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Approximation by Modified Complex Szasz-Mirakjan Ope-
rators
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Abstract. In this paper, we give the order of approximation and Voronovskaja-type theorem
with quantitative estimate for modified complex Szasz-Mirakjan operators attached to analytic
functions in compact disks. We also obtain the exact orders of approximation with quantitative
estimate for Stancu type generalization of these operators.
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1. Introduction

The several approximation properties of the complex Szasz-Mirakjan (SM) operators

defined by S,(f)(2) = e3> 72, @f (%) ,z € C, were studied by Bohman [1], Deeba
[2], Gergen et.al. [6] and Wood [13] in complex domains. Notice that in the men-
tioned works the convergence results without any quantitative estimates were obtained
for the complex SM operators. Recently, the order of simultaneous approximation and
Voronovskaja-type results with quantitative estimate for complex SM operators attached
to analytic functions having different conditions in compact disks were obtained by Gal
[3,4,5].

In the real case, some modifications of the SM operators are introduced and the ap-
proximation properties of these operators were investigated in [9,11,12].

We define the modified complex Szasz-Mirakjan operators as follows

S ()(z) =€/ f <&> (m)J,z eC (1)
=0

nJ
where (by,)7° is an increasing and unbounded numerical sequence such that

lim 22— . (2)

n—oo N
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Everywhere in the paper f :[R,400)U Dr — C is bounded on [0, +00) and analytic in
Dr ={2€C:|z|=R,R > 2}. It is clear that if f is bounded on [0, 00) then S, (f)(2)
is well defined for all z € C. Stancu type generalization of the operator (1) is defined by

S7(Za,6§bn)(f) — ¢~ n2/bn Zf ( jn++aﬁ ) (;L'ZJ)],,Z eC (3)

where 0 < a < 3, o, 3 are real numbers independent of n and (b,)$°

definition of Sy, s, (f)(2).
In case b, = 1, we get the classical complex Stancu type SM operators Sy, (@6, )( f)(2).The

is the sequence in

convergence of S(a A )( f)(2) to f(z) belonging to a class of analytic functions satisfying
a suitable exponential-type growth condition in a parabolic domain, was investigated by
Ghorbanalizadeh [7]. Notice that, the convergence results without any quantitative esti-
mate were obtained for the operator SieP ’1)( f) (2) in [7]. In [8], Gupta and Verma studied
the exact order of approximation of analytic functions without exponential growth con-
ditions and obtained the Voronovskaja-type result with quantitative estimate for the
operators Sy (.8, 1)( f)(2). The recent works on this subject motivated us to study further
on some different operators.

The goal of this paper is to obtain approximation results for the operators given by
(3) on compact disks. For this aim first we give the order of approximation and the
Voronovskaja type theorems with quantitative estimate for the operators Sy, (f) and

Sfla’ﬁ ;b")( f). These results allow us to obtain the exact order of approximation by the
operators Sr(la”g;b")(f) given by (3) .

2. Approximation by the operators S, (f)

In order to establish the next results, we need the following auxiliary lemmas.
Lemma 1. For all n,k e NU{0},0<a <p, z € C, we have

, s n IT ab, (a+ 1)by (a4 j)bn
(e, B;bn) — E
Sn (f)(Z)—jZO <bn(n+ﬁ)> [n—l—ﬁ’ n+p 777 n+p i) (4)

where [z, T1,...,Tm; f] denotes the divided difference of the function f on the knots
Loy L1yeeeyLym-

Proof. The formula (4) is obtained by similar algebraic calculations in [10]. Note that
such a formula was proved by Lupas in [10] for classical Szasz operators in real case, but
the formula holds in complex setting too [see also 5].«

We now give recurrence formula as follows:

Lemma 2. Let eg(z) = zk,ST(La”B;b")(ek)(z) = Trgoﬁéﬁ;bn)(z),k,n € N and (b,) be an
increasing sequence satisfying the condition (2). Then the recurrence relation

a,B;bn bnz a,B;bn ' ab, +nz a,B;bn
T @) = S (@) + () T ) o)

n+pg n+p
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is satisfied.
Proof. Considering the equality (4) and applying the mean value theorem for divided
difference for f(z) = ex(z) = 2%, all |z| < r we have

5405 () (2)

TG (2)| <

' [abn (@ + )b, (a+j)bn.€] i

n—i—ﬁ’ n+l8 A n—i—ﬁ’

k " Th(k=1) o (k—j+1) 4
Z(bn(n+ﬁ)> gt o

=0
<3 (rrrem) () < S () < ©

Differentiating following the formula with respect to z # 0, we get

A e S (G + a2

dz = Fiva

o0 j j—1
D R e

= bn Jioh i

and then dividing the formula by (n + ﬁ)kH and by simple calculations, we get

bnz_ (plibn) )" _ pleBibn) aby +nz\ (aBibn)
n+ﬁ(Tn7,€ (2)) =TS () ) T e)

Hence we reach the recurrence formula given by (5).

In order to prove the main results of this section, we give the recurrence formula in
the special case « = 0 = 3 for the operator (1). For this purpose, let Sy, (ex)(z) =
Tb, k() With (eg)(2) = 2*. It is clear that T}, x(2) is a polynomial of degree < k, k =
0,1,2,..., and Ty, p, 0(2) =1,Tp, 1(2) = 2, for all z € C. Taking o =0 = S in (5),we get

bn

= gZTn,bn,k(Z) + 2T b, k(%)

Tn,bn,k-l-l(z)

forall z€ C, k=0,1,2,..., n € N. From this we can write the following formula

by (B —1) 2kt
n

b RN -
T (2) =2 = 2 | T p, p1(2) = 2 1} +z [Tn,bn,k—l(Z’) _ Lk 1] N o

forall ze€ C, k,n € N. «

Theorem 1. Let Dr ={2€C:|z| < R,2< R <400} and f : [R,+00)UDr — C
be bounded on [0,+00) and analytic in Dg, that is f(z) = > reqckz® for all z € Dg. If
1 <r < R/2 is arbitrarily fired number, then for all |z| <r and n € N

Sun (1) = £ ()] < AL (f),
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where M, (f) = 357253 cx| (k — 1) (2r)* 7 < cc.
Proof. By using the equality (7), we can write

’

[Tn,bn,kfl(z) - Zk_l} +

b
T (2) — Zk‘ < Zr
n

by (k—1)rk=1
n

T 1 (2) = 271 +

From the Bernstein’s inequality for the polynomial T}, 4, r—1(2) of degree <k — 1, we get

k—1
< max{
r

kE—1
= 1T by k-1 — €x—1l,, -

’

[Tutaca(s) = 7] Topia(2) = 71 |2 < )

Therefore, it follows

b
Topni(2) — 27| < f (k=1) (1 Tnpp k-1l + llew—1ll,)
b
[T (2) = 27| 22 (k= 1) *

< 3(k—1) %" 2t 41

T b k—1(2) — Zk_l‘ :
For k = 2 and k = 3, respectively, we get
b b
|Tn,bn,2(2’) — 22‘ < 23r2! and ‘Tn,bmg)(z) — z3| < 232 (1.21 + 2.22) )
n n

Then for any k > 2, we finally get

b k—1 ] b k—2 '
Topoi(z) =25 < 3K 1Y 520 < 23 (- 1) ) "2

" J=1 " j=0
bn o k-1 k1

< — — _

< 23t (k- 1) (2 1)
br, _

< 35(27«)’“ Yk (k—1). (8)

Now, as in the case of classical complex Szasz-Mirakjan operators (see [5], p. 115-116),
we can write Sy, (f)(2) = > peo ¢k Tn.b,,k(2) which implies

nbn7 _Z

[Snp, ()(2) = F(2)] < Z ek |T,
k=0

< = k (k o)kt
< nkz:3|0k;| 1) (2r)
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Note that >~ 53 |cx| k (k — 1) (2r)F! < 0o because of analyticity of f.
The following Voronovskaja type result will be used in the proof of Theorem 4.«
Theorem 2. Suppose that the hypothesis is same on f and R in the statement of
Theorem 1. If 1 <r < R/2 is arbitrarily fized, then for all |z| < r and n € N, we have

bn

2 00
Snpn (F)(2) = f(2) = ;—Zd” (2)] < <g> 287 Y fex] (k —1)° (k — 2) (2r)" % < o0.
k=2

Proof. By the recurrence relationship in (7), denoting

by, _
En i (2) = Snpn(er)(2) —ex (2) = 5k (k= 1) 21 9)
we obtain

/

b
Enk(2) = 2B joo1(2) + 2B 1 (2) + 3

| —
7 N\
|0‘
3
~__
[\
i
(3%
~—
oy
|
[S—
~—
—
o
|
[\
SN—
(V)

This implies, for all |z| <rneNk>2:
b / b _
Bna (I < 1a1 32 [2[Bnia )]+ 22 477 (6= 1) (6 = 2]+ B,

From the Bernstein inequality, using (8) and (9), we have

/ k—1
Eia()| <€ == llBusll,
E—-1 bn 2 k—2
< - _ " (e — _
< = 1T k-1 — ex—1ll, + orm (k=1 (k—=2)r
b bn, _
< 6(k—1)2(k—2) z" (2r)F 3 4 — (k= D% (k—2) (2r)3.

Hence

bn bn —
Bas @ < rllBascal, +1212 1200 - 02 (k- 2) 2 2r)

+b—” (k—1)2(k—2)2r) 3 + bn ks (k—1)(k—2)*

n n

b\ _
=Bl + 14le] (5 (=1 -2 0.

Since for k = 1,2 we get E,, j, (2) = 0, for k£ > 3 in the latter relation, by similar calculations
as in [6] page 117, we obtain that

2
B (2) < 28060 (%) (=1 (b2 (2n)* .

Since Sy, (f)(2) — f(2) — g—;ibzfﬁ (z)‘ < > |ek| |Enk (2)|, by the above inequality we
k=0
reach the desired result.
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3. Results of approximation by the operators S (@,65bn) ( f)

First we prove an upper estimate in the simultaneous approximation by S,(Za’ﬂ ;b”)( f)-
|

Theorem 3. Suppose that the hypotheses on the function f and the constant R in the
statement of Theorem 1 hold.

(a) If 1 < r < R/2 is arbitrarily fized and 0 < o < B, then for all |z| <r and n € N
we have

@AM (F)(z) — f(z)| < @) mezr“

Cn+pB
k= 1)(2r)F2
OB M (1) + 2 Mo (1),

where ci, k € N is Taylor coefficient of f and the series My, (f), Ma,(f) are convergent
inlz| <.

(b) Suppose that 1 <r <r; < R/2 and 0 < a < . Then for all |z| <1 and p,n € N
we have

P'Tl bn
(Tl )p+1 n -+ /8

[sesmine@]” - 1 06| <

(M3 + Mo ()]

where M ’B(f) = 2« Zzil\ck|k(2rl)k_1 + 267y Zzil\ck|(2r1)k_1 < 00, My, (f) =

1,71

1Y s ekl k(k — 1)(2r1)F 2 < oo
Proof. (a) Clearly, from (5), we can write

(a0 Bibn) ko bnz (@B, ) Qbn 12 (a,8) K
T, () = 2" = nnTﬁ (Tn’k71 (Z)) + nnTﬁT”’kfl(z) —z

bz (c,B5bn) "oaby 12 [, (a,800) 1 ab, + Bz k1
(0) + 22 i - o] o

n+p
forall z € C, k,n e N.

)

From the above equality and using the Bernstein inequality, by (6), we have
) k (a8 bn
R 1[G

p(@Biba) k—l‘ Lot Br)bn gy

k—1 <abn >
+ +7r
r T 7’L+ﬁ

bk —1) . ., ([ aby
n+ 0 (2r) + <n+5 >

a,B;bn _
Trgk;ﬁl )(Z)—Zk 1‘



4 (a+pr)by k=1

10
n+ 3 (10)
Hence we get
«, 1b’ﬂ (6% n -
Trg,kﬁ )( ) Trgk;ﬁl )( )_Zk 1
bk —1) o ko1, (@+Br)bn g
—(2 —_— .
neg O T
Clearly Trg%’ﬁ;bn) —e9=0and
,B30n (a+pBr)b
Téal = = n+p -
Taking k£ = 2 in (11), we obtain
(,B;bn) ‘ (o + Br) by bn, (a+ Br) by
T — <2 1.(2 .
2 2ANSTTE Tais @r) + ntg
By similar calculations we find
(a,B;bn) ‘ 2 (o + fBr) by bn 2 2 2(a+ Br)by 5
T — < (2 1.(2 2.(2 24—
n,3 es| < (2r) n+f +n+ﬁ[(r)+ 27+ n+ g T
and hence for any k > 2 we finally get
(eBibn) k‘ k1 (o + Br) by k-1 bn Kk(k—1)
T — < (2 -~ - /- 2 A
) - < @ty gt e SRR
(a4 pr)b, 4 1 (a+pr)b, k2 bur
P el LU B G LD L T S PR
n+ g " s 200) n+p +r) ( )n-i-ﬁ
+6T) k—2 bnr
S L e LIS P .
< keI ) R - )

It is known that, for the complex Szasz operators

chs er)( chT ) all |z] <,

(see [5], page 116-117). Therefore using the same idea we can write

k=0

Hence by (11) we obtain

S (1)) = 1(2) T () = 2

< Ck;
k=0
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(a+ pr) by,
n+p

o Mo (F).

Ml,r(f)+ n—l—ﬁM’

Since by hypothesis, f(z) = > pe 2" is absolutely and uniform convergent in |z| < r,
for any 1 < r < R/2, it is clear that My, (f) = S 50, |k k(2r)F~1 < oo, and My, (f) =
S5 ekl k(- 1)(2r)F2 < oo,

(b) Denoting by ~y the circle of radius 1 > r centered at 0, for any |z| < r and v € v
we get |v — z| > ri_r, and, by Cauchy’s formula, for all |z| < r it follows

[semine]” - o) - 2| | SEP (1)) — £(2)

d
o (v — z)PH! z
plry (a+ pr1)b 1
= (ry — )Pt n+p Z|ck|k2r1kl nfL Z|k“€ = 1)(2r)* ]
|-

which proves (b) and the theorem.
We present the following Voronovskaja’s formula for Sy (o,8; b")( f). <

Theorem 4. Let the hypotheses on f and R in the statement of Theorem 1 hold.

Then, for all |z| <1 with 1 <r < R/2 and n € N, the following Voronovskaja type result
holds:

'Sﬁf’ﬁ;b"’(f)(Z) e -

(&) aun- () S

whereCy o (f) = 287 52y lex] (5 — 1)? (5 — 2) (2r)89 < o0,
Oé2
Cor(f) = 5 s lexl bl — 1)(2r)2 < o,

Oébn—,BZ/ bZN
Lo -6

Cs,(f) = ar Zk o lew] bk —1)(k = 2)(2r)*? < o0,
Cur(f) = (B + B) SopZo lexl K2 (k — 1)(2r)F % < o0,
Cs.r(f) = (B7)* 352 lex| k(k — 1)r* 2 < oo,
Cor(f) = apr 332 lex| k(k — 1)rF—2 < 0.

Proof. For all z € Dpg, let us consider

S (£)(2) — (2) = TR () - 5EA(2)

= SN = 1) = S ) + S = S (1)) — L

i),
Since f(z) = Y oo, ckz®, we get

Sr(laﬁ;bn)(f)(z) —f(z) — Mf/(z) - if”(z)
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- zby,

= Dk (Snpalen)(z) = 2" = S h(k — 1)
k( e )
+Z%< P ek><z>—sn<ek><z>—%‘§zkzk—l>,

First we use the Voronoskaja type result for the Sy, 1, (f)(z) operators obtained in Theorem
2. Then the first sum is

S (D)~ 1)~ 5212

o () S 76

We now estimate the second sum. Since S b")( k)(2) = T(a”g;bn)(z) and considering

nJ (abyp )* .
that S (e)(2) = S (5L, (e)(2) with S (e0)(2) = S, (e1)(2)

for k,n € NU {0} we can write

abn — Bz
n+p

ab, — Bz, 4

—k
n+p &

kZl()MT PN G P - 79
=0 M n-i-ﬁ) bnd (n-i—ﬁ)k .00k n—i—ﬁ

—2 . .
E\ n/ Oébn k—j knk—labn
) O () + T, 1)
J/ (n+pB) (n+ pB)

S8 (e)(2) = S, (ex) () = -1

b,
= TP ()~ T n(z) -

e

<.
I
o

S nl gh—i aby, —ﬁz
= 0<>n+ﬁk Tosnilz) = n+ 8 k2t

=2 nﬂ ab knk_lab
N . v StUn Tn - =
JZO n+/3) s+ (n+5)’“[ pr(2) =71
Jﬁk J
_Z< > (n+ B)k Toon k(%)

(n+5) \ (n+ 8"

kB B nk—1 r
+(n + 8) (1 (n +5)’“—1> '

knk—1 kab, k-1
L] |:Tn,bn,k(z) —Zk] + ( L 1) k=1
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Considering the condition (2), we get

k22< —2) n’ (ab )k = =2 k—2) n’ (aby )27
p (n+ B2 4 j ) (n+B) (n+ B2

7=0
k—2
_ (n + abn> <9
n+p -
We also have the following inequalities:
k
n n n kB
1— =1- < 1- = :
(n+B)* E)”*ﬁ;( n+6> n+p

and from(6) [T}, k(2)| < (2r)%. Therefore we obtain

P <g> g gy mbedl?)) < ZO() o M)k e

(]

k—2 k(k—1) k — 2\ nd (aby,)
= (’f—ﬁ(k—j—l)( j )W\ Toond (2]
_ (abn)2 2
< k(k 1)(n+ﬂ)2 (2r)" 7.

Consequently, by using (8):

T (E) = Do) = Sk
< kZQ <’;) %Tn,bn,j(z) 4 ’“(:1]:71;‘;’; T (2) — 271+
=
) s B
s e | uffm | < f}}?l g
< k(k—1) (ﬁ”;; (2r) 2+ ]’C(Zk;;‘)bk” (2r)* 2 (k= 1) (k — 2)6”% + (2r)’€k((s - ;))f :
+(i”i_;)ﬂk @)k (k—1) % + %r“ k((:%;))?rk
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> 2r)F2 1+ ar (nﬁfﬂyk(ls “1)(k—2)(2r)F?

(st

(Hﬁ) (rB? + ) K (k — 1) (2r)" "

bn Qk:k 1)rk—1 4+ g2 bn Qk:k 1)r*
+Oé5< _1_5) (k—=1)r " +p <m> (k—1)r",

which proves the theorem.«

The following result will be useful to obtain the exact order of approximation by
Sﬁf’ﬁ;b")(f).

Theorem 5. Suppose that the hypotheses are same on f and R and also f is not a
polynomial of degree < 0. Then, for all |z| <r and n € N, we have

o (1)) - £ = Cun) 2,

n

where the constant C.(f) depends only on f and r.
Proof. For all |z| <r and n € N, we can write

2
SEAB(F)(2) - F() = {bﬁ(“bT‘/fz)f @+5 @+ (5)

Oébn—,BZ ’ an ”
Tarp B T el OTaT)

Applying the inequality ||F'+ G| > |[|F|| — [|G||| > ||F|| — ||G|| we obtain

b €1 .

>—[(ab — Ber) f + = 2

(Sf{”ﬁ ()) = f(z) -

|52 r) - 1

T

bn n 2 . 561 / n/B( ﬁel) 4
—— _ (a,ﬁ,bn) — _ —_——
2 () st - - By e - R ]
Since f is not a polynomial of degree < 0 in Dpg, we get

(et — Ber) = |(ar — gex) | >0

Indeed, supposing the contrary it follows that (aby — 82) f (Z)—I—%f// () =0forall z € Dp.
Denoting y(2) = f (z), seeking y (2) in the form y (z) = > 72, 7xz" and replacing in the
above differential equation, we easily get 7 = 0 for all k = 0, 1, ... (for similar reasoning, see
[4] or [5] p.75-76). Thus we get that f(z) is a constant function, which is a contradiction.
Now, since by Theorem 4 it follows

(i)

abn - ﬁ@l f/ . b—nelf// bn ﬁ (Oébn - ﬁ@l)f/

(a,B;bn) _f = = -
Sn (=1 n+ g 2n n  (n+p)

T
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IN

(oBibn) () — f — n+§€1f ——€1f H -I-Hﬁ (ab, — Be1) f

IN
Mo: :0‘| 3
?.
3
=
+
=
)
>
|
=
=

there exists n1 > ng (depending on f,«, 5 and r only) such that for all n > n; we have

| (@bn — Bex) - <£> Sl () = f — Wn 1 0
" ! n \ b, " n —|— B
1
> 5 | (abn = Bex)
which implies
o) 1] 2 32 || atn = Gen) 5+ L7

for all n > ny. For n € {ng + 1,...,n1}, we get HS(a’ﬁ;bn)(f) — b—”AT (f) with
Ay (f) = 2 || S8 ) — fH which implies Hsﬁf’ﬁ?bn fH > C 2 for all n > ng,

with }

Now, we are ready to state the exact order of approximation for Sy (o,8: b")( f)-

€1

C'T,f:min{Ar,nOJrl (f) s ooms vy (f) s = H(ab —Bel) f + S

which proves the theorem. <«

4. Conclusions

1. By Theorems 5 and 3 (a), it easily follows that if f is not a constant function, then

the exact order in the approximation by the operator S,(Za’ﬂ ;b”)( f) is b, /n.
2. Considering Theorem 3 (b) and by similar calculations it is seen that the exact

(p)

order in the simultaneous approximation by the operator (sza’ﬁ ;b")( f )) is by /n ( see

also [5] p. 119, for the case of classical complex Szasz-Mirakjan operators).

References

[1] H. Bohman, On approximation of continuous and of analytic functions, Arkiv For
Matematik,2, (3) (1951),43-56.

[2] E.Y.Deeba, On the convergence of generalized Szasz operator on complex plane,
Tamkang J. Math. 13 (1982), no. 1, 79-86.

[3] Sorin G. Gal, Approximation and geometric properties of complex Favard-Szasz-
Mirakjan operators in compact disks. Comput. Math. Appl. 56,(4) (2008), 1121-1127.



107

[4] Sorin G. Gal, Approximation of analytic functions without exponential growth condi-
tions by complex Favard-Szdsz-Mirakjan operators. Rend. Circ. Mat. Palermo 59,(3)
(2010), 367-376.

[5] Sorin G. Gal,Approximation by complex Bernstein and convolution type operators.
Series on Concrete and Applicable Mathematics, 8. World Scientific Publishing Co.
Pte. Ltd., Hackensack, NJ, 2009. xii+337 pp. ISBN: 978-981-4282-42-0.

[6] J.J. Gergen,F.G. Dressel, W.H. Purcell, Convergence of extended Bernstein polyno-
mials in the complex plane, Pacific J. Math. 13,(4) (1963),1171-1180.

[7] A.M. Ghorbanalizadeh, On Stancu type generalization of the Szasz operator in com-
plex domain, Trans. Natl. Acad. Sci. Azerb. Ser. Phys.-Tech. Math. Sci. 27, (7) (2007),
59-70.

[8] V.Gupta, D.K. Verma, Approximation by complex Favard-Szédsz-Mirakjan-Stancu op-
erators in compact disks, Mathematical Sciences, 6,(2012), Art.No:25.

[9] N.Ispir, C.Atakut, Approximation by modified Szasz—Mirakjan operators on weighted
spaces, Proc. Indian Acad. Sci. (Math. Sci.) 112,(4) (2002), 571-578.

[10] A. Lupas, Some properties of the linear positive operators, I, Mathematica (Cluj), 9
(32) (1967), 77-83.

[11] Z. Walczak,On approximation by modified Szasz-Mirakyan operators,Glasnik Matem-
aticki,37,(57) (2002),303- 319.

[12] Z. Walczak, On modified Szasz—Mirakyan operators, Novi Sad Journal of Mathematics
33, (1) (2003), 93-107.

[13] Wood,B., Generalized Szdsz operators for the approximation in the complex domain,
SIAM J. Appl. Math., 17,(4) (1969), 790-801.

Nurhayat Ispir
Gazi University, Department of Mathematics, Faculty of Science 06500, Teknikokullar, Ankara, Turkey
E-mail: nispirQgazi.edu.tr



