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Some Remarks on the Local Energy Decay for
Wave Equations in the Whole Space

Ryo Ikehata

Abstract. We first consider the Cauchy problem for wave equations in the whole space
R" with n = 1,2. For a special class of initial data, we derive uniform L2?-bounds
of solutions. In the framework of compactly supported initial data, this L2-bound is
an essential ingredient to derive local energy decay estimates as shown in Morawetz
[11] in the exterior domain case. We do not assume such compactness of the support
of the initial data. Our results seem new in the low dimensional whole space cases
(n =1,2). Furthermore, we discuss local energy decay property for wave equations with
space dependent damping coefficient, which vanishes with some rate near spatial infinity.
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1. Introduction

We first consider the Cauchy problem for the wave equation in R" (n =1, 2)

up(t,z) — Au(t,x) =0, (t,x) € (0,00) x R", (1)
uw(0,z) = up(x), w(0,2) =wui(z), zeR", (2)
where (ugp, ;) are initial data chosen as:
ug € H*(R"), wu; € H'(R"), (3)
and
up = %Z’ U = 8t2’ = Z 81‘2’ = (a1, -+, Tp).
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Note that solutions and/or functions considered in this paper are all real valued
except for several parts concerning the Fourier transform. Then, it is known that
the problem (1)-(2) has a unique strong solution

u € C([0,00); HX(R™)) N C*([0,00); HY(R™)) N C%([0,00); L*(R™)) =: CF.

The rather stronger assumption on the initial data (3) is used only to justify the
unique existence of solutions and the integration by parts in order to get the local
energy decay.

As is well known, the local energy decay estimates for the equation (1) are one
of the main questions in the scattering theory. About this problem, Morawetz’s
estimates in [11] are very famous as one of pioneering works, and she derived the
local energy decay estimate such that

Eg(t)=0(t™") (t = o0),

for each R > 0. The problem in [11] was considered in the exterior domain
Q C R” of a smooth bounded obstacle for n > 3, and the Dirichlet null condi-
tion on the boundary was assumed. At that process of the proof, she assumed
the compactness of the support of initial data in order to use the finite speed
of propagation property (FSPP for short) of solutions. In this sense, her theory
fully depends on such FSPP. One of essential parts of proof in [11] is to get the
L?-bounds of solutions. To get such L?-bounds she prepared an auxiliary func-
tion as stated in Remark 4 below. We can also cite the paper [14] concerning
how to use the Morawetz method to obtain L?-bounds of solutions in the damped
wave equation case. So, a natural question arose in [4] and the references therein
whether the local energy decay estimates can be derived or not under the frame-
work of non-compact support condition on the initial data. In [3] it is shown that
L?-boundedness of solutions to the exterior mixed problem

u(t,x) — Au(t,x) =0, (t,x) € (0,00) x £,

U(O,J}) = U0($), ut(()?x) = ul(x)a €
u(t,z) =0, z €N

can be derived under the non-compact support conditions on the initial data. The
method used in [11] was modified in [3] by removing support compact conditions
assumed in [11]. Unfortunately, it was not sufficient only to get L?-bounds of
solutions in order to prove local energy decay under non-compact support con-
ditions on the initial data. We need additional estimates, which are completely
free from FSPP. After several papers published by Ikehata, by combining the
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additional weighted energy estimates and such L?-bounds, the local energy decay
estimates have been established in [4] in the final form. The weighted energy
estimates used in [4] is a modification of the method, which has its origin in
[15]. In [4], the so called Hardy-Sobolev inequality was effectively used to derive
L?-bounds, so one had to restrict the spatial dimension n > 2. This is a result in
the exterior domain case. Therefore, if we apply the method of [4] to the whole
space case without FSPP, we have to restrict n > 3, because of the unavailability
of Hardy-Sobolev inequality for n = 1,2. We should emphasize that the previous
attempts to remove the support compact condition on the initial data have been
made in [13] and [18].

Our aim in this paper is to derive L?-bounds of solutions without FSPP to
problem (1)-(2) considered in the whole space R™ with n = 1,2. The main
difficulty comes from a lack of an effective Hardy-Sobolev type inequality. For
this we prepare some inequality in Proposition 1 without proof, which plays a
role alternative to that of Hardy-Sobolev one.

Before stating our main results, we set

X7, = {f € LR f(z)dr = 0} :

R”

where
DR = {1 € PRl o= [+ eI de < o0

Here are our main results.

Theorem 1. Let n =2 and v € (0,1]. If [ug,u1] € H*(R") x (H'(R") N XT.),
then the unique solution u € C} to problem (1)-(2) satisfies

[u(t, )l < ClJuoll + [lurll + llualliy),
with some constant C' > 0.
1
Theorem 2. Letn =1 and v € (5, 1). If [ug,u1] € H*(R™) x (HY(R") nXt,),
then the unique solution u € C§ to problem (1)-(2) satisfies
[ut, )l < Clluoll + lluall + [lurll14),
with some constant C' > 0.

Remark 1. We still assume rather a stronger assumption on the initial velocity

ui(x) such that / ui(x)dx = 0. Ewven if the results above are derived under
R”
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the special type of initial data, the obtained results seem to be new in the low
dimensional case. In the Navier-Stokes equation case, as stated in [17], this
vanishing moment condition is not so special. Anyway, it is still open to get the
same results as in Theorems 1 and 2 without such vanishing moment condition.

Remark 2. We can also get the similar L?-boundedness of the solutions to the
wave equations with variable damping coefficient such as

u(t, ) — Au(t,z) + a(z)u(t,z) =0, t>0, zeR"™
For this case, we refer the reader to [5].

This paper is organized as follows. In Section 2 we shall prove Theorems 1
and 2 by relying on a modified method of [3], and in Section 3, we apply it to the
local energy decay property of the problem (1)-(2), and generalize the results to
another evolution equations with fractional Laplacian. Section 4 is dedicated to
the study of local energy decay for wave equations with non-effective damping.

Notation. Throughout this paper, || - ||, stands for the usual LI(R"™)-norm.
For simplicity of notation, we use || - || instead of || - ||2. Furthermore, we denote
||| g2 as the usual H'-norm. The local energy Er(t) on the area |z| < R (R > 0)
corresponding to the solution u(t,z) of (1) is defined by

1

En(t) = 2/|<R(|ut(t,x)|2—|—|Vu(t,:c)2)d:n.

where

ZCIE I Tl

Jj=1

On the other hand, we denote the Fourier transform of f(x) by

as usual with 7 := v/—1, and the fractional Laplacian is defined by

(=2) f(2) = F L€ () (),

where F~! denotes the usual inverse Fourier transform of F. For later use, we
set additionally

H{(R"):= {f € H'(R")||Vf] € L*'(R")},

BOM) = {f € C(R")| sup |f(2)] < +oo}.
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2. Proof of Theorems 1 and 2

In the course of the proof, the following inequality concerning the Fourier
image of the Riesz potential plays a crucial role. This comes from [2, (ii) of
Proposition 2.1].

Proposition 1. Let [n,~,0] satisfy n > 1, v € [0,1] and 6 € [0,y + g) Then,
for all f € L>(R™) N X7, the following inequality is true:

£ 2
[ e < o, + 1)

with some constant C' = Cy g~ > 0.

Proof of Theorems 1 and 2. Let us prove Theorems 1 and 2 at a stroke. By
applying the spatial Fourier transform to the both sides of the equation (1), the
problem (1)-(2) can be reduced to ODE with the parameter &:

ﬂtt(tvé) + ‘§|2ﬂ(t7€) = 07 (t7§> € (07 OO) X an (4)
a(ové) = ’LAL()(f), ﬂt(oaé) = ﬂl(£)7 5 € R? (5)
For the solution 4(t, ) to problem (4)-(5), one introduces an auxiliary function
t
Dt €)= [ als,E)ds.
(9 1= [ s, €)ds

Then w(t,§) satisfies

(1) + [EF0 (1) = w(€), () € (0,00) x R, (6)

w(oag) =0, wt(oag) = a0(£)7 f € R? (7)

Now, we introduce an alternative function (¢, ) defined on R \ {0} as follows:
i (§)

0(t, &) = w(t,§) — £ € Rg \ {0} (8)

€%

Note that 0(t,€) includes in its definition the so called Riesz potential of the
measurable function uj(z). Then, the function v(t, &) satisfies

f}tt(t’é-) + |€|2@(t’€) =0, t>0, §¢€ R? \ {0}’ (9)

_ i1 (€)

6(075) - ’€|2 )

0:(0,8) = 10(§), € € R¢\ {0} (10)
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By multiplying both sided of (9) by 0:(t,€), integrating it over {|{| > d} with
small § > 0, and taking real parts of the resulted equality one can get

d

o ([oe(t, €)1 + [€*[o(t, ©)[*)dg = 0,
§|>6

so that by integrating it over [0,t] one has
[ ot OF + lgPlote, )
[3B

_ i 2 |@1(§)|2
—/Mu 0(€) + e

where we have just used (10). Since .(t,§) = w(t, &) = 0(t, ), one can arrive at

Q 2 i 2 ’ﬁl(g)‘Q
/M| (t,€)] s/R G ds+/

gzs 18P
By applying Proposition 1 (for n = 2,1) to the final term on the right-hand side
of (11) one can get

de. (11)

n
3

[P [ R,
€[>0

€]2 Ry €12
< C([[ullf, + llual?), (12)
S0 one has
la(t, )[Pde < C(lluoll® + llualli , + llua]l?). (13)

[€1=6

Since the right-hand side of (13) is independent from any § > 0, by letting § | 0,
and by relying on the Plancherel theorem one has the desired estimate. «

Remark 3. It is known (see [17]) that if u1 € X7y, then |a1(§)| < KI[¢| with
some constant K > 0. Unfortunately, this property pointed out in [17] can not
be well applied to control the estimate (12). Proposition 1 is meaningful.

Remark 4. The introduction of (8) is an important idea to get L?-bound of
solutions. This is a modification of that of Morawetz [11], which introduced an
auxiliary function defined by

u(t,x) = /0 u(s,z)ds + h(x),
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where the function h € HZQOC(R") s a unique solution to the Poisson equation
Ah(x) =ui(z), =e€R",

hz)=0(z|~ ") as |z| = . (14)

The condition (14) can be justified (for example) when the support of the function
ui(x) is compact in R™. We do not assume such compactness of the support of
initial data, and we can treat the low dimensional case n = 1,2 as well as n > 3,
which has already been done in [3].

3. Application to related problems

In this section, we first consider the Cauchy problem (1)-(2) again in order to
apply Theorems 1 and 2 to the local energy decay property. By modifying the
results of Tkehata-Nishihara [4], and applying Theorems 1 and 2, one can get the
following results in the low dimensional whole space case.

Theorem 3. Let n = 2 and v € (0,1]. If [ug,w1] € (H?*(R™) N H{(R")) x
(HY(R™) N X7, N L*Y(R™)), then for each R > 0 the local energy Eg(t) to
problem (1)-(2) satisfies

Er(t) =0t (t — o).

1
Theorem 4. Let n = 1 and vy € (5,1]. If [ug,w1] € (H*R™) N H(R")) x

(HY(R™) N X{, N L*Y(R™)), then for each R > 0 the local energy Eg(t) to
problem (1)-(2) satisfies

Er(t)=0(t™1) (t — o0).

Remark 5. The results corresponding to Theorems 8 and 4 have already been
obtained in [4] in the exterior domain case Q@ C R™ with n > 2. In the exterior
domain case, the so called Hardy-Sobolev inequality played an important role in
[4]. So, n > 2 is crucial. However, in the whole space case, such Hardy-Sobolev
inequality does not hold, unfortunately. Proposition 1 plays a role alternative to
that of the Hardy-Sobolev inequality in the low dimensional case n = 1,2.

Remark 6. The novelty in Theorem & and 4 is that they do not assume any
compactness of the support of initial data, and the results can be derived in the
low dimensional whole space case.



140 Ryo Tkehata

Outlines of the proofs of Theorems 3 and 4. We can use Theorems 1 and 2 in
place of [4, Lemma 2.2] in order to get the L2-boundedness of solutions. The other
parts of proofs are the same as in [4]. Note that the conditions ug € H{(R"™) and
u; € L>1(R™) can be used to prove another important weighted energy estimate
[4, Lemma 2.3] such as

Y(t ) (|ue(t, 2)]* + [Vu(t, z)[*)dx < / (1 + |z (Jua (2)* + [Vuo (2)[*)dx

R" R"

with some weight function (¢, x) satisfying the so called Eikonal equation of (1)
Ye(t,z) <0, |t x)]? — |Vt z)> =0 t>0, zcR" <

Next, we consider the Cauchy problem for the following generalized evolution
equations with the fractional Laplacian in R™:

u(t,z) + (=A)u(t,z) =0, (t,x) € (0,00) x R, (15)
w(0,z) = ug(z), w(0,z)=ui(z), z€R", (16)

where 8 > 1. # = 2 corresponds to the so called beam (plate) equation. It is
well known that for the initial data [ug,u;] € H*(R™) x H?(R™), the problem
(15)-(16) admits a unique solution

u € O([0,00); H¥(R™)) N C1([0, 00); H(R™)) N C2([0, 00); L*(R™)).

Now, for simplicity, we choose v = 1, and then by repeating the same pro-
cedure as in the proofs of Theorems 1 and 2 one can get the following a priori
estimate.

Theorem 5. Let 6 > 1 andn > 2(0—1). If[ug, u1] € H*(R™)x (H*(R™")NXT],),
then for the solution u(t,x) to problem (15)-(16)

Jut, )l < Clluoll + [lurll + [[uall1,1),
with some constant C' > 0.

Qutline of proof of Theorem 5. If we use

i1 ()
€20

in place of (8), and apply the multiplier method as in the proof of Theorems 1

and 2, we can get
e [ e 1 (6)
[ e ors [ @pas [ 5

By applying Proposition 1 to the last term of (17), one can get the desired

@(tvé) = UA}(t,{) - € < Rg \ {0}7

de. (17)

n
13

estimate. «
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Remark 7. If § = 2 (plate equation case), then one can get the L%-bound for
n = 3,4. This is one of the merits of Theorem 5, because people usually have to
restrict the spatial dimension to n > 5 in the plate equation case (see [1], [7] and
the references therein).

4. Wave equation with decaying damping
We next consider the Cauchy problem for damped wave equation in R™
up(t,x) — Au(t,z) + V(z)u(t,z) =0, (t,x) € (0,00) x R", (18)
u(0,z) = up(z), w(0,z)=wui(x), zeR", (19)
where (ugp, ;) are initial data chosen as (for simplicity):
up € C°(R"™), wu; € CFF(R"™). (20)

Here, V € BC(R") satisfies

Vo < V(x),

A-—-1):
( ) <z >%

where V) > 0, @« > 0, and < z >:= /1 + |z|2. Under these conditions, the
problem (18)-(19) has a unique strong solution u € C3 (see page 1).

It is well-known that the equation (18) has a diffusive aspect as t — oo in the
case of « € [0,1], and in fact, the case for « € [0,1) was studied in [16] and [19],
and the case for @« = 1 was investigated by [6]. While, in the case when o > 1,
and V (z) satisfies

Vo
>
<z >

V(z) >0, (21)

it is well-known that the solution u(¢,z) to problem (18)-(19) is asymptotically
free as t — oo, and the total energy E,(t) defined by

1

Bu(t) = 2/Rn(|ut(t,m)|2+ Vu(t, 2)|2)dz

does not go to 0 as t — oo, in general. This pioneering work was done in [9] in
1976. This observation implies a hyperbolic structure of the equation (1) under
the condition (21). But, it seems still unknown that whether the local energy
decays or not (as t — oo) under such a non-effective damping condition (21).
Note that there are overlap parts between (A-1) and (21). In connection with
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the above results, Mochizuki and Nakazawa [10] investigated decay/non-decay
properties of the energy, that is, if V(x) satisfies

Vo(e + |z[) " {log(e + |2[)} ™ < V(2),
then the total energy decays with some rate, while in the case when V' (x) satisfies
0 < V(z) < V(e +|a]) " {log(e + |«])} 77,

with § > 0, the corresponding total energy does not decay, in general, and the
corresponding solution is asymptotically free as ¢ — oo. This implies that a
threshold on V' (x) between decay and non-decay of the total energy seems to be
more delicate. However, until now one has known nothing about the decay of the
"local” energy in the latter case.

Now, our final aim is to obtain the following partial answer for the (non-
uniform) local energy decay estimate.

Theorem 6. Letn > 2, a € [0,n — 2|, and assume (A-1). Then, for any R >0

lim (Jue(t, ) > + |Vu(t, z)|*)dz = 0.
t—o0 |Z“§R

Remark 8. In the case where n = 2,3, we have a € [0,1], so in this case the
results are not new, and are included in [16] and [6]. But, in case of n > 4 we
can choose a > 1, so these cases are essentially new, and the local energy decay
property for such cases was not discussed in [9].

Remark 9. By density argument, one can choose the initial data from a more
general class such as [ug,u;1] € H?(R") x HY(R™). This argument is standard
because the equation (18) is just linear.

Now, let us prove Theorem 6. We first prove the integrability of the local
energy.

Lemma 1. Under the same assumptions as in Theorem 6, for any R > 0, there
exist a constant C, which depends on R > 0, and « such that

/0 /||<R(|ut(ta 2)|? + |Vu(t, z)|?)dzdt < C(||luol|3 + [lua)?).

Proof. We use the multiplier technique borrowed from [6]. In the course of
computation below, one can assume u(t,z) is smooth enough in z and ¢, and
vanishes for large |z| for each ¢. This allows to use the integration by parts.
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Now, we define an auxiliary function

%
W(z) = ?0 <z>"7.

Then, it is easy to see that

Vo C(at2) QN+ a(n —a —2)|z|?
—AW(J:):?<$>( ) e

>0 (zeR"). (22
Next, let us multiply both sides of (18) by 2u; + W (z)u. Then, it follows that

% - (lue(t, 2)? + [Vult, 2)|* + Ut(t,:n)u(t,:n)W(ac)))dm—/ St )PW ()

+2/ § V(x)|u(t, ) Pda +/ (VW (z) - Vu(t,z))u(t,z)) dx

n

+ W (z)|Vu(t, z)|2dz + Ld V()W (x)|u(t, z)>dz = 0,
where one has just used the fact that
Au(t, )W (z)u(t, z)
=V - (W(z)u(t,z)Vu(t,z)) — (VW (z) - Vu(t, z))u(t,z) — W (z)|Vu(t, z)|?.
Since

(VW (x) - Valt,2))u(t,z) = %v (Jult,2) YW (2)) — %\u(t,m)]QAW(x),

one has the equality

Law+ [ {@V) - Wa)lult.o) + W) Vatt.a)+
Rn
—i—%(—AW(m))]u(t, @P} d =0, (23)

where we set

Gt = [ (wlt.)f + Vult.o)+

+u(t, z)u(t,x)W(x) + %V(J:)W(a:ﬂu(t, x)\de> dx.
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Integrating both sides of (23) over [0, ¢], one has
G(0) - G(1)

_ / {2V (2) — W(@))us(s, 2)* + W (2)|Vuls, z) [+
0 JR"™

5 (AW (@))lu(s, ) das. (24)
Since
2V (x) — W(x) > 37‘/0 <z>7C

by using (22) one can get
t
G(t) + ‘g)/ / < x> (lus(s, z)|> + |Vu(s, z)|?)dzds < G(0). (25)
0 n

On the other hand, in order to check G(t) > 0, for any € > 0 we use the following
inequality

W (et )t 2)] < S, )+ o W (), )

< Shult, ) + 5V (@)W (@)u(t,2) (26)

By choosing € := 3/2 in (26) it follows that

N ™

G(t) > /Rn <i|ut(t,x)|2 + |Vu(t, z)* + éV(x)W(x)yu(t,x)F) dx > 0,
which implies the positivity of the function G(¢). Thus, from (25) one has
Vo [* —a 2 2
2/0 /n < x> (lus(s, z)|” + |Vu(s, z)|[*)dzds < G(0).
Here, by assumption on the initial data we can check

G(0) = /n(lm(w)l2 + Vo (2)* + W (@)uo(2)ur (x) + %V(w)W(fv)luo(w)lg)diﬂ

s/<mmW+vMuW+%mumuwuﬁmwmm<+w
This implies the desired estimate
t
t/(/ <2 > (Jus(s,2)2 + [Vuls, 2))dads < C(luplZps + [ur]]?)  (27)
0 n

with some constant C' > 0. «
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Remark 10. The essential part of the statement of Lemma 1 is in the estimate
t

(27). However, the boundedness of the part of (27) defined by/ / <z >
O n

lus (s, z)|*dzds is trivial because of (A-1) and the energy identity for (18)-(19):

t
E,(t) +/ / V(x)|us(s, z)|*dzds = E,(0).
0 n
Now, since the function v(t,x) := u.(t, x) satisfies
v (t, z) — Av(t, z) + V(x)ve(t,z) =0, (t,x) € (0,00) x R", (28)

v(0,2) = ui(x), v(0,2) = Aug(x) —ui(z), =€ R, (29)

by applying Lemma 1 to problem (28)-(29) one can get the following result, which
means the local decay of the second local energy of the equation (18). Note that
it may be sufficient only to assume [ug, u1] € H2(R™) x H*(R™) to get the result
below.

Lemma 2. Under the same assumptions as in Theorem 6, for any R > 0, there
exist a constant C', which depends on R > 0, and « such that

/0 /|<R(utt(t,x)|2 + |V (t, ) [*)dedt < C(||luol|%2 + lluall3)-

Using Lemmas 1 and 2, we now prove Theorem 6.
Proof of Theorem 6. We borrow the idea from [12] (see also [8, section 4]).
Let 0 < t; < t. Then, first of all, one has

(0 0)Bw(0) = [ (s~ nB(s)s

t1 S

= [ Egr(s)ds+ / (s —t1) / (us(s,x)uss(s,z) + Vu(s,x) - Vus(s, z)) dzds.

t1 t1 |[z|<R
For fixed ¢t > 1, by choosing t; :=t — 1 one has

Eg(t) < t—lER(S)dS+/t—1 /|x|SR(]us(s,$)Huss(s,:c)+

+|Vu(s, x)||Vus(s, x)|) deds
' 1t 2 2 2
< Er(s)ds + = (Jus(s, )7 + |uss(s, 2)|* + |[Vu(s, z)[*+
-1 2 Ji—1 Jjai<r



146 Ryo Tkehata

+|Vus(s,2)[?) dvds

[e.e]

1 o0
<2 [ Erods g [ (uals o) + [Vusls o)) dods,
-1 2 Ji-1Jiel<r

where one has just used the fact that s — (¢t —1) <1 for s € [t —1,¢]. By Lemmas

1 and 2, one can get
oo

lim Er(s)ds =0,

and

t—o00

lim / / (Juss(s, 2)|* + |Vus(s, 2)|?) deds = 0
t—1 Jiz<R

for each R > 0. This completes the proof of Theorem 6. <«

Example 1. In the case of n = 4 and V(x) := Vo < x >"2, due to the result

of [9], the corresponding Cauchy problem (18)-(19) has a non-diffusive structure,

and in general, one has the non-decay nature of the total energy: tlim E,(t) >0
—00

(in spite of the monotone decreasing property of the mapping t — Ey(t)). From
Theorem 6 we can additionally see that the local energy necessarily decays. This
observation seems new.
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