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Local Generalized Morrey Spaces and Singular Integrals
with Rough Kernel

V. S. Guliyev

Abstract. Let Q € Ls(S"!) be a homogeneous function of degree zero with s > 1 and have a
mean value zero on S”~!. In this paper, we will study the boundedness of homogeneous singular

3?0}

integrals with rough kernel on the local generalized Morrey spaces LM,;{#, for s’ <porp<s. We

will also prove that the commutator operators formed by a local BM O function b and these rough

operators are bounded on the local generalized Morrey spaces LM;%O}.
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1. Introduction

For x € R™ and r > 0, let B(z,r) denote the open ball of radius r centered at x ,

GB(:z:, r) denote its complement and |B(z,7)| be the Lebesgue measure of the ball B(x,r).
Suppose that S?~! is the unit sphere in R™ (n > 2) equipped with the normalized Lebesgue
measure do. Let Q € L*(S"!) be a homogeneous function of degree zero with 1 < s < co
and satisfy the cancellation condition

/S Q)do(a') =0,

where 2’ = z/|z| for any x # 0. The homogeneous singular integral operator Ty, is defined
by

Tof(z) = lim 2z —y)

€20 J|z—y|>e |.1‘ - y|n

It is obvious that when Q = 1, T is the singular integral operator T

f(y)dy.

Theorem A ([13]) Suppose that, 1 < p < oo, Q € Ly(S" 1), s > 1, is a homogeneous
function of degree zero and has a mean value zero on S* 1. If s’ < p or p < s, then
the operator Tq is bounded on L,(R™). Also, the operator Tq is bounded from Li(R™) to
W Li(R™).
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Let b be a locally integrable function on R™. Then we shall define the commutators
generated by singular integral operators with rough kernels and b as follows:

0. ol (@) = Ve Tafi ) — Talof (o) = | & =Y) 1)~ b)) f)dy.

n |z —y|rm

Theorem B ([13]) Suppose that Q € Ly(S" 1), s > 1, is a homogeneous function of
degree zero and has a mean value zero on S?~'. Let 1 < p < oo and b € BMO(R"™). If
s’ <p orp < s, then the commutator operator [b,Tq] is bounded on L,(R™).

The classical Morrey spaces M), y were first introduced by Morrey in [27] to study the
local behavior of solutions to second order elliptic partial differential equations. For the
boundedness of the Hardy-Littlewood maximal operator, the fractional integral operator
and the Calderén-Zygmund singular integral operator on these spaces, we refer the readers

o [1, 9, 29]. For the properties and applications of classical Morrey spaces see [10, 11, 15,
16] and references therein.

In this paper, we prove the boundedness of the operators Tq from one local generalized

Morrey space LM,?C,%} to LMéfo}, 1 < p < o0, and from the space LMl{ ™} {6 the weak

space WLMi{f;Q} In the case b€ CBM Oéf()}, we find the sufficient conditions on the pair

(41, p2) which ensures the boundedness of the commutator operators [b, T | from LMéngl}
toLM;w,%}, 1<p<oo, Ezpi-i- L

By A < B we mean that A < CB with some positive constant C' independent of
appropriate quantities. If A < B and B < A, we write A &~ B and say that A and B are

equivalent.

2. Local generalized Morrey spaces

We find it convenient to define the generalized Morrey spaces in the form as follows.

Definition 1. Let p(xz,r) be a positive measurable function on R™x (0,00) and 1 < p < oo.
We denote by My, = M, ,(R") the generalized Morrey space, the space of all functions
fe L}DOC(R”) with finite quasinorm

_1
I flIntye = sup (e, )™ B, )| 7 || fllL,Bar)-
zeR™,r>0

Also by WM, , = WM, ,(R") we denote the weak generalized Morrey space of all functions
f € WLE(R™) for which

_1
HfHWMp,w = sup Qp(mﬂﬂ)_l |B(J},7“)‘ P ||f||WLp(B(a:,r)) < 0.
z€R™,r>0
According to this definition, we r(icover the Morrey space M, x and weak Morrey space
W M,  under the choice p(z,r) =r 7 :

Mp\ = Mp,e A—n, WMy x = WMy, A-n -
p(z,r)=r P p(zr)=r P
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Definition 2. Let ¢(x,r) be a positive measurable function on R x (0,00) and 1 < p < oo.
We denote by LM, , = LM, ,(R") the local generalized Morrey space, the space of all
functions [ € L;OC(R") with finite quasinorm

_1
1fllas, . = 821890(077")’1 [BO, )| 7 [1fllz,B0r)-

Also by WLM,, , = WLM, ,(R") we denote the weak generalized Morrey space of all
functions f € WL}DOC(R”) for which

_1
Ifllwen,, = SUIO)SO(OJ“V1 B0, )] » HfHWLp(B(O,r)) < 0.
>

Definition 3. Let ¢(x,r) be a positive measurable function on R x (0,00) and 1 < p < oo.

For any fized xo € R™ we denote by LMépr} = LMépr}(R”) the local generalized Morrey
space, the space of all functions f € L;OC(R”) with finite quasinorm

171y ygeer = 1o+ )

Also by WLM;fPO} = WLM;fPO}(R”) we denote the weak generalized Morrey space of all
functions f € WL}DOC(R”) for which

£l agger = 1o+ lweas,,, < o

According to this definition, we recover the local Morrey space LM;KO} and weak local
A—n
Morrey space WLM;x)\O} under the choice ¢(xg,7) =77 :
{zo} _ {20} _
LMpv)\O - LM;:Z?} A=n WLMp)\O = WLM;:DO} Aen .

p(zo,r)=r"P p(xo,r)=r"P

Wiener [30, 31] looked for a way to describe the behavior of a function at the infinity.
The conditions he considered are related to appropriate weighted L, spaces. Beurling [4]
extended this idea and defined a pair of dual Banach spaces A, and By, where 1/q+1/¢' =
1. To be precise, A, is a Banach algebra with respect to the convolution, expressed as a
union of certain weighted L, spaces; the space By is expressed as the intersection of the
corresponding weighted Ly spaces. Feichtinger [17] observed that the space B, can be
described by

_kn
1fl, =sup2™ || fxkllL,&n), (1)
k>0
where xo is the characteristic function of the unit ball {x € R™ : |z| < 1}, xj is the

characteristic function of the annulus {x € R : 281 < |z| < 2¥}, k = 1,2,.... By duality,
the space A4(R™), called Beurling algebra now, can be described by

. _kn
114, = 22 TN Xkl g e (2)
k=0
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Let B,(R™) and A,(R") be the homogeneous versions of B,(R") and A,(R") by taking
k € Z in (1) and (2) instead of k > 0 there.

If A <0or A >n,then LM;f\O}(}Rn) = O, where O is the set of all functions equivalent
to 0 on R™. Note that LM, o(R") = L,(R") and LM, ,(R") = B,(R™).

B,,=LM , WB,,=WLM .
e A r— " Py —
Alvarez, Guzman-Partida and Lakey [3], in order to study the relationship between
central BM O spaces and Morrey spaces, introduced A-central bounded mean oscillation
1

spaces and central Morrey spaces Bp#(]R”) = LMp pinpu(R™), 1 € [_5’0]’ If p < —% or

pu> 0, then By, ,(R™) = ©. Note that B, _1(R") = L,(R") and By, o(R") = B,(R"). Also
b .p
define the weak central Morrey spaces W B, ,(R") = W LMy, y,4rpu(R™).
Inspired by this, we consider the boundedness of singular integral operator with rough
kernel on generalized local Morrey spaces and give the central bounded mean oscillation

estimates for their commutators.

3. Singular integral operators with rough kernels in the spaces LM;‘Z)}

In this section we are going to use the following statement on the boundedness of the
weighted Hardy operator

Hg(t) := /too g(s)w(s)ds, 0 <t < o0,

where w is a fixed function non-negative and measurable on (0, c0).

Theorem 1. Let vy, vo and w be positive almost everywhere and measurable functions on
(0,00). The inequality

ess sup va(t)H, g(t) < Cess sup vy (t)g(t) (3)
>0 >0

holds for some C' > 0 for all non-negative and non-decreasing g on (0,00) if and only if

(e}
d
B :=ess supvg(t)/ _wls)ds < 00
t

>0 ess sup v1(7)
s§<T<00

Moreover, if C* is the minimal value of C in (3), then C* = B.

In [13], the following statement was proved for singular integral operators with rough
kernels Tq, containing the results in [26, 28].

Theorem 2. Suppose that Q € Ly(S"™1), s > 1, is a homogeneous function of degree zero
and has a mean value zero on S?'. Let 1 < s’ < p < oo and p(x,r) satisfy conditions

¢ hola,r) < plat) < cplz,r) (4)
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whenever r <t < 2r, where ¢ (> 1) does not depend on t, r, x € R™ and

| etap < cotary, o)

where C' does not depend on x and r. Then the operator Tq is bounded on M, .

The following statement, containing results obtained in [26], [28] was proved in [18, 20]
(see also [2], [5]-[8], [19]).

Theorem 3. Let 1 < p < oo and (p1,p2) satisfy the condition

[ a5 < e, (©

where C does not depend on r. Then the operator T is bounded from LM, ,, to LMy,
for p > 1 and from LM ,, to WLM ,, forp=1.

Corollary 1. Let 1 < p < oo and (y1,p2) satisfy the condition

/ ta_lgol(x?t)dt < CQOQ(.I‘,’I”), (7)

where C' does not depend on x and r. Then the operator T is bounded from My ,, to My, .,
for p > 1 and from M ,, to WM ,, forp=1.

Lemma 1. Let 20 € R, 1 <p < o0, Q € Ly(S" 1), s > 1, be a homogeneous function of
degree zero. Then, for p>1 and s’ < p or p < s the inequality

1T fllL,(B@or) S 7“5/ 2 Ny (Blao 1))

2r
holds for any ball B(zg,r) and for all f € L}DOC(R").
Moreover, for s > 1 the inequality

1Tafllwry(Bor) S ?”"/2 N1 (B oty B (8)

holds for any ball B(zo,r) and for all f € L'*°(R™).

Proof. Let 1 < p < oo and ¢’ < p. Set B = B(xg,r) for the ball of radius r centered
at zog. We represent f as

f=h+fr [ =Fxes®), Ll)= WX w, >0 (9)

and have
1 Tofllr s < 1Tafillr,m) + 1 Tafllr,s)-
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Since fi € Ly(R"), Tafi € L,(R™) and from the boundedness of T on L,(R") it
follows that

1Tafille, 8y < ITafillL, @y < Clfille,@) = ClfllL, @5

where constant C > 0 is independent of f.
It’s clear that x € B, y € C(QB) implies |z — y| < |z — y| < 3|zo — y|. We get

Wiz =yl

@B  |To—yl"

Tofol)| < 2"c: /3

By Fubini’s theorem we have

W)z — y) <o dt
dy ~ Q(xr — —d
/0(23) wo—yl" Y [’(23) S =) /xoy e

o0 dt
~ FWQx — y)|dy——
/Zr @l -yl

S wlne - gl
2 JB(zo,t) tn

Applying Holder’s inequality, we get

/ \f(y)\lﬁ(x—y)ldy
‘2B)

|zo — y|™
o0
1—1_1 dt
S/QT 112y (B0 1@ = ML, (Blao.0) 1 Blzo, )7 g (10)
> dt
S /Zr I £1 2, (B(zo.t) s
Moreover, for all p € [1,00) the inequality
< B & dt
| Tafallp, B Sre , Hf”Lp(B(xo,t))F' (11)
r p
is valid. Thus
< n [ dt
| Taflle, s S Ifllz,es) + 77 i ||f||Lp(B(xo,t))tgﬁ'
r p
On the other hand,
n * dt n [ dt
lisam = 51 Iy [ = < 0% [ Wl 02)
Thus
© dt

oSl S 7% [ 1o 57

2r
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When 1 < p < s, by Fubini’s theorem and the Minkowski inequality, we get

dt \p 1
Tafallz,B) < /// ) )|z — )|dytn+1) dx)p
B(zo,

dt
<[ [ i —y>||LI,(B>dytm
:L'07
dt
< |B(wo,r |p Y2 —y)HLS(B)dQW
B :L'07

<rp < > dt 13
~ o HfHL1(B (0st)) 1 tn—l—l ~T - HfHLp(B(ﬂ),t))t%ﬁ' ( )

B3

Let p =1 < s < oo. From the weak (1,1) boundedness of T, and (12) it follows that:

1Tofillwr, ) < |Tafillwi, ey S I1fillz, e

< > dt 14
= lflle,eB) ST ||f||L1(B(a;0,t))tnﬁ- (14)

2r

Then from (11) and (14) we get the inequality (8).«

Theorem 4. Let 20 € R", 1 < p < 0o and Q € Ly(S™ 1), s > 1, be a homogeneous
function of degree zero. Let also, for s’ < p orp < s the pair (p1,¢2) satisfy the condition

t<T<00
n
n4

o ess inf 1 (xq, 7')7'%
/ dt < C py(xg,T), (15)

where C' does not depend on r.
Then the operator Tq is bounded from LMé{prl} to LM;@Q} forp>1 and from Ly}

1,01
to WLMI{ @02} for p=1. Moreover, forp > 1

<

and forp=1
<
HTQfHWLMi{prQ} ~ ||f||LMi{prl}

Proof. Let s’ < p or p < s. By Lemma 1 and Theorem 1 with vo(r) = po(xg,7) ",

v1(r) = @1(zo,r)"1r ¥ and w(r) = r~» we have for p > 1

& dt
HTQfHLM{zO} sup902(fvo, r)” 1/T Hf”Lp(B(xo,t))F

< “1,.-5 —
Nf_liIO)le(l‘oﬂ”) 2 | L, (Baor)) ||f||LM;;3)1}
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and for p=1

I dt
HTQf”WLMl{”;O} S sup ga(zo,7) 1/ 1121 (B0 ) gt
2P2 r>0 T

S sup 1 (0, 7) T T | fllzy(Baory) = IF11, o)
r>0 1,1

Let 1 < p < s. By Lemma 1 and Theorem 1 with va(r) = @a(z0,7)7 L, v1(r) =
—1,—+%

o1(zg,r) " r »T5 and w(r) = r~»t% we have for p > 1

n [ dt
1 2} SSu xo, T _lr_z/ il

< L —
~ ig%) @1(1‘0,7’) rr HfHLp(B(:Bo,T)) ||f||LM1;{fp01}

and for p=1

n [ dt
T x S S 9 - o / n
|| QfHHrLMl{’WO; ~ rg%) 802($0 T) r , HfHLl(B((EO,t)) tn_?'i‘l

S sup 1 (20, 7) T T N fllLuBory) = 111,y te0r-
r>0 1,01

<

Corollary 2. Let 1 < p < 0o and Q € Ly(S" 1), s > 1, be a homogeneous function of
degree zero. Let also, for s <p or p < s the pair (1, p2) satisfy the condition

t<T<00
tptl

oo ess inf ¢ (, T)T%
/ dt < Cpy(z,71),
T

where C' does not depend on x and r.
Then the operator Tq is bounded from My, to M, ,, for p > 1 and from M ,, to
WMy, for p=1. Moreover, for p > 1

1T f sty 0y S lIagy g,

and forp=1
ITafllwan g, S N lam,, -

Corollary 3. Let 1 <p < oo and (¢1,p2) satisfy condition (15). Then the operator T is

bounded from LMé{f/?l} to LM;@Q} for p>1 and from LMi{ffl} to WLMi{f;Q} forp=1.

Remark 1. Note that, in the case s = oo Corollary 2 was proved in [21]. The condition
(15) in Theorem 4 is weaker than condition (6) in Theorem 3 (see [21]).
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4. Commutators of singular integral operators with rough kernels in
the spaces LM,\"}

Let T be a linear operator. For a function b, we define the commutator [b,T] by

[0, T1f(x) = b(x) T'f(x) = T(bf)(x)

for any suitable function f. If T is a Calderon-Zygmund singular integral operator,
a well known result of Coifman, Rochberg and Weiss [12] states that the commutator
b, T)f =bTf—T(bf) is bounded on L,(R"™), 1 < p < o0, if and only if b € BMO(R").
The commutator of Calderén-Zygmund operators plays an important role in studying the
regularity of solutions of elliptic partial differential equations of second order (see, for
example, [10, 11, 15]).
The definition of local BM O space is as follows:

Definition 4. Let 1 < ¢ < . A function f € L;"C(R”) is said to belong to the
CBMO;JJO}(R”) (central BMO space), if

1

1flcamopr =52 (Gaom

70) ~ Fatannldy) < o0
Zo, 7")| B(zo,r) Bzo.r) .

Define
CBMO™ (R™) = {f € L*(R") : | Flopaotzor < o0}

In [22], Lu and Yang introduced the central BM O space CBMO,(R") = CBMO;O} (R™).

Note that, BMO(R") C C’BMO(?O}(R”), 1 < ¢ < 0. The space CBMO;gEO}(R”) can be
regarded as a local version of BMO(R"™), the space of bounded mean oscillation, at the
origin. But, they have quite different properties. The classical John-Nirenberg inequality
shows that functions in BMO(R"™) are locally exponentially integrable. This implies that,
for any 1 < ¢ < o0, the functions in BMO(R™) can be described by means of the condition

sup (7 [ 1700 = falta) " < .

r>0

where B denotes an arbitrary ball in R”. However, the space CBM Oém}(R”) depends on
q. If g1 < qo, then CBMO;;BO}(R”) G CBMO;;BO}(R”). Therefore, there is no analogy of
the famous John-Nirenberg inequality of BMO(R") for the space CBM Oém}(R”). One
can imagine that the behavior of CBM Oé{xO}(R”) may be quite different from that of
BMO(R™).

Lemma 2. [24] Let b be a function in CBMO;:CO}(R”), 1<p<ooandry,ry >0. Then

1 P -
|B(zo.71)]| - b < 1
(‘B($07T1)| \/B(xo,rl) ‘b(y) bB(IOW?)‘ dy) <C (1 + ‘ In Ty

where C' > 0 is independent of b, 1 and ro.

I ——
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In [13], the following statement was proved for the commutators of fractional integral
operators with rough kernels, containing the results in [26, 28].

Theorem 5. Suppose that Q € Ly(S"™1), s > 1, is a homogeneous function of degree zero
and b € BMO(R™). Let 1 < s < p < oo and p(x,r) satisfy the conditions (4) and (5).
Then the operator [b, Tq] is bounded on M, ,.

Lemma 3. Suppose that xg € R", Q € Ly(S™ '), s > 1, is a homogeneous function of
degree zero. Let 1 <p < oo, b€ CBMOZ{,;CO}(}R”), and % = p% + p%.
Then, for s’ < py or p < s the inequality

n [ t\ —n_1
16 Tal Iz, o) < 1Bl cppsotzor 7 / (14102 ) 7 Uy, (3o it

2r
holds for any ball B(xzg,r) and for all f € LfDOlC(R”).

Proof. Let 1 < p < oo and %D = pil + p%. As in the proof of Lemma 1, we represent
function f in form (9) and have

b, To)f(z) = J1 + Jo + Js + Jy = (b(z) — bp) T fi(z)
= To((6() = b8) 1) (2) + (b(x) = bp) Ta folw) — Ta((b() = bs) f2) (2).
Hence we get
16 Tolf Iz, ) < il ) + 2], + 18], ) + ([ all, 5)-
From the boundedness of [b, Tq] on Ly, (R") it follows that:
1Tl L,y < 11(B() = bB) (b, Tal f1()llL, @)
< [1(0() = b8) Iz, @ b, Tal 1), &)

< Clbllegpsoteo 7 il e
(o0}

nogn 1
= Clllapproo 7 7 1l @) / !

2r

2r

o0

t 1_-n
(1 +In ;) 12, (Baoapyt — Prdt.
For J, we have

121l < b, Tal(b(-) = bB) fillL, @)
S I@C) = bB) fill, e
S b)) = bBlL,, @l fillL,, @)

o
oy B
S el gparoteor 72 7 1 f s, 2) / R

2r
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S bl pparogeor v / (141 5) 11y, (5ot

For J3, it is known that x € B, y € C(QB), which implies $|zo—y| < [z —y| < 3|20 —y|.
When s’ < p;, by Fubini’s theorem and applying Holder inequality we have

Tofo(@)| < co /0(23) 2 yM%@

~ / / Q- y)||f ()ldy - "dt
2r  J2r<|zo—yl<t

S[[ee-alifldye
2r J B(zo,t)

1L 1 _q_n
N/z 111z, (B@o.) 1@ = Lo (Baop) [Blxo, )] P1ot = rrdt

“arar

00 i
S [ Uy oot Fid

T
Hence, we get

= [1(6() = bp) Tafo()ll L, )

o0

< 1(60) = bs) Iz, ) / 11y (oo

2r

I 3lz, (B)
gt

o0

< I(BC) = b5) Iz, @y 70 / 11, (oo

T
n ]
S 18l pprogee) 7 / (1410 ) 1l ™ P

When p < s, by Fubini’s theorem and the Minkowski inequality, we get

J )Ib(z) — bi||2 a2 )Y
1, ) < L @@ = bl = yldygs ))

I dt

< / /B \f(y)\|||b<->—me(-—y)an(B)dy%
<[] W) = bl 190 = Dy, 1
2r JB(zo,t) 2 ni trtl
S Wl 1B [ D = )z 5y dy
2 JB(zo,t) ° ¢ttt
S Wlloparogo ™ [ 1 leuemn et (16)
BMOL: - 1(B(20,1)) yn+1

n dt
S bl pparogen) 7 / (1410 )12, B ==t
pP1

2r
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For x € B by Fubini’s theorem and applying Holder inequality we have

(T ((6) — bs) f2) ()] £ /c(m o)~ bol 1906~ )| Ly

|z —
|f(y)]
lzo — y|"

dt
y) — bl |z —y)| [f W)ldy -7
/27~ /2r<a:o y\<t H ¢t

dt
S - Oz —
S /2 /B - 16(y) = b0 |2 = I f W)ldy 753

0 dt
4 [ nann = bean [ 1906 = o)l £ dy
2r B(zo,t)

> _1_1 dt
S /2 16C) = bB@on) f L, Bao) 120 = W) Ly (Bos) [Bl@o, )] OS]

T

< /(23 1b(y) — bs| 19z — v)|

0 =

1S9 -1 .
+/2 0B 0.) = 0B@ot) 1111y, (B@ow) 120 = WLy [Blxo, )| 71— 7" 1dt

T

0o in
5/2 16(-) = bB(20 )l Lpy (B(zo.0) 1 f 1Ly, (Blzoant 7t di
T
o t 1-n
+ ||b||CBMo§,;0} /27_ (1 +In —) Ifllz,, (B@ogyt — Prat
0o in
S Wlosuog [ (1H D)1y, ¢
Then for Jy we have
14l L,8) < [T (b(-) = bB) foll L, @)

S 10l garogen 77 / (1410 D)l ot

When p < s, by Fubini’s theorem and the Minkowski inequality, we get

dt >
T )Nz — y)|d
ITofol, s < /\/ /B( 9l — y)| yth!)
/ / @I =Dl dy o

dt
<|Bpt / / NI =)o)ty oy
2r $0,

n dt
S e (1)

< B > dt
Sre 1N 2y (Baot)) =7 -
tpr1

2r

1o at.
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Now, combining by all the above estimates, we end the proof of Lemma 3.«

The following theorem is true:

Theorem 6. Suppose that zo € R", Q € Ly(S™ ') with s > 1, is a homogeneous function
of degree zero. Let 1 <p < oo, b€ CBMOZ{);EO}(R”)

== p% + p%. Let also, for s' < py or
p < s the pair (p1,p2) satisfy the condition

1
’p

00 ¢ ess inf oy (z, )77
/ (1 Tt t<T<00 _
. r t;+1

dt < C@Q(xOJﬂ)v (18)
where C' does not depend on 7.
Then, the operator [b,Tq] is bounded from LMéffl} to LM;ZOJ. Moreover

Proof. The statement of Theorem 6 follows by Lemma 3 and Theorem 1 in the same
manner as in the proof of Theorem 4.«

Corollary 4. Suppose that Q € Ly(S™ ') with s > 1, is a homogeneous function of degree
zero. Let 1 <p <2 be BMO(R"), Il] = p% + p%. Let also, for s’ < py orp < s the pair
(¢1,p2) satisfy the condition

inf @1 (x T)T%
© 1 b A
/r (1 —|—ln;) s dt < Cpa(z, 1),
where C' does not depend on x and r.
Then, the operator [b,Tq| is bounded from M, ,, to M, ,,. Moreover

16 Tal fllatg. oy S N0NBAIO N flInt s, -

Remark 2. Note that in the case s = oo Corollary 4 was proved in [21].
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