct the solution of the inverse problem. For this purpose, we
let B
di =di, a;=a;,
and denote

{D@Aww=mwﬁwwm=ﬁﬁmAwwmw r(a, A 1) = Dia, A )M (p),
M

™~ 5 s T ~ ~ ~
D(x, A, p) i= WEERLE@) — (58 N)@(t, p)dt, 7w, A, ) = D, A, 1) M (p).
(16)
From Theorem 1 we have
fom ©1(t, pn)e1(t,n,)dt, 0<z<d,
fo @1t pa)er(t,ma)dt + [ palt, pu)pa(t,nn)dt, di <z < da,
o et p)pr (b mn)dt + [ @a(, po)pa(t, 1) dt+
D(I A M ) o fdi @3(tapn)@3(tann>dta d2 <z < d37
y\ny M) T
m—2 )
S o1 (t, pa)r (£, 1 )t + Z f;fl itr1(t, pn)@ir1(t, nn)dt+
f om(t, pn)om(t, nn)dt dm—1 <z <,

7n1

where p2 = \, and 72 = .

Now let us consider the contour v = 7' U ~" where 7/ is a bounded closed
contour encircling the set {\ = p? : Imp > 0: x(p) = 0} and 4" is the two-sided
cut along the arc {\: A >0, A\ € int 7'}.

Theorem 3. The following relations hold:
- 1
Pl N) = () + 5 [ oA (e n)d (1)
i Jy

and

r(z, A\, p) — 7z, A, 1) + % / 7(x, N\, &)r(x, & n)dé = 0. (18)
v

The relation (17) is called the main equation of the inverse problem.
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Proof. For A\, pu € v, £Rep, Ren > 0, using Lemma 2.2.1 in [5], we have
Cz

r(z, A, w)ls [P (2, A p)| < T

ul(lp £ nl+1)

Denote J, = {\: A ¢ yU~'}. Consider the contour yg =~yN{A: |A] < R} with
counterclockwise circuit, and also consider the contour 7% =yg U{\: |\| = R}
with clockwise circuit. By Cauchy’s integral formula

1 Pii(x -9
Py(z,\) — 51k—2/ Pue(@, 1) = Ouk

oz, M) < C.

dp, X €int 7%,

% A= p
Pig(x, A) = Pjg(z,p) _ 1 / jk x f 0
Py =5 )df, A, p € int yp.
Using (14) we get
P, — P;
hm 1k($7 /,L) 51k d/l/ — 0’ hm ]k‘(x7€) dé— — 0
R—00 J|1=R A—p R—o0 Jigl=r (A = &)(§ — 1)
and consequently
1 [ Py(z,p) — ik
P, A) =26 — | —————d A 1
(2, A) = 01k + QWi/y N i, € Jy, (19)
Pig(x,A) — Pjp(z,p) 1 / Pjk(z,€)
N ISV N 20
T A PN () (20)

By virtue of (13) and (19),
1 5(x, \)P
o(z,\) = @(x, >\)+/‘P(1’7 )P (, p J:
Y

21

Taking (11) into account we get

pleN) = 50 + 5 [ [ o ) (0 = 6, 1)@ (o )+
Y

27

+& (2, \)(0(x, p)@(x, 1) — p(, “)é(x’“))] )\d—Mu

In view of (9), this yields (17). According to (20) and the proof of Lemma 1.6.3
in [5], we arrive at
D(z, A, 1) — ~(12 A p) =
i/ [W( p(a,A), 0(z, )W (p(2,€), oz, 1)~ W(B(z,N), (x, )W (B, §), p(x, 1)) d
¥ (A - -
d (1

2mi §)(&—p) (A

In view of (9) and (16) this yields (18). «
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Theorem 4. The following relations hold:

() = §(w) + (), (21)
H = I:.IT + <o ( ), Hy = I:IQ—l-Eo(?T)FIl, leffl, (22)
h = iL 8()(0), ho = hQ + EO(O)}NH, hy = ill (23)
C; = 51' - (CL? — bz')é‘o(di — 0), (24)
where )

o) = 5 [ Bl el M ()d, (o) = ~25(o). (25)

Proof. By (16), (17) and (25) we get
F ) =~ eo(0)p(,N) = ¢/, )+ 5 [ 7w A ) (26)

Y

& (z,\) = p(z, )\)+m/ Fx, A\, 1) (z, ,u)d,u+/2§o x, N)p(z, ) (27)
<>@uw+/' 1)) M (ol ).

In (27) we replace the second derivatives by using equation (1), and we replace
o(x, \) using (17). This yields

q(z)p(x, A) =q(x)p(x, >\)+L W(p(x, A), (@, p)) M (1) p(, p)dp

—

211
+2L7m 25 (x, A), @, ) M () (, ) dps
vy
% (P, A), B2, ) M (1) p(, p)dp.

After canceling terms with ¢'(z, ) we arrive at (21). Taking = 0, 7 in (26) and
(17) and using Cauchy’s theorem, we get (22)-(23). Applying (4) in (25) in the
points d;, we get

eo(di +0) = a?é‘o(di —0). (28)

From (4), (26) and (28) we obtain (24). <

4. Reconstruction by spectral data

Let two sequences of real numbers {\,} and {[',,}, (n € Z,) be given with
the properties stated in Theorem 1. Now we consider the inverse problem of
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recoverlng L from the spectral data {\,, 'y, }n>0. Let us Choose T = hg hh1 >0,
79 1= HH1 —H2 > 0 such that w = @ withw = h+H+1 fo t)dt for the operator
L. Let

a; = a;, d; = d;, and an’ﬂﬂ < 00, (29)
n=0

where &, := |pn — pn| + |T'n — T'p|. Denote
)\nO = )\na )\nl = S\na
I‘n() = Pn) Fnl = f‘n

A W(@(xv)‘)a @kj(x)) o 1
ij(l’, )‘) = ij()\ — Ak]) = TIW

Qni,kj (.’B, )‘) = ij (':Ua )\TLZ)

Also we can rewrite (30) as follows:

Jo @1t \) @1 (t, Ay)dt, 0<z<d,

g ( N1t Mg )dt + [ Ga(t, N@alt, Aig)dt, di < & < d,
fo (£ N)@1(t, M)t + [72 Got, N@a(t, Aij)di+
RS fd2 @3(t, A\)@a(t, Axj)dt, dy < x < ds,

m—2
fodl 1 (tv /\)‘/31(’1’7 )‘kj)dt + Z fdd:H ‘:57“+1(ta /\)(ﬁr—i-l(t? )‘kj)dt+
r=1
f;m—l @m(tv A)()577’L(t7 )‘k])dt7 dm—l <z <,
where 4,5 = 0,1 and n, k > 0.

Lemma 1 (see [24] Lemma 3.1). Let ¢ni(2), Qnik;(x) be defined as above. Then
the following estimates are valid for x € (ds,dsy1), 1 < s <m —1:

|oni(2)| <C(n+ 1) |pno(z) = (@) < C(n+1)°"

C(n+1
|Qm kj($)| (In— k|+1)((k+1§2(m T—s>

C(n+1)*
; <
‘Qm,kO ) — Qm,kl( )| < (|n7k|+1)(k‘+1)2<M71>75+%7

(@uoj (2) = Quis(@)] < ooy eyt

where n,k >0, 1,7 =0,1 and C is a positive constant. The analogous estimates
are also valid for ¢ni(x), Qnikj(x).
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Lemma 2. The following relation holds:

(Qro(@)pro(x) — Qr1(2)pr1(2)). (31)

WE

(,b(l', >‘) = <P(-T, >‘) +

b
Il
o

Proof. By virtue of (29) we have
a=a, a =0Qqj.
It follows from Theorem 1 that
60, N)] = 0ol 2 exp(lrfs)), 0<z<m v=0,1.

So,
0" (2, A) = " (2, A)| < Clp|"* exp(|7|2).
Similarly, by substituting x with m —z we get the asymptotic form of ¥(x, \) and
Y'(x,\). In particular,
[ (2, 0)] = O(lp|"* exp(|7|(r — 2))), 0<z<m v=0,1,
0° (2, A) = 4" (z, N)| < Clp|" T exp(|7|(7 — x)). (32)

Denote Gg = G5 N Gs, where G5 and Gy are defined in Theorem 9. From (10)
and (32) we have

6°(@, A) — 8, )| < Cslol” exp(=|rlz), peGlv=0,1.

Let P(z,\) be the matrix defined in Theorem 2 and Q = {A = u+iv : u =
(2h?)7202 — h?} be the image of the set Imp = 4h under the mapping A = p?.
Denote Q, =T N{A: |\ <7y}, and Q0 = Q U{A: |A[ =7, A € int Q}, Q1 =
Q, U{X || = rp, A € int Q}. Since for each fixed z, the functions Py are
meromorphic in A with simple poles A,, and An, W get by Cauchy’s theorem

1 Pii(z,§) — o1k

P, A)— O = — — k=1,2
lk(x7 ) 1k o7 - é-_A 57 y &y (33)

where A € €20, and §;;, is the Kronecker delta. Further, (10) and (12) imply
Pri(z,0) = 1+ (p(2, ) = @@, )@ (2, 1) = (@(x, 1) = &(z, 1))¢ (x, A).

Also we obtain
|Pi(x,\) — 01| < Cslp|™!, peGY. (34)
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By virtue of (34)

lim 1/ Pii(x,§) — 01k de = 0,
€]

n—o0 271 E— A
and consequently, (33) yields

1 Pyi(z,8) — d1k
/ﬂ 1 —=r —dEt.

Pyg(z,\) — 61 = lim — Y

n—o0 271

Substituting into (13) we obtain

QZND(.%, )‘)Pll(x7§ + ¢/($7 A)PIZ(x’g) d£
5 .

oz, A) = @(z,A) + lim 1/Q 1\_

n—oo 271

Taking (12) into account we calculate

ol N) = §(,2) + lim o /Q (6 Mol OF (2,) — 0, ) (2, )

or, in view of (9),

~ 1 W(p(z,A), p(2,8)) v
Pz, A) = p(z,A) + lim — o "¢ M(&)p(z,&)dE. (35)
Then we have
w -
Resgs,, A2 EE ) i €)p(a, €) = Qugla s o)
Now with calculation in the integral in (35), by residue theorem we arrive at (31).

<«
It follows from (31) that

Bni(x) = oni() + Y (Qniko(2)k0 () — Qnipr ()pp1 ().
k=0

Let K be a set of indices u = (n,i), n > 0, ¢ = 0,1. For each fixed z €
[0,d1) U (da,d3) U+ U (dm—1, 7], we define the vector

o(x) = [Pu(®)|uck = [ZZ?Eg] y = (00, P01, 10, P11, - - )"
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by the formulae

n4l _ n4l (n+1)(wn(;(z) #n1())
[%0(33)} _ Pn Pn |:¢n0(x):| _ Pn
Pn1 () 0 L Pn1(z) on1 () ’
' ot

therefore 0, pn1 can be found by the formula

S |
- ) B

We also define the block matrix

Hpo,50(x) HnO,kl(«T):|
Hoiwo(z) Hppa(x)]’

n7k > 07 u = (nvi)7 v = (kaj)

H(2) = [Huo(@)luer = [

by the formulae

Hpie1(z)  Hpe(z) 0 1| [@niko(T) Quaea(®) B

m—1

nt+l  _ ntl
— =%
Hpo,ko(z) HnO,kl(l’):| B |:P:7 on

[@roste) Qun (o] { p;"*]_

0 7[)?71

%(%)mfl(QnO,ko(I) — Qn1,k0(x)) m L (Qno,ko(2) — Qnok1 (2) — Qniko () + Qni k1 (x))

2 Qo) Quiko(z) — Quipa ()

Analogously we define ¢(z), H(x) by replacing in the previous definitions ¢ (z)
by @ni(x) and Qp;kj(x) by Qmm( x). Also for x € (ds,ds+1) we have

2s@)} 62s0)| € G (36)
Similarly
[ Hls g (2)]  Fr e (2] < S SURNED
(ln—k|+1)(n+ 1)m—s—1(k41)m—s
Let us consider the Banach space m of bounded sequences a = [ay]yex with

the norm |[alm = sup,ex |ayl. It follows from (36) and (37) that for each fixed
x € [0, 7], the operators E+ H(x) and E— H (z) (here E is the identity operator),
acting from m to m, are linear bounded operators, and

1
|H @) ]| (2 |<Csupz T e T ESAEE
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Taking into account our notation, we can rewrite (31) in the form

anl( anz + Z ni kO ¢k0 ) + I:Ini,kl (I’)Qf)kl ($))
k=0

¢(x) = (E + H(x))¢(x). (38)

Thus, for each fixed z, the vector ¢(x) € m is a solution of equation (38) in
the Banach space m. Equation (38) is called the main equation of the inverse
problem. Solving (38), we find the vector ¢(x) and consequently, the functions
oni(x),n > 0,i = 0,1. Since pni(z) = p(z, \n;) are the solutions of (1), we can
construct the function g(x) by the formula

q(z) = An + m. (39)

Also we obtain the coefficients h, hy, hy, H, Hy, and Hs from the linear system
of equations

(An = H1)@ho(m) + (AnH — Ha)ipno(m) =0, n =0,

(An — hl)(p;w(()) + ()\nh — hg)gono((]) =0, n > 0.
So, finally we obtain

©h0(di+0)  ¢74(d1—0)
‘Pn()(dl_o) ‘Pn()(dl +0) )
©p0(d2+0) _ #1,0(d2—0
— b
<P‘n0 (d2—0)  ¥no(d2+0) (40)

Ccl =

Cy —

e — ‘p{n()(dm—l‘i’o) _ W;o(dm—lfo)
m—1 ‘Pn()(dmfl_o) Pno (dmfl“!‘o) :

Example 1. Take [ = L (q*(x) —0,d;, ai, a1, 0,0,0,0, hy <0, Hy < 0). Let

(2

{S\n, fn}nzo be the spectral data of L and h, H be given. Clearly, Ao = 0, and T
is obtained using (5)

1, 0<x<d,
ai, d1<SL‘<d2,

@00(.7;) =< aiasg, do < x < dg,

aias...Qm—1, dm—l <x <.
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Let Ay = A\y(n > 0), T,y = (n > 1), and Ty > 0 be an arbitrary positive
number. Denote A := Fi - 1% hen (31) yields
0
poo(x) = Poo(z <1+A/ Poolt >

So, we have

(1+ Ax)~!, 0<x<d,

a1 (B + Aa%:c)_l, di < x < do,

woo(x) = ¢ a1a2(Bz + A(arag)?z) ™1, do < x < ds,
alag...am_l(Bm_l + A(a1a2...am_1)2$)71, Adm_1 < x <.

where for m > 1

m i—1
Bm:1+AZdZ(1_a12)Haj27 a():l.
=1 7=0

Using (39) and the value A\oo = 0, it is easy to see that

(242(1 + Az)~2, 0<z<d,
2A%a1(By + Adlz) 72, di <z <dy.
q(m) = 2A2(a1a2)4(32 + A(a1a2)2x)*2, do < x < dg,

2A2%(araz - am-1)(Bm_1 + Alar -+ am-1)?2) 72, dp1 <z < T

Also, we can obtain the following relations

. ar - Q1 . _A(al e amil)‘?’
Hy = 5oy Ha = 2.3\2"
Bp—1+ Aay -+ - am—1)*7m (Bm—1+ A(ay -+ am—1)*n)

And
hi=-1, ho=—A.

From relation (40) we have

/ A —-1__3

o1 = Moo, z € [0,d1) U (d1,dz),
A 2, —1_ 3

cy = %ﬁa{?)’ x € (dy,d2) U (da,ds),

A(al---am,2)2(a;}71*a?ﬂ_1)

Cm—1 = B7n72+A(al"'am72)2d7n71 ’ Te (dm727dm71) U (dm7177r}




18

1]

M. Shahriari, M. Fallahi, F. Shareghi

Acknowledgements

The authors are thankful to the referee(s) for their valuable comments.

References

B. Keskin, A.Sinan, N. Yalgin, Inverse spectral problems for discontinuous
Sturm—Liouville operator with eigenvalue dependent boundary conditions,
Commun. Fac. Sci. Univ. Ank. Series A1, 60(1), 2011, 15-25.

N.J. Guliyev, Inverse eigenvalue problems for Sturm—Liouville equations with
spectral parameter linearly contained in one of the boundary conditions, In-
verse probl., 21, 2005, 1315-1330.

J. Walter, Regular eigenvalue problems with eigenvalue parameter in the
boundary condition, Math Zeitschrift, 133, 1973, 301-312.

C.T. Fulton, Two—point boundary value problems with eigenvalue parameter
contained in the boundary conditions, proc. R.Soc. Edinburg, A77, 1977,
293-308.

G. Freiling, V.A. Yurko, Inverse problem for Sturm—Liouville problems and
their applications, Nova Science, New York, 2001.

B.M. Levitan, I.S. Sargsyan, Introduction to spectral theory, American
Mathematical Society, Providence, RI, USA, 1975.

D.G. Shepelsky, The inverse problem of reconstruction of the medium con-
ductivity in a class of discontinuous and increasing functions, Spectral oper-
ator theory and related topics, 209-232, Advances in Soviet Math., 19, Amer.
Math. Soc., providence, RI. 1994.

E.M. Russakovsky, Operator treatment of boundary problems with spectral
parameters entering via polynomials in the boundary conditions, Funct. Anal.
Appl., 9, 1975, 358-359.

E.A. Codington, N.Levinson, Theory of ordinary differential equations,
McGraw-Hill, New York, NY, USA, 1955.

R.Kh. Amirov, On Sturm—Liouville operators with discontinuity conditions
inside an interval, J. Math. Anal. Appl., 317, 2006, 163—-176.



[11]

[12]

[13]

[14]

[15]

Reconstruction of the Sturm—Liouville Operators 19

A.R. Aliev, S.G. Gasymova, D.G. Gasymova, N.D. Ahmadzadeh, Approxi-
mate construction of the Jost function by the collocation method for Sturm-
Liouville boundary value problem, Azerb. J. Math., 3(2), 2013, 45-61.

.M. Gelfand, B.M. Levitan, On the determination of a differential equation
from its spectral function, Amer. Math. Soc. Transl. Ser., 21, 1955, 253-304.

M. Shahriari, Inverse Sturm-—Liouville problem with eigenparameter depen-
dent boundary and transmission conditions, Azerb. J. Math., 4(2), 2014,
16-30.

M. Shahriari, Inverse Sturm-—Liouville problems with a spectral parameter in
the boundary and transmission condition, Sahand Commun. in Math. Anal.,
3(2), 2016, 75-89.

M. Shahriari, A.Jodayree Akbarfam, G.Teschl, Uniqueness for Inverse
Sturm—Liouville problems with a finite number of transmission conditions,
J. Math. Anal. Appl., 395, 2012, 19-29.

M. Shahriari, Inverse Sturm—Liouville problems using three spectra with finite
number of transmissions and parameter dependent conditions, B. Iran. Math.
Soc., 43(5) (2017), 1341-1355

N.B. Kerimov, V.S. Mirzoev, On the basis properties of one spectral parame-
ter in the boundary conditions, Sibirsk. Mat. Zh., 33, 1997, 116-120,

P.J. Browne, B.D. Sleeman, A uniqueness theorem for inverse eigenparame-
ter dependent Sturm~—Liouville problems, Inverse Probl., 13(6), 1997, 1453~
1462.

V.A.Yurko, Inverse spectral problems for linear differential operators and
their applications, Gordon and Breach, New York, 2000.

O.H. Hald, Discontinuous inverse eigenvalue problems, Comm. Pure Appl.
Math., 37, 1984, 539-577.

V.A.Marchenko, The Sturm—Liouville operators and their applications (Rus-
sian), (Kiev: Naukova Dumka) 1977; English transl. (Basel: Birkhauser
Verlag, 1986).

R.S. Anderssen, The effect of discontinuities in density and shear velocity
on the asymptotic overtone structure of to rational eigenfrequencies of the
earth, Geophys. J. R. astr. Soc., 50, 1997, 303-309.



20 M. Shahriari, M. Fallahi, F. Shareghi

[23] G. Teschl, Mathematical methods in Quantum mechanics; with applications
to Schridinger operators, Graduate studies in mathematics, Amer. Math.
Soc., Rhode Island, 2009.

[24] Y. Guo, G. Wei, On the reconstruction of the Sturm—Liouville problems with
spectral parameter in the discontinuity conditions, Results Math., 65(3),
2014, 385-398.

Mohamad Shahriari

Department of Mathematics, Faculty of Science, University of Maragheh, P.O. Box
55181-83111, Maragheh, Iran

E-mail: shahriari@maragheh.ac.ir

Mostafa Fallahi

Department of Mathematics, Faculty of Science, University of Maragheh, P.O. Box
55181-83111, Maragheh, Iran

E-mail: fallahil _mostafa@yahoo.com

Fereshte Shareghi

Department of Mathematics, Faculty of Science, University of Maragheh, P.O. Box
55181-83111, Maragheh, Iran

FE-mail: fereshte.shareghi@yahoo.com

Received 20 January 2015
Accepted 12 April 2017



