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Abstract. The purpose of this paper is to introduce some characterizations of (Gaus-
sian) hypergeometric function to be in various subclasses of uniformly starlike and uni-
formly convex functions. Operators related to hypergeometric functions are also consid-
ered. Some of our results correct previously known results.
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1. Introduction

Let A denote the class of functions f (z) of the form
f(z) :z—i—Zanz”, (1)
n=2

which are analytic in the open unit disc U = {z:z € C and |z| <1}, and let S
be the subclass of all functions in A, which are univalent. Let g (z) € A be given
by

g(z)=z+ Zgnz”. (2)
n=2

Then the convolution invariance of two power series f (z) and g (z) is given by

(see [1])

FR)@rg(z) =243 Z0zm =g () @ f (2), (3)

*Corresponding author.
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where

C’n(k):<n;k_1)(keNO:NU{O},N:{1,2,...}>. (4)

Let S* (o) and K («) denote the subclasses of starlike and convex functions of
order (0 < a < 1), respectively. We will denote S*(0) = S*and K(0) = K
(see, for example, Srivastava and Owa [14]).

Recently, Bharati et al. [3] introduced the classes UCV («, 8) and S, («, 5)
as follows:

Definition 1. /3] (i) A function f (z)of the form (1) is said to be in the class
Sy (a, B), if it satisfies the following condition:

2f'(2) } zf'(2)

re{ St o) > 0|

(ii) A function f(z)of the form (1) is said to be in the class UCV («, B)if and
only if zf' (2) € Sp (o, B).

Denote by T the subclass of S consisting of functions of the form

1‘(1§a<1;520;z€U). (5)

f(2)=2=> anz" (an > 0). (6)
n=2

Also, denote by T* (o) = S* (a)NT', C () = K (a)NT the subclasses of star-
like and convex functions of order @ (0 < o < 1) with negative coefficients, which
were introduced and studied by Silverman [12]. Alsolet UCT (o) = UCV (a)NT),
SpT () = Sy ()NT, UCT (e, B) = UCV (e, B)NT and S, T (v, B) = Sp (e, ) N
T.

Let S(A\,a,8) (-1 <a<1,8>0and 0 < X< 1) denote the subclass of S
consisting of functions of the form (1) and satisfying the analytic criterion

Zf’ (Z) W Zf/ (Z) - .
Re{(l_A)f(Z)—i—)\zf’(z) }25 TSNS YAD 1‘ ( EU)(,?)

and C(\, o, 8) (-1 <a<1,8>0and 0 < X < 1) denote the subclass of S con-
sisting of functions of the form (1) and satisfying the analytic criterion

[z +21"(2) () +21"(2)
re{ e 2 e
The classes S (A, a, 8) and C (A, o, B) were introduced and studied by Aouf et al.

(2, with g(2) = 1% and g (2) = respectively]. It follows from (7) and (8)
that

—1' (zeU). (8)

_Z
1—2z°

f(z)eC\a,B)ezf (2) e S\ a,pB). (9)
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Further, we define the classes T'S (), «, 8) and T'C (A, o, 3) by
TS (N a,B) =S\ a,B)NT and TC (N, «, 5) = C (A, o, B) NT, respectively.
Let oF} (a, b; c; z) be the (Gaussian) hypergeometric function defined by

ilobien) =0 o FeD).

where ¢ # 0,—1,—2,... and
), = 1 if n=0,
LA+ (A +2) ... (A +n—1) if n€eN.
We note that o F} (a,b;c; 1) converges for Re (¢ —a — b) > 0 and is related to
Gamma functions (see [7, Lemma 6.1.1, pp. 205]) by

F'(e)T'(c—a—0)
I'(c—a)T(c—0b)

2F1 (a7 b7 G 1) = (10)

Define the function
hy(a,b;c;2) = (1 — p) (22F1 (a,b;¢; 2)) + pz (22F1 (a, b; ¢ z))l (p>0). (11)

The mapping properties of the function h, (a, b; ¢; ) were studied by Shukla and
Shukla [15]. Corresponding to the Gaussian hypergeometric function o F} (a, b; ¢; 2),
we define the linear operator N:’:C : A — A by the convolution invariance as fol-
lows: o

[N:bkc (f)} (2) = hy(a,b;¢;2) @ f (2). (12)

Merkes and Scott [8] and Ruscheweyh and Singh [11] used continued fractions
to find sufficient conditions for 25 Fy (a, b; ¢; z) to be in the class S* (o) (0 < a < 1)
for various choices of the parameters a,b and c. Carlson and Shaffer [4] showed
how some convolution results about the class S* (a) may be expressed in terms
of a linear operator acting on hypergeometric functions. Recently, Silverman [13]
gave necessary and sufficient conditions for zoF (a,b;c;2) to be in the classes
S* (a)and K (o).

In this paper, we obtain necessary and sufficient conditions for b, (a, b; ¢; z) to
be in the subclasses T'S (A, a, 8) and T'C (A, o, ). Also, we consider an operator
related to hypergeometric function.

2. Main results

Unless otherwise mentioned, we assume throughout this paper that —1 < a <
1,6>0,0< A< 1 and k € Ny.
To establish our results, we need the following lemmas due to Aouf et al. [2].



6 M.K. Aouf, A.O. Mostafa, H.M. Zayed

Lemma 1. [2, Theorem 1, with g(z) = 1=/ . A sufficient condition for f(z)
defined by (1) to be in the class S (A, a, ) is

Y 148 —(a+ B+ A(n—-D} lan| <1 - (13)
n=2

Lemma 2. [2, Theorem 2, with g(z) = 1Z5]. A necessary and sufficient condi-

tion for f (z) defined by (6) to be in the class T'S (A, «, B) is

YD n+p) —(a+BL+An-D}an<1-a (14)
n=2

Lemma 3. [2, Theorem 1, with g(z) = ﬁ/ A sufficient condition for f(z)

defined by (1) to be in the class C (N, a, B) is

Yon{n(+8)—(a+B)L+A(n -1} lan] <1-a. (15)

Lemma 4. [2, Theorem 2, with g(z) = ﬁ] A necessary and sufficient
condition for f (z) defined by (6) to be in the class TC (A, «, 3) is

Y nfn(@+8) —(a+BL+A(n—-D}a, <1—a. (16)
n=2
Theorem 1. Let a,b > 0 and ¢ > a+ b+ 2. Then the sufficient condition for

hy (a,b;c; z) to be in the class S (A, «, B) is

DT ezt [, sl 020 — ot (0 bk i
F'(c—a)T (c—0) (I1-—a)(c—a—0b—-1)

(@)g (b)g [ (1 4 B) (1 +2p) — Apu (o + B)]
1-a)(c—a—b-2),

_|_

] <2. (17)

Also, condition (17) is necessary and sufficient for h* (a,b;c; z) = z (2 — M)
to be in the class T'S (A, a, ).

Proof. Since

[e'e) a b
hu(a,b;c;z):z—l-Z[l—i-M(n—l)] M'zn’

n=2



Some Properties of Uniformly Starlike and Convex Hypergeometric Functions 7

according to Lemma 1, we only need to show that
o0 ( .
D An(+8) —(a+B)[L+A(n =1} [1+p(n—1) (
n=2

Thus

S (14 8) = (a+ B) [+ A(n = DI} [+ (n— 1)) (==t =
= (14 5) (L 200) — (@ +B) (M M) Ty (et Bty (18)

1 n—2
( )nf (b)nf oo (a)n7 (b)n7
(14 8) = (o + B 52, 2me=s + (1 o) Kok 2sme=r
Since (A),, = A(A+1)

from (10), we may express (18) as

n n—17

a+1), (b+1),
(c+1),(),

(148 (1+ 2 — (a+ ) (s ) 23 .

n=0
(a+2), (b+2 = (a), (b
At (o + B)] 22 j:+2 + by (1-a) !;)8:8:_1] =

:

N R ICH U IS L S

F'c)T'(c—a—0) B
+(l-a) [F(c—a)F(c—b) _1] =

_T(T(c—a-b) [ab[(lﬁLﬁ)(lﬂLQ#)(a+ﬁ)()\+u+)\u)]+
F'(c—a)T (c—0) (c—a—0b-1)

(a)y (b)y [ (1 + B) — Au(a + B)] —al -
+ (c—a-b-2), + (1 )] (1-a).

This last expression is bounded above by (1 — «) if (17) holds. Since

o0 a b
h* (a,b;c; 2) :z—Z[lJru(n—l)] mz",
n=2 " "

the necessity of (17) for h* (a, b; c; z) to be in the class T'S (A, a, 8) follows from
Lemma 2. This completes the proof of Theorem 1. <«
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Remark 1. (i) Putting A = a = 0 in Theorem 1, we obtain the result obtained
by Ramachandran et al. [10, Theorem 1, with p =2 and q = 1J;

(i) Putting A = u = = 0 in Theorem 1, we obtain the result obtained by
Silverman [13, Theorem 1];

(iii) Putting 5 =1 and A\ = pn = 0 in Theorem 1, we obtain the result obtained
by Cho et al. [5, Theorem 1];

(vi) Putting A = p = 0 in Theorem 1, we obtain the result obtained by
Swaminathan [16, Theorem 1].

Theorem 2. Let a,b > —1,ab < 0 and ¢ > a+ b+ 2. Then the necessary and
sufficient condition for hy (a,b;c; z) to be in the class T'S (A, o, B) is

(@)g (b)g [ (14 B) = Ap(a+ B)] +ab(c—a—b—2) X

x(1+B8)(1+2u) —(@+B8)A+pu+i)+(1—a)(c—a—b—2), >0. (19)
Proof. Since

a e} a+1 n— b+1 n— n
hy(a,b;c;2) = 2z + ?b Yoo 1+ p(n—1)] ( (C+)1)ni(1):71 2, —

a 0o a+1), _o(b+1),_ n
= 2 2], [ pr(n— 1)) Gl s

according to Lemma 2, we only need to prove that

(@ Doy B+ Dy _
1,5,y

D {n(+8)—(a+ B+ A=D1+ u(n—1)
n=2

——Ml—a) (20)
Thus

S {0 (L B) = (ot B) 14+ A (n = DI} 1+ g (n — 1)) i

00 a+1), _ b+1 e
= [+ 8) (U 20) — (o B) A+ g+ )] 3, GoaaCibas 41 4 ) -
oo (at1), 5(b+1),_ oo (at1), _o(b+1),_
_)\'u (a + ﬁ)] 2"23 (C+1)ni2(1)n732 * (1 N Oé) Zn:Q (C+1)ni2(1) =

= [(1+5) (1+21) — (0 + B) (A o+ M) 52 s

a ) a+2), (b+2
+[u(1+ﬁ)—)\u(a+5)]%2n=0%+

c o0 a)n b n =
+(1—a) 5 | X0 Ec))n((lgn - 1] a




Some Properties of Uniformly Starlike and Convex Hypergeometric Functions 9

[(1+ ) (1+201) — (a4 B) (A o+ M) Nt ezazbol)
P+ B) = Aulat B)] (“Eil(i’f DLl et

¢ | T'(e)'(c—a—b
+(1-a)g5 rgc)fa()r(cfb; -1

= DDt (114 8) (1+20) — (0 + B) A+ p+ M) (e —a—b—2) +
+lat )b+ 1)+ 8~ Aula+B)+ U5 e —a-b-2),} - (1-a) 5.

Hence (20) is equivalent to

HE e 2 {1+ 8) (1 +2m) — (a4 B) A+ p+ )] (c—a—b—2) +
F e+ 1)+ D +8) —ula+ A+ 52 e —a—b-2),} <
<l-a)f—-(1-a)5=0. o
21
Thus, from (21), we have

(a+1)(b+1)[p(1+8) = A (a+ B)]+

F(A+B) A +2u) —(a+B) A+ p+Iu)](c—a—b—2)+

Jr(1 ;ba)

(c—a—-b-2),<0,
or, equivalently,
(@)y (b)g [ (14 B) = Au(a+ B)]+
+ab[(1+8) (142p) — (a+B) A+ p+Au)l(c—a—b—2)+
+(1-a)(c—a—-b—-2), >0.
This completes the proof of Theorem 2. «

Putting A = @ = 0 in Theorem 2, we get the correct from of the result
obtained by Ramachandran et al. [10, Theorem 2, with p = 2 and ¢ = 1].

Corollary 1. Let a,b > —1,ab < 0 and ¢ > a+ b+ 2. Then the necessary and
sufficient condition for hy (a,b;c; z) to be in the class ST (B) is

(a+1)(b+1)

p(l+8) c+1)

oF (a+2,b+2;¢+2;1)+

[M(ﬂ+2)+B+1]2F1(a+1,b+1;c+1;1)+£2F1(a,b;c;1) <0.
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Remark 2. (i) Putting A\ = p = 8 = 0 in Theorem 2,
obtained by Silverman [13, Theorem 2];

(ii) Putting \ = u =0 and B =1 in Theorem 2, we obtain the result obtained

by Cho et al. [5, Theorem 2];

(iii) Putting X = p = 0 in Theorem 2, we obtain the result obtained by

Swaminathan [16, Theorem 2J.

Theorem 3. Let a,b > 0 and ¢ > a + b+ 3. Then the sufficient condition for

hy (a,b;c; 2) to be in the class C (A, o, B) is

T'(e)T'(c—a—b)

ab{(1+8)(3+4p) — (a+8) (1+22+2u+22p) }

we obtain the result

Me—al(eb) [+ (=) (c—a—b-1)
+ (a)o(0){(148) (A+5p) — (a+B) (A+p+4 ) } n
(I—a)(c—a—b—2),

(a)3(0)3{n(1+B)—Au(at+B)}
T A mam2), ] <2

Also, condition (22) is necessary and sufficient for h* (a,b;c; z) to be in the class

TC (N o, B).

_l’_

(22)

Proof. According to Lemma 3, we only need to prove that

Yon{n(@+8) = (a@+B)[L+A(n -1} [1+p(n—1)

Hence

S n{n(148)— (@t B) [+ A -1} [L+pun—1)] E

=[(148)(3+4p) — (a+ B) (1 +2X+2u+22p)] >

n=2

o

+[(1+B8) (1+5p) = (@+ B) A+ p+ 4 )] Y

n=3

"‘[N(l‘f‘ﬁ)—/\ﬂ(a—i—ﬁ)]zw

n=4 C)n—1 (1 n—4

o0

:[(1+ﬂ)(3+4u)—(a+ﬂ)(1+2/\+2u+2,u)\)]%bz
n=0

(@), (

(=
~—~

(a)n—l (b)n—l
(C)nfl (1)71,72 i

(@)1 (0)y

()

n—1 (1)n—3

(@)p—5 (D)2

n—1 _aoo—:
R DB

)n—l

(a+1), (b+ 1)n+

(c+1), 1),
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+[(1+8) (1+5u) — (a+ B) (A + p+ 42p)] 2

(€)y c+2 )n
a4 8) = wufar ) 48! Sia“’ i (1= a)x
(€)g o (c+3), (1),
= (@), () ] _
X[nz:%(c)n(l)n 1]‘

R VI K Gu AN GBS

+ (14 B) (1 +51) — (@ + B) (A + p+ 4] <a)<i>(: = (cr+ (i)_r Sr_ (Z - Zf g

_'_

_l’_

(a)s (D)5 F(c+3)F(c—a—b—3)+

+ (1 +8) = A (a+ B)]

(€)3 F'(c—a)T (c—10)
I e | R Ao
{08 B+ a0 - @+ B 142+ 2 2]
I8 500 — (a4 8) (ot )] 220
(148 = o+ 8) B -0 - (1),

From the last expression, we get the desired conclusion. Also, the necessity of
(22) for h* (a,b;c; z) to be in the class T'C (A, «, B) follows from Lemma 4. This
completes the proof of Theorem 3. «

Remark 3. (i) Putting A = p = 8 = 0 in Theorem 3, we obtain the result
obtained by Silverman [13, Theorem 3;

(ii) Putting 8 =1 and A = = 0 in Theorem 3, we obtain the result obtained
by Cho et al. [5, Theorem 3];

(iii) Putting X = p = 0 in Theorem 8, we obtain the result obtained by
Swaminathan [16, Theorem 3].

Putting A = @ = 0 in Theorem 3, we get the correct form of the result
obtained by Ramachandran et al. [10, Theorem 3, with p = 2 and q = 1].
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Corollary 2. Let a,b >0 and ¢ > a+ b+ 3. Then the sufficient condition
for hy (a,b;c; z) to be in the class UCT () is

,u(l+ﬁ)<a)3& Fi(a+3,b+3;¢c+3;1)+
(©)s

(a)y (b),
(¢)q 2

ab
@up+4p+26+3)— Fila+1b+Liet+L1) +2 Fi(abigz) <2, (23)

(4uB+ 5+ B+ 1) Fi(a+2,b+2;¢c+2;1)+

_ hu(a,b;C;Z))

Also, condition (23) is necessary and sufficient for h* (a,b;c;z) = 2 (2 -

to be in the class UCT (B).

Theorem 4. Let a,b > —1; ab < 0 and ¢ > a + b+ 3. Then the necessary and
sufficient condition for h, (a,b;c; z) to be in the class TC (A, «, B) is

(a)z (b)3[p (14 B) — Ap(a+ B)] +

+(a)y (D) [(14+8) (1 4+5pu) — (a+B) A+ u+4 )] (c—a—b—3)+
+ab[(1+8) (3+4u) — (a+B) (1 +2X +2u + 2 )] (e —a — b — 3), +

+(1-a)(c—a—-b-13); >0. (24)

Proof. According to Lemma 4, we only need to prove that

(a + 1)n72 (b + 1)n72 <
(C + 1)n72 (1)7171 -

Y on{n(l+8)—(a+B) L+ A D} [L+u(n—1)
n=2

<|Zja-a). (25)
Thus

(a + 1)n72 (b + 1)7172 —
(c+ 1), 91),

Yon{n(@+8) —(a+B)[L+A(n—1]}1+p(n—1)
n=2

i . o~ (a+1), 5 (b+1),
=[(1+8)(B+4p) — (a+B) (1 +2X +2u + 22u)] nZQ (c+1), 5(1), o

» (a+1), 5(b+1), ,
+ (1 +8) (14 5u) — (a+ B) (A + p + 4Au)] ; (c+1),5(1),_3 !
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) X (a+1), ,(b+1),
+p(+5) = Ap(a+p) nz;l (c+1),0(1),_4

o0

1_@ Z a+1n 2 b+1)n 2:
n=2

(c+1), 9(1),

oo

=[(1+8)(B+4p) — (a+ B) (1 +2X + 2u + 2A\u)] Z C+1 b—l—)l)

+[(1+8) (14 50) = (@ + B) (A + p+ )] <C+1> (c+2), (1)

n

+ (1 +8) = A (a+ )]

(a+1)y(b+1), Za+3 b+3)
(c+1), (c+3), (1),

¢ [& (@), ®),
T [2 CRONS 1]

R TR TIPSR L S

H(+5) (T+5p) = (a+ B) A+ p+ 4Ap)]
><(cH—l)(b—i—l)I‘(c—i—2)I‘(c—a—b—2)

(c+1) IF'(c=a)T(c—b)
(@a+1)y(b+1)yT(c+3)T'(c—a—b—3)
(c+1), F'(c—a)T(c—0)
a)i F'(c)T'(c—a—0)
ab |[T'(c—a)T (c—b)

_T(e+1)T'(c—a—b-3)

N F'(c—a)T (c—0)

{1+ 8)B+4p) — (a+8) (L +2X+2u+ 2 )] (c—a—b—3),+
+a+1D)O+D)[1+8)A+5u)—(a+B) AN+ p+4\u)](c—a—b—3)+

+ (1 +8) = A (a+ )]

+

+(1- -1 =

Fat D040, +8) - e+ A I emabo3,)-0-0)

Hence (25) is equivalent to
F'(e+1)T'(c—a—-b—3)
F'(c—a)T (c—0)
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X{[(1+8)B+4pn) — (a+8) 1 +2X+2u+ 2 )] (c—a—b—3),+
+(a+1)(b+1)[(1+8)(1+5pu) — (a+B) (A + p+ 4 )] +

Fat 0,04 0,1+ 8) Mot B+ oD e ma—b-3),)
3(1_04)%_(1_@)%:0. (26)

Thus, from (26), we have

(a+1)y(b+ 1)y [pn(1+8) = A (o + B)] +

F(a+1)(0+1)[(1+8)(1+5u) = (a+B)(A+p+4 )] (c—a—b-3)+
(14 8) (B +4p) — (a+B) (L 4+ 20+ 2u+ 22 )] (c —a — b —3), +

(1—-a)

2 (c—a—-b-13); <0,

or, equivalently,
(a)3 ()3 [1 (1 + B) = Ap(a + B)]
+(a)y (0)[(A+8) (L +5p) = (a+B) A+ p+ 4] (c—a—b—3)+
+ab[(1+8) (3 +4u) — (@ +B) (1 +2X +2u + 2 )] (e —a — b — 3), +
+(1-a)(c—a—b—-3); >0.
This completes the proof of Theorem 4. <«

Putting A = a = 0 in Theorem 4, we correct the result obtained by Ra-
machandran et al. [10, Theorem 4, with p = 2 and ¢ = 1].

Corollary 3. Let a,b > 0 and ¢ > a + b+ 3. Then the sufficient condition for
hy (a,b;c; z) to be in the class UCT () is

1),(b+1
(a+1); (b+1), Fi(a+3,b+3;¢+3;1)+

p(l+B) TS

(a+1)(b+1)

+(AuB+5u+B+1) crD

Fi(a+2,b4+2;¢+2;1)+

c
+(2u5+4u+25+3)2F1(a+1,b+1,c+1;1)+%F1(a,b;c;1) <0.

Putting A = ¢ = f = 0 in Theorem 4, we obtain the following corollary which
corrects the result obtained by Silverman [13, Theorem 4].
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Corollary 4. Let a,b > —1, ab < 0 and ¢ > a + b+ 2.Then the necessary and
sufficient condition for g (a,b;c;z) to be in the class C () is

(a)g (b)g+B—a)(c—a—b—2)ab+ (1 —a)(c—a—b—2)y,>0.

Putting A =y =0 and 8 = 1 in Theorem 4, we obtain the following corollary
which corrects the result obtained by Cho et al. [5,Theorem 4].

Corollary 5. Let a,b > —1, ab< 0 and ¢ > a+ b+ 2. Then the necessary and
sufficient condition for g (a,b;c; z) to be in the class UCT () is that

2(a)y(0)g+(b—a)(c—a—b—-2)+(1-a)(c—a—b—2), > 0.

Putting A = g = 0 in Theorem 4, we obtain the following corollary which
corrects the result obtained by Swaminathan [16, Theorem 4].

Corollary 6. Let a,b > —1, ab < 0 and ¢ > a+ b+ 2. Then the necessary and
sufficient condition for g (a,b;c; z) to be in the class UCT (v, B) is

(1+p8)(a)y(b)s+(B+28—-a)ab(c—a—-b—-2)+(1—a)(c—a—b—2),>0.
Theorem 5. If the inequality
N®M®3[MO+B%—MMa+@
(€)3 (k+ 1) (1—-a)
2 (a)y (b)y [(1 +5p) (1+8) = (A+p+4 ) (a +5)
(€)y (K + 1), (1-a)

. ab  [(B44p) (1+8) — (1 + 2+ 2u+ 2 p) (o + )
c+2,k+3,1)+c(k+1)[ =)

sFy(a+ 1,0+ 1,2;¢4+1,k+2;1) +3F> (a,b, 15,k +1;1) <2, (27)

] Fy(a+3,b+3,4¢c+3,k+4;1)+
3

3Py (a+2,b+2,3;

holds, then [NZ’{:C (f)} (z) maps the class S (or S*) to the class S (A, a, ).

Proof. Since

(a)nfl (b)nfl n
CIRCESTR

NeE (D] () =2+ S (0= 1)

n=2

according to Lemma 1, we only need to prove that

Y {n(1+8) —(a+B) L+ An -]} [L+u(n—1)]x
n=2
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« (a’)nfl (b)nfl
(€)pq (k+1), 4

The left-hand side of (29), by the fact that |a,| < n for f (z) € S(or S*) (see [5]),
is less than or equal to

lan| <1—a. (29)

(@)1 ()4
() (k+1), 4

> n{n(@+8) —(a+B) L+ A(n— DI} [1+pn—1) =T.
n=2

Thus

00 a), b n— 1 n
Ty=[pn(1+8) = Au(a+ B30, (c()n)_1<1k(+)1>n1—(1 ()1 St

00 a b n— 1)n—
[(1+5u) (14 8) — A+ p+ ) (a+ B8)] S0, (c()n_l(k(+)1)ni(1()1>"1*3 "

00 a)p_1(0)p_1(D)n—
(34 41) (1+8) = (L+ 23+ 2+ 21) (o + B Ty podza U

oo (@), 1(0), 1 ()n-—
(1 - a) 211:2 (c)n—1(1k+1)n1—1(1)"1_1 -

)7_174
)n—l

(a)3 (0)s i (a+3), (0+3),4),
(©)3 (k+1)3 7= (¢ +3), (k+4), (1),

=6[u(1+08)—Au(a+B)

n=0

F2[(1+51) (1+8) = A+ p+ ) (a+ 5]

o0

(a+2), (b+2),(3),
Xg%@+m k+3), (1),

n

S

FIB+40) (14 8) = (120 + 20+ 20 (0 + B))

n

o~ (a+1),(b+1),(2),
XZ;@+D k+2), (1),

= (@), (), (1),
Ha-a Do G, o, Y

From the last expression we get the assertion of the theorem. This completes
the proof of Theorem 5. «

n=0

Using the same arguments as in the proof of the above theorems, we obtain
the following theorem.
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Theorem 6. If the inequality

1+8 (a), (b) | |
24'u<1—a) ((0)4(24_[;)4)3]72(a+4,b—|—4,5,c—|—47]{;+5’1)+

6 (a); (b) [(1+9u)(1+ﬁ) — (A +p+Ap) (a+6)]
(c)g (k+1); (1-a) '
sFy (a+3,b+3,4;¢+3,k+4;1)+

2 (a)y (b), [(6+ 19p) (14 B) — (1 45X+ 5p + 4 p) (a+B)]
(c)g (k+1), (1-a)

sFy(a+2,b0+2,3;¢+2,k+3;1)+

ab [<7+8m(1+5)—(3+4A+4u+w)(a+ﬂ>]
c(k+1) (1—a) '

sFy(a+1,b+1,2c+1,k+21)+3F (a,b,1;¢,k+1;1) <2, (30)

_l’_

is true , then [N“’k (f)} (2) maps the class S (or S* ) to the class C (\, «, ).

a,b,c

Acknowledgement

The authors thank the referees for their valuable suggestions which led to the
improvement of this paper.

References

[1] O.P. Ahuja, Families of analytic functions related to Ruscheweyh deriv-
atives and subordinate to convex functions, Yokohama Math. J., 41, 1993,
39-50.

[2] M.K. Aouf, A.A. Shamandy, A.O. Mostafa, A.K. Wagdy, Certain subclasses
of uniformly starlike and convex functions defined by convolution with nega-
tive coefficients, Mat. Vesnik, 65(1), 2013, 14-28.

[3] R. Bharati, R. Parvatham, A. Swaminathan, On subclasses of unifomly con-
vex functions and a corresponding class of starlike functions, Tamkang J.
Math., 28, 1997, 17-32.

[4] B.C. Carlson, D.B. Shaffer, Starlike and prestarlike hypergeometric functions,
J. Math. Anal. Appl., 15, 1984, 737-745.



18

[5]

[9]

[10]

[11]

[12]

[13]

M.K. Aouf, A.O. Mostafa, H.M. Zayed

N.E. Cho, S.Y. Woo, S. Owa, Uniform convezity properties for hyper-
geometric functions , Fract. Calculus Appl. Anal., 5(3), 2002, 303-313.

P.L. Duren, Univalent Functions Springer-Verlag, New York, 1983.

E.Hille, Ordinary Differential Equations in the Complex Domain, John Wiley
and Sons, New York, London, 1997.

E. Merkes, B.T. Scott, Starlike hypergeometric functions, Proc. Amer. Math.
Soc., 12, 1961, 885-888.

A.O. Mostafa, A study on starlike and convex properties for hypergeo- metric
functions, J. Inequal. Pure Appl. Math., 10(3)(87), 2009, 1-8.

C. Ramachandran, L. Vanitha, G. Murugusundaramoorthy, Starlike and
uniformly convex functions involving generalized hypergeometric functions,
IJPAM, 92(5), 2014, 691-701.

St. Ruscheweyh, V. Singh, On the order of starlikeness of hypergeometric
functions, J. Math. Anal. Appl., 113, 1986, 1-11.

H. Silverman, Univalent functions with negative coefficients, Proc. Amer.
Math. Soc., 51, 1975, 109-116.

H. Silverman, Starlike and convexity properties for hypergeometric functions
J. Math. Anal. Appl., 172, 1993, 574-581.

H.M. Srivastava, S. Owa (Editors), Current Topics in Analytic Function
Theory, World Scientific Publishing Company, Singapore, New Jersey, Lon-
don, and Hong Kong, 1992.

N. Shukla, P. Shukla, Mapping properties of analytic function defined by
hypergeometric function, I1. Soochow J. Math., 25(1), 1999, 29-36.

A. Swaminathan, Hypergeometric functions in the parabolic domain, Tamsui
Oxf. J. Math. Sci., 20(1), 2004, 1-16.

M.K. Aouf
Department of Mathematics, Faculty of Science, Mansoura University Mansoura 35516, Egypt
E-mail: mkaoufl27@yahoo.com

A.O. Mostafa
Department of Mathematics, Faculty of Science, Mansoura University Mansoura 35516, Eqypt
E-mail: adelaeg254@yahoo.com



Some Properties of Uniformly Starlike and Convex Hypergeometric Functions 19

H.M. Zayed

Department of Mathematics, Faculty of Science, Menofia University Shebin Elkom 32511,
Egypt
E-mail: hanaa_zayed42@yahoo.com

Received 24 January 2015
Accepted 30 August 2016



