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Approximation by Szász-Stancu-Durrmeyer type
Operators Using Charlier Polynomials

N. Rao∗, A. Wafi

Abstract. In the present article, we introduce Szász-Stancu-Durremeyer type operators
using Charlier polynomials. We discuss uniform convergence in compact interval in terms
of Korovkin type theorem and order of approximation using simple modulus of continuity.
Moreover, we study order of approximation in some functional spaces with the help of
Peetre’s K-functional, second order modulus of smoothness and Lipschitz class for these
sequences of positive linear operators.
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1. Introduction

In 1950, Szász [1] gave an important generalization of Bernstein operators
defined on non-negative semi axes which is known as classical Szász operators.
These sequences of positive linear operators play a central role in the development
of operator theory. Various extensions have been studied for Szász operators (see
[2-5, 8] and references therein). Integral modification of Szász operators have
been given by several mathematicians. One of them was introduced by Mazhar
and Totik [9] which is known as Szász-Durrmeyer operators

S∗n(f ;x) = ne−nx
∞∑
k=0

(nx)k

k!

∞∫
0

e−nt
(nt)k

k!
f(t). (1)
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Varma and Taşdelen [10] defined Szász-type operators involving Charlier poly-
nomials [11]. Recently, Wafi and Rao ([6, 7]) modified these sequences of posi-
tive linear operators and gave better approximation results in different functional
spaces. Kajla and Agarwal [12] presented a Durrmeyer modification of Szász-type
operators using Charlier polynomials as follows:
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k (−(a− 1)nx)
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where f ∈ Cγ [0,∞) := {f ∈ C[0,∞) : f(t) = O(tγ) as t → ∞}, n > γ, a > 1

and B(k+ 1, n) is the beta function defined by B(x, y) =
∞∫
0

tx−1

(1+t)x+y
dt = Γ(x)Γ(y)

Γ(x+y) ,

x, y > 0. In view of the above, we introduce Szász-Stancu-Durrmeyer type oper-
ators (α ≥ β ≥ 0, n ∈ N)
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We notice that for α = β = 0, operators (3) reduce to the operators (2). Several
authors have discussed flexility in approximation results by means of these two
shifted nodes α and β ([13, 14]). In this article, we study the uniform convergence,
order of approximation, direct and local approximation using different functional
spaces.

2. Basic lemmas

Lemma 1. From [10], we have

∞∑
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∞∑
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Lemma 2. From [12], we have
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(
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Lemma 3. For the operators Sα,βn,a defined by (3), we have
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Proof. From the operators (3), we have
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Lemma 4. For the test functions ei(x) = ti, i ∈ {0, 1, 2}, we have
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Proof. Using Lemma 2 and Lemma 3, we have

Sα,βn.a (tm;x) =
nm

(n+ β)m

m∑
k=0

(
m

i

)(
α

m

)m−i
Sn,a(t

i;x).

For m = 0,

Sα,βn.a (1;x) = Sn,a(1;x) = 1.

For m = 1,
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Similarly, we can prove it for m = 2 also. J

Lemma 5. Let ψix(t) = (t− x)i, i = 0, 1, 2. For the operators (3), we have

Sα,βn,a (ψ0
x;x) = 1,

Sα,βn,a (ψ1
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(n+ β)(n− 1)
x+

(2 + α)n− α
(n+ β)(n− 1)

Sα,βn,a (ψ2
x;x) =

=
1

(n+ β)2(n− 2)(n− 1)

(
n3 + (n2(2− 2β + β2) + n(4β − 3β2) + 2β2)x2

)
.

Proof. Using Lemma 4 and linearity property, Lemma 5 can easily be proved.
J

3. Rate of convergence of the operators Sα,βn,a

For f ∈ CB[0,∞), where CB[0,∞) is the set of all continuous and bounded
functions on [0,∞), the modulus of continuity ω(f ; δ) is defined as

ω(f ; δ) := sup
|t−y|≤δ

|f(t)− f(y)|, t, y ∈ [0,∞)

and

|f(t)− f(y)| ≤
(

1 +
(t− y)2

δ2

)
ω(f ; δ). (4)



Approximation by Szász-Stancu-Durrmeyer type Operators 65

Theorem 1. Let f ∈ C[0,∞)
⋂
E. Then Sα,βn,a (f ;x) → f uniformly on each

compact subset of [0,∞), where C[0,∞) is the space of continuous functions and

E :=

{
f : x ≥ 0, f(x)

1+x2
is convergent as x→∞

}
.

Proof. We have from Lemma 4, Sα,βn,a (1;x)→ 1, Sα,βn,a (t;x)→ x and Sα,βn,a (t2;x)→
x2 as n → ∞. Using universal Korovkin-type property (vi) of Theorem 4.1.4 in
[15], we arrive at the desired result. J

Theorem 2. (See [16]) Let L : C([a, b]) → B([a, b]) be a linear and positive
operator and let ϕx be the function defined by

ϕ(x)(t) = |t− x|, (x, t) ∈ [a, b]× [a, b].

If f ∈ CB([a, b]) for any x ∈ [a, b] and any δ > 0, then the operator L satisfies
the relation

|(Lf)(x)− f(x)| ≤ |f(x)||(Le0)(x)− L|{(Le0)(x) + δ−1
√

(Le0)(x)(Lϕ2
x)(x)}ωf (δ).

Theorem 3. For f ∈ CB[0,∞), the relation

|Sα,βn,a (f ;x)− f(x)| ≤ 2ω(f ; δ),

holds uniformly, where δ =

√
Sα,βn,a (ψ2

x(t);x).

Proof. From Lemma 4, Lemma 5 and Theorem 2, we have

|Sα,βn,a (f ;x)− f(x)| ≤ {1 + δ−1
√
Sα,βn,a (ϕ(x)2;x)}ω(f ; δ),

which proves Theorem 3. J

4. Local approximation results

In this section, we deal with the order of approximation locally in CB[0,∞)
(space of real valued continuous and bounded functions f on [0,∞)) with the
norm ‖f‖ = sup

0≤x<∞
|f(x)|. Let, for any f ∈ CB[0,∞) and δ > 0, Peetre’s K-

functional be defined as

K2(f, δ) = inf{‖f − g‖+ δ‖g′′‖ : g ∈ C2
B[0,∞)},
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where C2
B[0,∞) = {g ∈ CB[0,∞) : g′, g′′ ∈ CB[0,∞)}. By DeVore and Lorentz

[17, p. 177, Theorem 2.4], there exists an absolute constant C > 0 such that

K2(f ; δ) ≤ Cω2(f ;
√
δ),

where ω2(f ; δ) is the second order modulus of continuity defined as

ω2(f ;
√
δ) = sup

0<h≤
√
δ

sup
x∈[0,∞)

|f(x+ 2h)− 2f(x+ h) + f(x)|.

Theorem 4. Let f ∈ C2
B[0,∞). Then, there exists a constant C > 0 such that

| Sα,βn,a (f ;x)− f(x) |≤ Cω2

(
f ;
√
ξn,a(x)

)
+ ω(f ;Sα,βn,a (ψx;x)),

where ξα,βn,a (x) = Sα,βn,a (ψ2
x;x) +

(
Sα,βn,a (ψx;x))2.

Proof. Consider the auxiliary operators defined as follows:

Ŝα,βn,a (f ;x) = Sα,βn,a (f ;x) + f(x)− f(ηn,a(x)),

where ηn,a(x) = Sn,a(ψx;x) + x. Using Lemma 5, we have

Ŝα,βn,a (1;x) = 1,

Ŝα,βn,a (ψx(t);x) = 0,

|Ŝα,βn,a (f ;x)| ≤ 3‖f‖. (5)

For any g ∈ C2
B[0,∞), by the Taylor’s theorem, we get

g(t) = g(x) + (t− x)g′(x) +

t∫
x

(t− v)g′′(v)dv, (6)

Ŝα,βn,a (g;x)− g(x) = g′(x)Ŝα,βn,a (t− x;x) + Ŝα,βn,a

( t∫
x

(t− v)g′′(v)dv;x
)

= Ŝα,βn,a

( t∫
x

(t− v)g′′(v)dv;x
)

= Sα,βn,a

( t∫
x

(t− v)g′′(v)dv;x
)
−

ηn,a(x)∫
x

(ηn,a(x)− v)g′′(v)dv,
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|Ŝα,βn,a (g;x)− g(x)| ≤

≤
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x
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}
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|Sα,βn,a (f ;x)− f(x)| ≤ |Ŝα,βn,a (f − g;x)|+ |(f − g)(x)|+
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∣∣f(ηn,a(x))− f(x)
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≤ 4‖f − g‖+ γn,a(x)‖g′′‖+ ω
(
f ;Sα,βn,a (ψx;x)

)
,
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(
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√
γn,a(x)

)
+ ω(f ;Sα,βn,a (ψx;x)).

J

Now, we shall discuss the rate of convergence of the operators defined by (3)
in terms of the functions which belong to Lipschitz class

Lip∗M (γ) = {f ∈ C[0,∞) : |f(t)− f(x)| ≤M |t− x|
γ

(t+ x)
γ
2

: x, t ∈ (0,∞)}, (11)

where M is a constant and 0 < γ ≤ 1.
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Theorem 5. For x ≥ 0 and f ∈ Lip∗M (γ), we have

|Sα,βn,a (f ;x)− f(x)| ≤M
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x

] γ
2

,
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.

Thus, the assertion holds for γ = 1. Now, let’s prove it for γ ∈ (0, 1). From the
Hölder’s inequality with p = 1

γ and q = 1
1−γ , we have

|Sα,βn,a (f ;x)− f(x)| =
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This completes the proof of Theorem 5. J

References

[1] O. Szász, Generalization of S. Bernstein’s polynomials to the infinite interval,
J. Research Nat. Bur. Standards, 45, 1950, 239-245.



70 N. Rao, A. Wafi

[2] V. Gupta, R.P. Agarwal, Convergence Estimates in Approximation Theory,
Springer, Cham., 2014.

[3] M. Mursaleen, Kh.J. Ansari, On Chlodowsky variant of Szász operators by
Brenke type polynomials, Appl. Math. Comput., 271, 2015, 991-1003.

[4] A. Wafi, N. Rao, Szász-Durrmeyer operators based on Dunkl analogue, Com-
plex Anal. Oper. Theory, 2017, DOI 10.1007/s11785-017-0647-7.

[5] T. Acar, (p, q)-Generalization of Szász-Mirakyan Operators, Mathematical
Methods in the Applied Sciences, 2016, DOI: 10.1002/mma.3721.

[6] A. Wafi, N. Rao, A generalization of Szász-type operators which preserves
constant and quadratic test functions, Cogent Mathematics, 2016, 3:1227023.

[7] A. Wafi, N. Rao, Deepmala, Kantorovich form of generalized Szász-type op-
erators using Charlier polynomials, Korean Journal of Mathematics, 25(1),
2017, 99-116.

[8] M. Mursaleen, T. Khan, On approximation by Stancu type Jakimovski-
Leviatan-Durrmeyer operators, Azerbaijan Journal of Mathematics, 7(1),
2017, 16-26.

[9] S.M. Mazhar, V. Totik, Approximation by modified Szász operators, Acta
Sci. Math. (Szeged), 49(1-4), 1985, 257-269.
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