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Absolute Convergence of Orthogonal Expansion in
Eigen-Functions of Odd Order Differential Opera-
tor

V.M. Kurbanov*, R.I. Shahbazov

Abstract. We consider an ordinary differential operator of odd order. Absolute and
uniform convergence of orthogonal expansion of the function from the class Wi (G),
G = (0, 1) in eigenfunctions of the given operator are studied, rate of uniform convergence
in the interval G = [0, 1] is estimated.
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1. Statement of results
Consider the odd order differential operator
Lu=u"™ + Py (2)u™? + ..+ P, () u,

on the interval G = (0,1), where n = 2m + 1, m = 1,2,..., P (z) € L, (G),
I=2,n.

Denote by D,, (G) a class of functions absolutely continuous on G = [0, 1]
together with their derivatives up to (n — 1)-th order (Dn (G) = Wl(n) (G))

By the eigenfunction of the operator L corresponding to the eigenvalue A
we understand any indentically nonzero function u(x) € D, (G) satisfying the
equation Lu + Au = 0 almost everywhere in G (see [1]).
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Assume that the system {uy (z)}r-, is a complete system of orthonormal
eigenfunctions in the space La(G), and {A;}7—, is an appropriate system of eigen-
values, and ReAy =0, k = 1,2, .... Denoting

. (—i)\k)l/n s Im)\k Z 0,
H (M) Y™, Tmdg < 0,

we define partial sums

Uy(xaf):kauk(x)v V>07

<V

of orthogonal expansion of the function f () € W} (G) in the system {uy, (z)}7e,
where the Fourier coefficients fj are defined by the formula f;, = (f,ux) =

[f(z)ug (z)dz.
G
Denote

RV(x7f):f(x)_UV(x7f)'

In this paper we prove the following theorem.

Theorem 1. Let the system {uy, (x)} 37—, be uniformly bounded and the conditions

F@u™ (1) = f (0) uf®™ <0>' <C(f)ug, 0<a<2m, p>1 (1)

> wr (i ENET < oo, (2)
k=2

be satisfied for the function f(z) € Wi (G) and the system {uy (z)}re;.
Then the orthogonal expansion of the function f (x) in the system {ux (x)}r,
absolutely and uniformly converges on G = [0, 1] and the estimate

IR, (- Pl < const  CL (/) v ™+ > n han (fon7h) +

n=[v]

2m+1
v ( > R+ 1) (£l + ||f’||1)} . v >, (3)
=2

is valid. Here wi (g,0) is the continuity modulus of the function g(x) on Li(G),
| Pl, = HPIHLP(G), const is independent of f (x), vp = 4w /(min |Rewj|), w;, j =
j

1,2m + 1 are the roots of the number (—1)*™ " of degree (2m + 1).
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Corollary 1. If f'(z) € H{ (G), 0 < a < 1 and f(0) = f(1) = 0, then the
conditions (1), (2) of Theorem 1 are satisfied and the estimate (3) takes the
following form

| Ry ('af)HC[O,l] < constv™* Hf’”ié, v 2 1.
Here H{' (G) is a Nikolski class, || f'[|" = || f'[l; +supd~%wi (f',9), const is inde-
6>0

pendent of f (x).

Note that similar results were obtained in [2-4], for second order differential
operators, in [5] for a third order differential operator, and in [6] for an arbitrary
differential operator of even order.

2. Proof of the results

To prove the theorem, we must estimate the Fourier coefficients of the function
f(z) € Wl (G) in the system {uy ()}32,. To this end, we use representation of
the eigenfunction uy (z). Let us introduce the following function

n
ijeiwj,uk(signlm)\k)z7 n=4q+ 1,
R(z) =Rk (2) = =1
ijefiouj,uk(signlm/\k)z’ n— 4(] _ 17
j=1

where the numbers wj,j = 1,n, are different roots of the number (—1)" of n-th
degree,
n+1n 1

1—
X = X5 (0) MZ (i)~ ™7 (0);

nln

M (& ug) = anP &), i=v-1, n=2m+1

Lemma 1. (see [7]). If A # 0, then the following representation is valid for the
eigenfunction uy (x):

n

1
ul) ()= 3 (i)t Xy e o 4 [0 (€ ) x (4)
0

J=1

<R (¢ —t)yde, if n=4g—1, ImA\ >0 or
n=4g+1, ImA,<0; £=0,n—1;
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n t

) () = 3 (g X e+ [0 (6 ), (5)

J=1 0
RV (e—t)de, if n=4g—1, Tmh <0 or
n=4g+1, Iml\ >0, ¢=0,n—1.

Let us rewrite the formulas (4) and (5) in more convenient form

Imw; <0
+ Y (i) By (0) @m0

t

+ Y (=)' et / M (&, uy,) o6 dg —

Imw; <0 0
1
=3 il o (g g, @)
Imw;>0 t

if n=4¢—1, ImA >0 or n=4¢+1, Im) <O0;

gl (@) = N (iewy)! X (0) et

Imw; <0

+ D i) By (0) o070
Imw; <0

t

+ > (@)t / M (€ ug) e €D de—

Imw; >0 0
1
— Y (el / M (€, ug) e b ED e, (5)
Imwj <0 t

ifn=4¢—1, ImAx <0 or n =4q+ 1, ImA\, > 0. In these relations
1

B (0) = X} (0) €5 4w / M (&, uy) e~ i1,
0
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1
B;k (0) = ka (0) e~ Witk 4 wj/M (€, up) eiwjﬂk(f_t)dé"
0

The following estimates are true for the coefficients Xﬁ (0) and Bﬁ (0) (see
[8,9], p. 443):

‘Xﬁ (0)’ < const |lug|ly < const, if Imwj;=0; (6)
X3 (0)| < const [Jug|o , if  Imw; <05 (7)
X;l_c (0)] < const ||lug||,,, if Imwj> 0; (8)
B (0)| < const [lug| o, if Tmw; > 0; 9)
B;; (0)| < const [Jugll,,, if Imw;<O0. (10)

Lemma 2. Let f (z) € W} (G), {uy (x)}32, be uniformly bounded, and the con-
dition (1) be satisfied. Then for the Fourier coefficients fy the estimate

|fil < const {C1 (f) p ™" " + i wr (f g )+

2m+1
g (1 + > ! IIlell) U1l + HfHoo)} : (11)

1=2
-1
is valid. Here const is independent of f(x) and k; py > 4w <mjn Rewj|> .
J

Proof. By the definition of the eigenfunction wuy (z), for Fourier coefficients
fr, ur > 1 we have

fk = (f7 uk:) = (fv _)\lzlLuk’) =

2m+1

_ (Xk)_l (f, ul(€2m+1)) . (Xk)—l Z (faPlulg;zm_l+1)> . (12)

=2

To estimate the second term on the right-hand side of this equality, we apply
the known estimate (see [8,9])

e

< const (1 + |pg])® [Jukllo» s =0,2m,

[e.e]
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and take into account uniform boundedness of the system {u(z)}7;:

2m+1
|_(Ak)_1 Z <f7 2m l+1)> <
=2
2m+1 2m+1
< g 2 Il [z < consni? 11 (Z it H%) el <
=2
2m+1
< constu” |l D 1z 12 - (13)

We integrate by parts the first term on the right-hand side of (12) and get

-7 () = - ) {r T 0 - s 0 0} +

1

o NI
+ (M) /f’ (x) u](f ) (z)dz.
0
Taking into account condition (1), we have

‘_ (Xk)_l‘ 7. u}(fmﬂ)‘ < Oy (f) pom2mt 4 y2m! ‘<f/7ul(€2m)) ‘ ‘ (14)

To estimate the term ,u,;2m_1 ‘(f u,(fm))‘, we consider the case m = 2q¢ (i.e.

n = 4q+ 1) and apply formulas (4") and (5). For simplicity, we consider the case
ImAg > 0. For [ = 2m, by formula (5)

pm1 (f u2m)) (f, —2mu’(€2m)> prt =

=it 30 () X (0) et +

Imw; >0

1 Z ( ij 2m B;;g (O) eiwjruk(lft)) +

Imw;<0

t

gt Y| e / M (&, ug) e~ D ag

Imw; >0 0

1
—pt Y| e / M (&, uy) e im0 ag | (15)
t

Imw;<0
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Let us estimate the terms on the right-hand side of this equality. It is clear
that
1
(£, (g™ X, (0) eisrut ) = (i)™ X5, (0) / Ftyetmstdt,  Tmw; > 0.
0

Hence, taking into account estimates (6), (8) and uniform boundedness of the
system {uy (z)},—;, and applying the inequality

1

/f’ (t)e™irntdt| < const {wy (f 1 ") + py ' ’f”l} , pg > 4w/ (min |Rewj]> ,
j
0

(see [10,11], Lemma 6) we have

(£ Gy X ) )| < comst {eor (") + 1 [£], - (16)

For Imw; < 0, taking into account estimate (10), uniform boundedness of the
system {uy, (z)},-, and inequality

1

[T @00t < const e (#") + " 17,
0

(see [10,11]), we have
(7 Giy )2 B3, () e300 | < comst an (75") + i |7} 1)

From the uniform boundedness of the system {uy (z)},-; and estimate (13)

we get
—2m—+1
const [ ]

|M (&,up)| < G

=2

(18)

By inequality (18), we estimate the third and the fourth summands in equality
(15) as follows

t

D DR PRt / M (€ up) e i E04g || <

Imw; >0 0

< const u; > bl P, 2= !
< My Z 1Bl 1y Hf‘
r=2

1 )
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1

lel Z f/,iQmw?erl/M (f»uk) e—iLUij(E_t)d£ <
Imwj<0 t
2m—+1
et i (32 11,02 ) 1) 2
r=2

Thus, by inequalities (16), (17), (19) and (20), from (15) we get

2m+1
m l - - -
() = 2 o ity 10 10 31

r=2
(21)
Considering the inequalities (13), (14) and (21) in (12), for the case n = 4¢q + 1,
Im\, > 0 we get the validity of the estimate (11). Lemma 2 is proved. <«

Proof of Theorem 1. To prove the theorem, we must show that the series
o0 —
> | frl |uk (z)] uniformly converges on G = [0,1]. To this end, we rewrite it in
k=1

the form

S lfellue @)= D el lur @)+ D 1l lue ()],
k=1

0<pp<~y Pk=Y

v =4n/ (min ]Rewﬂ) .
J
By orthogonality of the system {uy (z)}7—; in Lo (G) (see [8,9]),

Z 1 < const, V7 >0. (22)
T<pr <+

From inequality (22) and by uniform boundedness of the system {uy, ()},
we have

D Ul (@) < const | fll, Y 1< const| [l

0<pk <y 0<pr<~vy

Denote I (u,z) = > |fx||uk (x)|, where p = . Taking into account rela-
>
tions (1), (11) and (22), we get

I(psw) =Y |ful lux ()] < const Y |fil <

i 21 Hi 2>
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< const  C1 ( Zua o=l g Zu;lwl (f,a/h;l)"'

K > b K> b
2m+1
+ (171 + 1 lloe) D 32 <1+ > ui"\lﬂ\h) <
P> =2
< const{ Cy (f Z Z a2m1+z Z Mkwlfﬂk)
r=[p] r<pr<r+1 r=[u] r<pr<r+1
[e'e] 2m+1
+ (11l +1/1l) Z Z i (1+ Sou l||Pz||1> <
=] r<r+1 =2
< const{ CL (DI 4 3 e (P ) + (17, + 11l %
r=(u]
00 2m—+1
x| > ‘2+Z el St b <
r=[y] r=[u]
< const{ C1 (f) p*~ 2m Z )_1_

r=[u]
2m+1

(1, + 110) (1 £ HPzH1>} < ox.
=2

o0 —
Thus, the series ) |fx||ux (z)| uniformly converges on G = [0,1], i.e. the
k=1

o0 N
series > frux (z) absolutely and uniformly converges on G = [0,1]. By the
k=1
completeness of the system {uy (z)},—, in Lo (G) and absolute continuity of the
function f (x), the equality

= kauk (aj) ) T € éa (23)

is valid.
Now estimate the difference R, (x, f). Assume that v > «. Then by equality
(25)
| Ry ('7f)”0[0,1] =|f—-ov ('7f)HC[0,1} =



1]
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> frun ()

BE>V

< maxI (v, x) <
zeG

C[0,1]

< const{ Cy (f)v*=2m + Z r~ g (f,ﬂ“_l) +
r=[v]

% 2m—+1
+ (7] + 11l <1+ > v HM)}-
=2

Thus, the validity of the estimate (3) is proved. Theorem 1 is proved. <«
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