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One Distribution Function on the Moran Sets
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Abstract. In the present article, topological, metric, and fractal properties of certain
sets are investigated. These sets are images of sets whose elements have restrictions on
using digits or combinations of digits in own s-adic representations, under the map f,
that is a certain distribution function.
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1. Introduction

Let us consider the space R". In [7], P. A. P. Moran introduced the following
construction of sets and calculated the Hausdorfl dimension of the limit set:

oo
E— ﬂ U Aiyig..ip- (1)
n=141,....in€A0p

Here p is a fixed positive integer, Ag ), = {1,2,...,p}, and sets A; 4, 4, are basic
sets having the following properties:

e any set A; ;, i, is closed and disjoint;
e for any 7 € Agy the condition A4,y i C Aijiy..i, holds;

lim d(A4,iy..i,) = 0,where d(-) is the diameter of a set;

n—o0

each basic set is the closure of its interior;

at each level the basic sets do not overlap (their interiors are disjoint);
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e any basic set A; 4, i,i is geometrically similar to A; 4, i,.;

[ ]
d (Diyig..ini)
d (Adyiy...iy,)

where o; € (0,1) for i =1, p.

= 0Oy,

The Hausdorff dimension aq of the set E is the unique root of the following

equation:
P
Z o =1.
i=1

It is easy to see that the set (1) is a Cantor-like set and a self-similar fractal.
The set E is called the Moran set.

Much research has been dedicated to Moran-like constructions and Cantor-
like sets (see, e.g., [3, 4, 6, 8, 1, 2, 5, 23, 17] and references therein).

Fractal sets are widely applicated in computer design, algorithms of informa-
tion compression, quantum mechanics, solid-state physics, analysis and catego-
rizations of signals of various forms appearing in different areas (e.g. the analysis
of exchange rate fluctuations in economics, etc.). In addition, such sets are useful
for checking the Hausdorff dimension by certain functions [22, 23]. However, for
many classes of fractals the problem of Hausdorff dimension calculation is difficult
and the estimation of parameters on which the Hausdorff dimension of certain
classes of fractal sets depends is left out of consideration.

Let s > 1 be a fixed positive integer. Let us consider the s-adic representation
of numbers from [0, 1]:

00
— AS o (70
T = Q109...0p ... S )

n=1

where a, € A={0,1,...,s—1}.
In addition, we say that the following representation

> [0
T = A e = D s
! n=1 (_s)n

s 1

—m»m] Here oy, € A as

is a nega-s-adic representation of numbers from [
well.

Some articles (see [1, 2, 17, 9, 10, 11, 12, 13, 14, 16] ) were dedicated to sets
whose elements have certain restrictions on using combinations of digits in own
s-adic representation. Let us consider the following results.

Suppose s > 2 is a fixed positive integer.
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Let us consider a class T of sets S, ,) represented in the form

u > an—u
S(S’U):{x:x:8_1+ZW7(O‘H)€L’O‘H7AU7%¢7&O}7

n=1

where u = 0, s — 1, the parameters u and s are fixed for the set S, ). In other
words, the class T contains the sets S 0y, S(s,1)s - -+ S(s,s—1)- We say that T is
a class of sets which contains the classes T3, Yy4,..., Th,....

It is easy to see that the set S, can be defined by the s-adic representation
in the following form:

Sy =372 =A% . uaru. . oot ... Uan...o (On) € Lyan #Fu 00 #0 5
a1 a2 — an —

Theorem 1 ([13, 16, 17]). For an arbitrary u € A, the set S(,,, is an uncount-
able, perfect, nowhere dense set of zero Lebesgue measure and a self-similar fractal
whose Hausdorff dimension ag(S.)) satisfies the following equation:

5 (O

pFu,p€Ao

Remark 1. Theorem 1 is true for all sets S5 0), S 1ys - - - S(s,5-1) (for fized pa-
rameters u = 0,s — 1 and any fized 2 < s € N ) except for the sets Si31) and
S3.2)-

Theorem 2 ([13, 16, 14, 17]). Let E be a set, whose elements contain (in own

s-adic or nega-s-adic representation) only digits or combinations of digits from a

certain fized finite set {o1,09,...,0m} of s-adic digits or combinations of digits.
Then the Hausdorff dimension ag of E satisfies the following equation:

Nk (3) et (B) et (B) =1

S

where N (k) is a number of k-digit combinations ok, from the set {o1,09,...,0m},
k€N, and N(o}) + N(o2)+---+ N(cF) =m.

Now we will describe the main function of our investigation. Let 1 be a
random variable defined by the s-adic representation

IESTRSIRS &k
/r]_

;+?+573+'”+57k+“':Aglfz--fk---’
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where & = oy and digits & (k = 1,2,3,...) are random and taking the values
0,1,...,s—1 with positive probabilities pg, p1,...,ps—1. That is, & are indepen-
dent and P{&, = i} = pi,, ix € A.

From the definition of distribution function and the expressions

{n<z}={& <a(z)U{& =ai(x),& < as(x)} U. ..
U{& = a1(z), & = ag(x), ..., §gm1 = ag—1(x), & < ag(x)} U ...,

k-1
P{& = a1(z),& = az(2), .., §m1 = ag—1(2), & < ar(2)} = Bay(a) Hpaj(x)a
j=1

where
B, = Z?:k(()z)flpi(x) whenever ay(z) > 0
0o whenever ay(z) =0,

it is easy to see that the following statement is true.

Statement 1. The distribution function f, of the random wvariable n can be
represented in the following form:

0 whenever x < 0
fo(x) = ¢ Bay(z) + ppa <Bak H] 1 pa](z)) whenever 0 < x < 1
1 whenever x > 1,

where Pajyy > 0.

The function

f( /Bal + Z 6an (z) H DPo(z)

can be used as a representation of numbers from [0, 1]. That is,

) n—1
P
L= Aa1(x)a2(x)“.an(m)... = Bal(x) + Z ﬁan(a:) Hpaj(f) ’
n=2 j=1

where P = {po, p1,---,Ps—1}, Po+p1+-+ps—1 = 1,and p; > 0foralli =0,s — 1.
The last-mentioned representation is the P-representation of numbers from [0, 1].

Let us remark that the function f is the Salem function for s = 2. Some
researches are devoted to generalizations of the Salem function (see [20, 21, 24,
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15]) including the cases when arguments of such generalizations are defined in
terms of certain (see [18, 19]) alternating representations of real numbers.

In this article, we consider properties of the images of the sets considered in
Theorem 1 and Theorem 2 under the map f.

We begin with definitions.

Let s be a fixed positive integer, s > 2. Let ¢y, ¢a,..., ¢y, be an ordered tuple
of integers such that ¢; € {0,1,...,s — 1} for i = 1,m.

Definition 1. A cylinder of rank m with base cica . .. ¢y is a set AL .~ formed

by all numbers of the segment [0, 1] with P-representations in which the first m

digits coincide with c1,ca, ..., cm, respectively, i.e.,
P _ e — AP . i —
Ac102..‘cm - {‘T = Aalag...an...va] - CJ;] - 17m} .
Cylinders AL .. have the following properties:
1. any cylinder Afl s..c, 18 @ closed interval;
2.
: P _ AP P _ .
inf Aclcg...cm - A(:102..‘0m000...’ sup Aclcgu.cm - AClCQ...Cm[S—l][S—l][s—l]...’
3.
P _ )
|Aclcz...cm| = Pc1Pey " Pems
4.
P P .
Aclcz...cmc C AClCQ...Cm7
5.
s—1
P _ P .
Ac102...cm - U Aclcg...cmcv
c=0
6.
Tr}l_{%o |Aclcz...cm’ - O?
7. P
|AC1CQ...CmCm+1 ’ =p .
P - Cm+17
’Acwg...cm‘
8.
P - P
sup Aclcg...cmc = inf Aclcz...cm [e+1]>

where ¢ # s — 1;
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C1C2...Cm C1C2...Cm..."

ﬁ AL =z =Al
m=1

Definition 2. A number x € [0,1] is called P-rational if

_ AP
T = Aalaz...an_laHOOO,..

or
P
T = Aoqocg...an_l[anfl}[sfl}[sfl}[sfl}...'

The other numbers in [0,1] are called P-irrational.

2. The objects of research

Let 2 < s be a fixed positive integer, A = {0,1,...,s — 1}, Ag = A\ {0} =
{1,2,...,5—1}, and

L= (A())OO = (A()) X (Ao) X (Ao) X ...

be the space of one-sided sequences of elements of Ay.

Let P = {po,p1,-..,ps—1} be a fixed set of positive numbers such that pg +
pr+-+ps—1 =1

Let us consider a class I' that contains classes I'p, of sets S(p, ,,) represented
in the form

_ P
S(Ps,u) =TT = Au...umu...uag...u...u@n‘..v (an) € Lyoy #u,a, 0, (2)
1 1 1
a)— ag— an —

where u = 0, s — 1, the parameters u and s are fixed for the set S(p, ,,). That is,
the class I'p, contains the sets Sip, 0),S(p, 1), -+ S(p, s—1)-

Lemma 1. An arbitrary set Sp, ,,) is an uncountable set.

Proof. Let us consider the mapping g : S(p, ,,) — Su. That is,

P g
V(an) € Lz = Ay, woqu.. o2t tan... — Doyas..an.. =Y = 9(T).
~~ el

ap—1 ag—1 anp—1

It follows from the definition of an arbitrary set .S,, that s-adic-rational num-

bers of the form

s
a1Q9...0n —10,,000...
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do not belong to S, (since the condition «,, ¢ {0,u} holds). Hence each element
of S, has the unique s-adic representation.

For any = € S(p, ,, there exists y = g(z) € S, and for any y € S, there exists
r=gy) € S(p,,u)- Since P-rational numbers do not belong to Sp, ,,), we have
f(@1) # f(x2) for every 1 # x».

So from the uncountability of S, we get the uncountability of the set S(p, ).
<«

To investigate topological and metric properties of Sp, ,,), we will study prop-
erties of cylinders.

Let ¢, ¢, ..., ¢y be an ordered tuple of integers such that ¢; € {0,1,...,s—1}
for i =1,n.

Definition 3. A cylinder of rank n with base cica . ..cyn is a set Aéf,;;‘?,_cn of the

form

A(P,u) _

c1c2...Cn

e — AP C— . —
T =Dy ey Ues e Uen U i1 Uil Ay QG = CjrJ =11
o N N T N ~—~

c1—1 co—1 cn—1 an_‘_lfl D‘n+2*1

By (ajasg...ar) we denote the period ajas...ay in the representation of a
periodic number.

Lemma 2. Cylinders Aﬁf_’f@n have the following properties:

1.
P ; _
A0...0610...0¢5..0...0en(0..0ps—1)  Tu=0
1 1 1 2
c1— co— cn— s—

P ; _
AL delodepdoden(ldsyy Tu=1

3 Pu) _ ~N N N~
lnf Ag1c)n - c1—1 co—1 cn—1 s—2
P .
AU...UClu...UCQ...U...'LLCTL(I) fuef2,3,....s -1},
o NS N
\ c1—1 co—1 cn—1

Cl...Cp .
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AP

[s —1]...[s = 1]er...[s — 1]...[s — L]en([s — 1]...[s — 1][s—2))

ifu=s—1

c1—1

AP

c1—1 co—1

U.. U1 U Uca .. U Ucy (... Uut-1])
N N TN TN~

c1—1 co—1

~~
cn—1 s—3

ifue{l,...,s—2}

cn—1 u

P I
AD..000...065..0..0en 1y Su=0
S e

cn—1

If d(-) is the diameter of a set, then

d(AL) ) = d(S(p, )P TR "Hpc,

Cl 02

Cl...Cn

A(AL™) o)
d(ALM))

— Cn+l*1
_pcn+1pu .

UAW i VYen€Ao, meN, i#u

-Cn

The following relations are true:

(a) if u € {0,1}, then

(b) ifuei2,3,...,s

(c) ifue{s—

A(Pu)

mfA( ) p > SUDAL )

— 3}, then

sup Aﬁl c)np < inf Ail 2 1] forallp+1<u

inf Agl C)np > sup A(P C) 1] for all u < p;

2,s — 1}, then

( ) (P U)
sup Ay %, p < inf Aj enlp+1]

(in this case, the condition p # s — 1 holds).
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Proof. The first property follows from the equality

x= Ay,
- u... uc1...Ucs... U... Ucn U... U ant1 U...U any2..
N v ~ N
c1—1 co—1 cn—1 Cp1— 1 apy2— 1

n
P c1t-+en—n P
= Ay Uil Ucs.. U Uen (0) T Pu (gp%) AT Qng1 Ui Qnyo...

c1—1 co—1 cp—1 apy1—1 appo—1

and the definition of S(p, ).

It is easy to see that the second property follows from the first property, the
third property is a corollary of the first and second properties, and Property 4
follows from the definition of the set.

Let us show that Property 5 is true. Let us prove that the first inequality
holds for v = 1. In fact,

. (P, 0) (P,0) _
inf ACL — sup ACl enlptl] =

_ P _ P
= Ao...(1)610...?62.“0...(1)%0\..’.;@;)(0...20[51]) Ao...?clo...?62...0...(l)cno...()[pﬂ]m
c1— co— cn— p— s— c1— c2— n— p

n
+.ten—ntp-1 +..4cn—n+p—1 .
_Bppol cpn—n+p— Hpcj erppm cn—n+p— Hpcj lnfS(PS,O)
g=1 j=1

1+...+cpn—n+p c1+...+cpn—n+p
—Bp+1Dg H Pe; — Pp+1Pg H Pe; | supS(p, 0)
7=1

n
=pg T T pe; | (Bopo " + pppo ' inf S(p, 0) — Bpt1 — Dpr1 supScp, )
j=1

n—n+p—1
_p81+ Acn—n+p— HpC] po 1 —P0o — Pp — Pp+1 SUPS(PS,O))+

+(1 —po)(pl + .+ pp-1) + ppinfSep, gy) > 0,
because
bo

1 —po—pp —Pp+1SuPS(p,0) = 1 —po — pp Bk

Zi§é{071,p,p—s-1} pi + Pp+1(1 — po) + pop1 + p1pp 50
1—p




One Distribution Function on the Moran Sets 21

Also,

. (P1) (P,1)
inf Ay 70 supACl enlptl] =

_ AP _ AP
_A1...1610...0@...1...1%3\;;“1...1[5_1]) Al deddesdoden 1 1pt1)(12)

cp—1 co—1 cn—1 p—1 5—2 c1—1 co—1 cp—1 P

n 1 - 1
_ Bpp61+ Aent+p—n— Hpcj +pppcl+ Acn—n+p— Hpc infS (P 1)
7=1

n n
c1+...+cnt+p—n c1+...+cp—n+p
—Bp+1P} " 112, — posaps " 12 | supSp,)
j=1 j=1

n
n—n+p—1 .
= p{t et H Pe; | (Bp + ppinfS(p, 1y — Bpr1p1 — Ppr1P15UDPS(p, 1))

n
cden—ntp—1 .
= pyi e Hpcj (Ppinf Sp, 1) + p1(1 —p1 — pp — Pp15UPS(p, 1))+
=1

+(1 —p1)(po+p2+ ... +pp-1)) >0,
since

o oo
k k k & _ Po-+pop1+pi
sup S(ps,l) = AZDH) =B+ Z/BIPMUQ + Z Bapipy = W >0
k=1 k=1

and
1=po+p1+- - +ps_1.

Let us prove the system of inequalities. Consider the first inequality. For the
case where p + 1 < u we get

. (Pu) (Pu)
inf AC"C [p—i—l]_supACl Cnp Au iU Uy U Uy U . Up+1](1)
c1—1 co—1 cn—1 p
AP
U... Uc1W... Uco... U.. 'ILcnvp(u Uu+1])
c1—1 co—1 cn—1

— a9 [ ey + g+t
Jj=1 j=
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n

tppeapi T T vy | - AG
j=1

n
+...4cn— —1 o ten— —1 P
— Byt +cn—n+p Hpcj _ppp21+ +cn—n+p Hpcj 'A(u...u[u+1])
j=1 M

u

c1+...+cn—n+p—1

=Dy Hpcj Bu + Bp+1pu + pp+1puAfD1) — Bp — pPAZL...u[u—H])
j=1 ~—~—

u

n

— +...+cen— -1

= Cn—n+p Hpcj %
J=1

X pp+1puAg) + (Bu — Bp) + Pubp + Bppu — ppAﬁj,...u[u—f—l]) >0
~—
since the conditions p < u, B, — B, > 0, and 3,41 = B, + pp hold.
Let us prove that the second inequality is true. Here p > u, i.e., p —u > 1.
Similarly,

. P, (Pyu) AP
inf A,(Jlfbc)np — sup Acl,,,cn[p_ﬂ] - Au...uClu...ucz...u...uan(l)_

c1—1 co—1 cn—1 p—1

P
*Au...uclu...u.:2...u...ucnu...u[p+1](u...u[u+1])

c1—1 co—1 cn—1 P u

n n
_ +...+cp—n+p—1 | I +...4+cp—n+p—1 | | P
= Bppil Cn—NTp pcj _|_ppp21 Cn—N+p pCj . A(l)
Jj=1 Jj=1

n n
c1+...+cp—n+p—1 Ccl1+...+cn—n+ c1+...+cpn—n+
_Bupul P HpCj - ﬁp—&—lpul P HpCj - pp+1pu1 CnTNTP
j=1 j=1

P
X jl_[lpcg' Ay, ufut1))

u

c1+...+cn—n+p—1

= Dy Hpc- 6}2 + ppAﬁ) — Bu — /Bp-‘rlpu - pp-‘rlpuAZL.”u[qH_l])
el =~

u
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—srr [ ) (ot
+(Put1 + - +pp+1) +Pu(Pp+1 + o+ Ds—1—

P
—Pp+18 (. ufuta])) | >0
since the conditions p > u, 8, — fu = Pu + Put1 + .. ¥ Pp—1, and 1 — B,11 =
DPp+1 + .. + ps—1 hold.
Suppose that ©u = s — 2. Then

(P,s—2) Ps—
inf AC1CQ cn[p+1] sup A((3162---2C)np
= AF
[s —2]...[s = 2]ei[s — 2]...[s — 2]ea..[s — 2]...[s = 2]en[s — 2]...[s — 2]p+1](1)
cltl co—1 cn—1 P
—AP
[s — 2]...[s = 2]er..[s — 2]...[s — 2]enls — 2]...[s — 2]p([s — 2]...[s — 2][s—1])
c1—1 cn—1 p—1 s—2

C1+ +cn—n+p—1 c1+...+cn—n+p
= Bs— 2Ps_ " Hpc] + 5p+1p " Hpcj-
Jj=1 j

n n
cl1+...+Cp—n+p P c1+...+cp—n+p—1
+Dp+1D4_o Hpcj : A(l) — PpPg_o Hpcj

c1+...+cp—n+p—1 P
~PpPs—2 jl_IlpCj ' A([s —2]...[s = 2][s—1))
= —

5—2
n
_ c1+...+en—n+p—1
_p3—2 " Hpc] X

P P
X(/Bs—2 + 5p+1ps—2 +P5_2pp+1A(1) - /Bp - ppA([S _ 2]...[8 _ 2][5—1]))
—_———

5—2

+ + n— + 1 P
=py T Hpcg Pp(1=A s — 9]...[s — 2psmry) T Pot1 o FPs3) +

—_——

s—2



24 S.0. Serbenyuk

+Bp1Ps—2 + Ps—2Dp+1 Aﬁ)) >0

since Bs—2 — Bp =Pp + Pp+1 + -+ ps—3. Here p # s — 1.
Suppose that ©« = s — 1. Then

. (P,s—1) Ps—
inf Ac1 c2...cn[p+1] — sup Ag1 C2~--1621p
=AF
[s — 1]...[s = Ler..[s = 1]...[s — L]en[s — 1]...[s — 1][p+1](D)
cltl cn—1 P
AP
[s — 1]...[s = 1er..[s = 1]...[s — L]enls — 1]...[s — 1]p([s — 1]...[s — 1][s—2])
c1—1 0;:1 ptl s—3

n n
o ci1+...4+cn—n+p—1 c1+4...+cn—n+p
= Bs—1psy " [T P, + B 11>

=1 j=1

n n
c1+...4+cp—n+p P c1+...+cn—n+p—1
+Pp+1P5_1 Hpc]- : A(1) - /Bppsfl HpCj

j=1 j=1

n
_ Cl+---+cn_n+p_1 . P
PpPs—1 jHlpCj A([s —1]...[s — 1][s—2))
= —_——
s—3

_ c1+..‘+cnfn+pflx
— s—1

< [ ] pe; | (Bsr +/8p+1ps—l+ps—1pp+1A{1.)_/Bp_ppAﬁs s — 1][5_2])) > 0.
j=1 NI
5—3

<

Theorem 3. The set S(p, 4, is a perfect and nowhere dense set of zero Lebesgue
measure.

Proof. Let us prove that the set Sp, ) is a nowhere dense set. By definition,
there exist cylinders Aguc)n of rank n in an arbitrary subinterval of the segment
I = [infS(p, ), supS(p, )]- Since Property 5 from Lemma 2 is true for these
cylinders, for any subinterval of I there exists a subinterval which does not contain

points from Sp, ). S0 S(p, ) is a nowhere dense set.
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Let us show that Sp, ) s a set of zero Lebesgue measure. Suppose that

Ic(fzs;f.)cn is a closed interval whose endpoints coincide with the endpoits of the

A(Pu)

cylinder Ag ¢y .cns

|ICfDCb27u Cn’ - d( c1cz) Cn) = d(S(Ps,u))pzlJrchr Henm Hpc]-7

and
o0
PS7
S(PS,U) = ﬂ E]E: u)7
k=1
where
E%PS 7“) — U Ic(fjau)’
c1€Ao\{u}
PS’ S
Eé u) _ U Iéf';“)’
c1,e2€ Ao\ {u}
(Psyu) _ Ps,
Ek “ - U ‘[C(lcz.lf.)C)N
€1,62,...,c €A\ {u}
In addition, since gL - E(PS’ u) , we have

k+1

(PS7)_ (PSv) (PS7)
E Y =B UELTY.

Let I be an initial closed interval such that A(I) = do and [inf S(p, .,), sup S(p, )] =
I, \(+) be the Lebesgue measure of a set. Then

Ps,u su) | c
ANEPDY = ST P —dSe,.) S T =0

c1€Ao\{u} c1€40\{u}

We get
)\(EEPM)) = do — A(EFS’U)) = do — y0do = do(1 — 7o)
Similarly,
MEY™) = MBL™) = ML) = 0do = 16do = donol1 = 10),

A(E:S)PS’u)) = )\(Eéps’u)) - )\(E:E,PS’U)) = vedo — Yodo = (1 — o)V do,
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So,

do(1 — o)

=0.
I—7

n n
~(Ps, —
A(S(py ) = do— D ME™) = do =" do(1 = 70) = do —
k=1 k=1
The set S(p, ) is a set of zero Lebesgue measure.
Let us prove that S(p, ,) is a perfect set. Since

EIEPQ,U) — U I(Ps,u)

C1C2...Ck
c1,¢2,.,cp €A\ {u}

is a closed set (E,(CPS’“) is a union of segments), we see that

J— ~ (}gvu)
Stpu) =[] Ex
k=1

is a closed set.

Let z € S(p,u), P be any interval that contains z, and J, be a segment of

ET(ALPS’“) that contains x. Choose a number n such that J,, C P. Suppose that x,

is the endpoint of .J,, such that the condition z,, # = holds. Hence z, € Sp, y)
and z is a limit point of the set.

Since S(p, ) is a closed set and does not contain isolated points, we conclude
that S(p, ) is a perfect set. «

Theorem 4. The set S(p, 4, is a self-similar fractal and the Hausdorff dimension
0 (S(p,,u)) of this set satisfies the following equality:

Yo ()" =1
i€ Ao\ {u}

Proof. From S(p, ;) C I and Sp, . being a perfect set, it follows that Sp, .
is a compact set. In addition,

S = U [prs’u)ﬁg(&,u)}
1€Ao\{u}

i1
and IZ-(PS’U) N S(Ps,u)} R S(pyu for all i € Ao\ {u}.

The set S(p, ,,) is a compact self-similar set of space R!. Then the self-similar
dimension of this set is equal to the Hausdorfl dimension of S(p, ,). So the set
S(p,u) is a self-similar fractal, and its Hausdorff dimension oy satisfies the equality

Yo ()M =1

iAo\ {u}
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Theorem 5. Let E be a set whose elements are represented in terms of the
P-representation by a finite number of fized combinations T1,7a, ..., Tm of digits
from the alphabet A. Then the Hausdorff dimension aq of E satisfies the following

equality:
m [s— @0
) (Hlp]-v"(”)> =1,

j=1 \i=0
where Ni(1) (k = 1,m) is a number of the digiti in 1y, from the set {1, T2, ..., Tm}.

Proof. Let {71, 72,...,7n} be a set of fixed combinations of digits from A and
the P-representation of any number from E contains only such combinations of
digits.

It is easy to see that there exist combinations 7/,7” from the set & =
{11, 72,...,Tm} such that Af’r’... =inf E, Aﬁ’T”... =sup F, and

d(E) =supE —inf E = Af”r”... —A?

i .
T T ...

A cylinder A(TI,D:,E) , of rank n with base T,7y...T, is a set formed by all
2 in
numbers of E with the P-representations in which the first n combinations of
digits are fixed and coincide with 7'{,7';, .. ,77;, respectively (7']/ € = for all j =
It is easy to see that
(P,E) - No(T/T/...T,,’L) Nl(TlT/...T,,/L) Ns_l(T/T/,..T:L)
d(AT{T;mT;) =d(E)-py "py Pty )
where N;(7,7y...7,,) is a number of the digit i € A in 7,7y...7,.
Since E is a closed set, E C [inf F,sup EJ], and

PE
d A(/ /) N s—1 ,
T o TnTri1 Ni(Tpi1)

d<A<P7E) > =1 ’

i=0
Ty Ty Th
E=[I,NE|U[,NnE|U...U[L, NE]
where I, = [inf Ag)’E),sup A%D’E)] and j =1,2,...,m, we have

Wi

[[; NE] ~ E for all j =1,m,
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where

s—1
N; (75
=0

This completes the proof. «
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