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On Stability of Bases From Perturbed Exponential
Systems in Orlicz Spaces

J.A. Asadzadeh*, A.N. Jabrailova

Abstract. In this article, perturbed exponential system {ei’\"t}n ez (where {\,} is
some sequence of real numbers), is considered in the Orlicz space Ly (—m, 7). We find a
condition on the sequence {\,, }, which is sufficient for the above system to form a basis for
Ly (—7,m). We establish an analogue of classical Levinson theorem on the replacement
of a finite number of elements of this system by other elements. Our results are the
analogues of the corresponding results obtained for Lebesgue spaces L, 1 < p < 4o00.
We also establish an analogue of classical Levinson theorem on the completeness of above
system in the spaces Ly, 1 < p < +o0.
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1. Introduction

Consider perturbed systems of sines

{sin An}eny s (1)

and cosines
{cos Anz} ez, (2)

where N is a set of all positive integers, Z; = {0} N, and {\,} C R is some
sequence of real numbers. These systems are the natural perturbations of classical
systems of sines and cosines, and they are also the eigenfunctions of second order
ordinary differential operator with integral boundary condition. Moreover, it
should be noted that the frame theory originates from the research by Duffin
R.J. and Schaeffer A.C. [25] (see also [26,27]) dedicated to the frame properties
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of such systems in the spaces Ly. That’s why there is great interest in studying
basis properties of these systems in different kinds of function spaces. First results
in this field belong probably to Paley-Wiener [1] and N. Levinson [2]. The well-
known “ Kadets 1/4 ” theorem also belongs to this field (see [3]). When A, has
a constant shift A\, = n + asignn (a € R), the systems (1) and (2) arise in the
solution of mixed or elliptic type differential equations by the Fourier method
(see, e.g., [4-6]). In view of this, many authors have studied the basis properties
of the systems (1) and (2) (see, e.g., [4,6-15,23,24]). All above-mentioned works
treat basis properties in the Lebesgue spaces.

Orlicz spaces were introduced by W. Orlicz and Z. Birnbaum in the beginning
of 1930 s in connection with orthogonal decomposition. Orlicz spaces have wide
applications in different fields of mathematics such as approximation, stochastic
analysis, nonlinear differential equations, Fourier analysis, etc. Numerous facts
of classical analysis are transferred to these spaces.

In this work we consider a perturbed exponential system {ei’\”t}n cy In the
Orlicz space Ly (—m,m). We establish an analogue of classical Levinson theorem
on the replacement of a finite number of elements of this system by other elements.
We find a condition on the sequence A,,, which is sufficient for this system to form
a basis for Ly (—m, ). Our results are the analogues of the corresponding results
obtained for Lebesgue spaces Ly, 1 < p < +00 (see, e.g., [16]). We also establish
an analogue of classical Levinson theorem on the completeness of above system
in the spaces Ly, 1 < p < +o0.

2. Needful information

We will use following notations. N will denote the set of positive integers,
Zy ={0yUN; Z={-N}UZ+, X () will be the characteristic function of the
set M; R will stand for the set of real numbers, C' will denote the set of complex
numbers, M will stand for the closure of the set M in the corresponding norm
and () will denote the complex conjugation.

Definition 1. Continuous convex function M (u) in R is called an N -function,
if it is even and satisfies the conditions

limM:O; hmM:OO

u—0 U u—oo U

Definition 2. Let M be an N-function. The function

M (v) =Ig§3<[UIv — M (u)],

is called an N -function complementary to M (-).
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The function M* (-) can be characterized as follows. Let the function p (-) :
Ry — Ry = [0; +00) be right continuous for ¢ > 0, positive for ¢ > 0, non-
decreasing and satisfy the conditions p (0) = 0, p (c0) = tlimp (t) = 0o. Define

—00

q(s)= sup t,s > 0.
p(t)<s

The function ¢ (-) has the same properties as the function p(-): it is positive
for s > 0, right continuous for s > 0, non-decreasing and satisfies conditions
q(0) =0, g(o0) = lim g (s) = co. The functions

5—00

[l |v]
ﬂﬂ@zAp@ﬁﬂﬁwzéth&

are called N-functions complementary to each other.

Definition 3. N-function M (-) satisfies Ag-condition for large values of u, if
dk > 0 A Jug > 0:
M (2u) < kM (u), Yu > up.

Asg-condition is equivalent to requiring that, for ¥l > 1, 3k (1) > 0 A Jug > 0:
M (lu) < k() M (u), Yu > up.

Now let’s define the Orlicz space. Let M (-) be some N-function, G C R be
a (Lebesgue) measurable finite-dimensional set. Denote by Lo (G) the set of all
functions measurable in G. Let

o) = [ M fu(@)da,

and

Ly (G) is called an Orlicz class.
Let M () and M* (-) be N-functions complementary to each other. Let

Ly (G)={ue Lo (M) : |u,v| < +o0, Yu(-) € Ly~ (G)},

where

(u,v) = / u(z)v (z)de.
G
L3, (G) is called an Orlicz space. With the norm:

lullay = sup_ [ (u, )],
pM*(u)Sl
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L3, (G) becomes a Banach space. Note that in L3}, (G), the following norm is
equivalent to the norm ||ul|,,:

ull y = inf{k >0 pur (%) < 1}.
|| 1|5 is called a Luxemburg norm. Let’s recall the following well known fact.

Statement 1. If N-function M () satisfies Ag-condition, then L}, (G) =
L,; (G) and the closure of the set of bounded (including continuous) functions
coincides with Ly, (GQ).

Statement 2. If N-function M (-) satisfies Ao-condition, then L}y, (G) is sepa-
rable.

More details on the above facts can be found in [17,18].

In the sequel, as G we will consider the interval G = [—m, 7], and for
simplicity, we will always omit the letter G in the notations (for example
L3, (G) = L), (G), etc.). Later we will need some facts about Fourier analy-
sis in Orlicz spaces. Let’s first define the following characteristic of the space
Lyys.

Let M (u) and N (v) be N-functions complementary to each other. Let v ()
be a function in Ly (—m, 7) such that p (v; N) < 1. Then according to the Jensen
integral inequality

M{fa“(x)dfﬁ}ngM[u(x)]dm

mes G mes G  u(®) € L,

we have

N(m(lEn)/nv(a:)dx> s@ | N(o(@)de < m(;n)»

from which it follows that

[ v@ e <mE) N (m(lEn)> , 3)

n

where N~ () is the inverse function of N ().

For the function vg (z) N~! (ﬁ) XE,, satisfying the condition p (vo; N) =

/ vo (2) dz < m (Ey) N~2 (m (E)) . (4)

n

1, we have




200 J.A. Asadzadeh, A.N. Jabrailova

By the definition of the norm, we have

XE,V (7) dx v (z)de
G n

Hence, by virtue of (3) and (4), we obtain the formula for the norm of the
characteristic function:

I8, Loy = m (Ba) N7 (m (1En)) |

Definition 4. We shall say that the function u € L}, has an absolute continuous
norm if for every e > 0 one can find a § > 0 such that

= sup
p(v;N)<1

IXE.llpr = sup
p(v;N)<1

<e,

/ w(z)v (z) do

n

luxE, L, (—em) = SUD
fulemm) = i<t

provided m (E,) < 6 (Ey, C (—m,7)).

More details on the above facts can be found in [17,18].
So, let M (-) be some N-function and M~ (-) be its inverse on [0, +0c0). Let

M~ (x)
h(t)=1 —— = t>0
(t) U T ) >0,
and define the numbers
B Inh(t) B Inh (t)
M _tl—glo Int By = T0r Int

The numbers aj; and By are called upper and lower Boyd indices for the Orlicz
space Ljy.
The following relationship holds:

0<ay<Bu<l

ay + By =1; ay + By = 1.

The space Ly is reflexive if and only if 0 < apy < By < 1. If 1 < g < ﬁ <

ﬁ < p < 400, then the continuous embeddings L, (—m,m) C Ly C Ly (—m,m)
hold.
We will also need the following
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Theorem 3. For every p and q such that

1 1
1<p<—<— < gL 400,
M QN
we have
Ly C Ly C Ly,

with the inclusion maps being continuous.

More details regarding these concepts can be found in [19-22].

We will need some concepts and facts from the theory of Banach function
spaces (see e.g. [24,25]). Let (R;u) be a measure space, and M ™ be the cone
of p-measurable functions on R the values of which lie in [0, +00]. Denote the
characteristic function of a py-measurable subset of R by xg.

Definition 5. A mapping p : M — [0, +00] is called a Banach function norm
(or simply a function norm) if, for all f,g, fn,n € N in M™, for all constants
a > 0 and for all p-measurable subsets EE C R, the following properties hold:

(P1) p(f) =0 f=0p-ae;plaf)=ap(f); p(f+9) <p(f)+r(9);

(P2)0<g<fp-ae=p(9) <p(f);

(P3)0< fn 1 fu-a.e=p(fn) 1 p(f);

(P4) p(E) < +00 = p(xp) < +00;

(P5) n(E) < 400 = [ fdu < Cgp(f), for some constant Cp : 0 < Cp <
+o0 depending on E and p, but independent of f.

Let M denote the set of all extended scalar-valued (real or complex) pu-
measurable functions and My C M denote the subclass of functions that are
finite p-a.e. .

Definition 6. Let p be a function norm. The set X = X (p) of all functions f
in M for which p (| f|) < 400 is called a Banach function space. For each f € X,

define || fllx = p(If])-

The following theorem is true.

Theorem 4. Let p be a function norm and let X = X (p) and || - || 5 be as above.
Then under the natural vector space operations, (X; ||-|x) is a normed linear
space for which the inclusions

MsCcXCM

hold, where My is the set of u-simple functions. In particular, if f, — f in X,
then f, — f in measure on sets of finite measure, and hence some subsequence
converges pointwise p-a.e. to f.
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Let
p(9) :sup{/f(T)g(T) dt|: fe MT5p(f) < 1},V96M+-
Y

A space
X'={geM:p(|g]) < +oo}

is called an associate space (Kothe dual) of X.
The functions f; g € My are called equimeasurable if

Hrevy:|f(n>A={revy:|g(r)] > A}, YA>0.

Banach function norm p : M+ — [0, oo] is called rearrangement invariant if for
arbitrary equimeasurable functions f;g € My the relation p (f) = p(g) holds.
In this case, Banach function space X with the norm |- ||y = p(|-]|) is said to
be rearrangement invariant function space (r.i.s. for short). Classical Lebesgue,
Orlicz, Lorentz, Lorentz-Orlicz spaces are r.i.s.

Theorem 5. The Banach space dual X* of a b.f.s. X is canonically isometrically
isomorphic to the associate space X' if and only if X has absolutely continuous
norm.

We will also use the following statement from [22, p.14].

Statement 6. Let X be a b.f.s. over (M; p)with norm || -||x. A function f € X
has absolutely continuous norm if and only if HfXEnH 4 0 for every sequence
{En},en satisfying By, |0 p-a.e. .

For more details about these facts see, e.g., [22].
We will also need the following fact concerning the basicity properties of
systems from the [27] (see also [11]).

Statement 7. Suppose a finite number of elements in the basis of some Ba-
nach space are replaced by the other elements of this space. Then the following
properties are equivalent for the newly obtained system:

i) it forms a basis;

i) it is complete;

ii1) it is minimal.

3. Sufficient condition for separation of {\,}

For obtaining our main results, we need some concepts and facts.
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Definition 7. A system {fn},cn C Ly (=, m) is called-Hilbert (q > 0) if there
exists absolute constant m > 0 such that for every finite set of complex numbers
{Cy} the inequality

> Cufn

() <

M

holds.

Definition 8. A sequence {\,} is called separated if 12f |An — Akl > 0.
i

The following simple lemma is true.

Lemma 1. Let {\,}, ., C R be some sequence of real numbers. If the system
{ei’\"t}nez is q -Hilbert in Lyy (—m,m), then {\,},c, is separated.

Proof. From the definition of g-Hilbertness, we obtain

en® _ ik , k#n. (5)

1
2)a < m‘
( ) - L]u(—ﬂ'ﬂr)

Taking into account the inequality

An — A
25in< 5 k:v)‘ <7 [An — Ml )

ei)xna: _ ei)\kac

<

we have

ei)\nx . ei/\k:v

= sup <

Ly (—m,m) p(v;N)<1

™
< sup / <ei)\na: . ei/\kx)
p(v;N)<1J —m

< s [ aDu -l @lde=al - sup [ o) do =
p(v;N)<1J -7 p(v;N)<1J -7

/7T (ei/\"‘r — e“"“"”) v(x)dx

—Tr

v ()] dx <

1
Consequently
1 9 (1
(2)‘1 SQT{' mN g ‘)\n—/\k’,

(2)7

SR ./ AR W W
2r2mN -1 (L) = | ol >
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The rest follows directly from (5).
The lemma is proved. <«

The lemma below can be proved in exactly the same way.

Lemma 2. Let {\,},c, C R be some sequence. If the system (1) (or (2)) is
q-Hilbert in Lys (—m, ), then {\,},,c, is separated.

4. The L,,; -analogue of Levinson theorem

In this section, we establish an analogue of Levinson theorem in Lj;. Denote
by L, the associate space of Ly, i.e.

(Lot (a,b)) = {g € F(a,b) : phy (|g]) < +o0},

where

b
p?w(g)—sup{/ fgdt: f e F*(a,b); HfHMSl}7

F(a,b) are Lebesgue-measurable functions on (a,b) and F7 (a,b) =

{feF(ab): f=0}

The following analogue of Levinson theorem is true.

Theorem 8. Suppose that the N-function M (u) satisfies the Ao — condition.
Let {Mi}peny C C be some sequence. In order for the exponential system
{e”‘kx}keN to be not complete in Lyy (—m, ), it is necessary and sufficient that
there exist an entire function F' () vanishing at all points A\, k € N and admit-
ting representation

F(\ = / ! ey (z)dz,

—T
where v (z) € Ly (—m; ) is some function.

Proof. Let the system {ei’\’f”"}keN be not complete in Ly (—m, 7). Then it is
clear that there exists a non-zero functional V' € Ly (—m,7) such that

—T

Let’s show that the spaces Ly (—m,7) and L', (—m,m) are isometrically iso-
morphic, i.e. they can be equated with each other. By Theorem 5, to show
this, it suffices to prove that Lj; (—m,7) has absolutely continuous norm. Let
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u € Ly (—m,m) be an arbitrary function. As C'[—m, 7] (a space of continuous
functions on [—m, 7)) is dense in Ly (—m, 7), for Ve > 0, Jug € C [—m, 7] we have

”U - UOHLM(—T('JI') <E.

Let {En},cny C (—=m,m) be an arbitrary sequence of (Lebesgue) measurable
sets such that E, | 0 m-a.e. (m is a Lebesgue measure.) Recall that E, | 0
m-a.e. means xg, | 0 m-a.e.

Let’s show that [luxg, | 1,,(—n:m) + 0- So, let € > 0 be an arbitrary number.
We have

||uXEn ||LM(—7T,7T) = ||(U’ - uo) XEn + uOXEnHLM(—ﬂ',ﬂ') S
< (w = w0) XEu | 1y (=) T N00XE N Ly (mr ) <
< e+ [luoxe,llpy (—nm) -
Therefore
||uXEnHLM(—7r,7r) Se+ HUOXEn ”LM(77T;7T) : (6)

Let ¢ = [uoll,__(_r;m)- We have

HuOXEnHLM(fﬂ';Tr) = sup <

p(v;N)<1

/ upX g, v (7) dx

<ol Loy (—rmy IXE N2 = elixzalla =
=c sup

/ v(x)dx
p(v;N)<1 |/ En

=em BN ()

=c sup
p(v;N)<1

/7r XE,v (x) dx

—Tr

where m is a Lebesgue measure. Obviously, li_}m E, =, B, = 0, mae.
n o
Consequently,
lim |E,|=|lim E,| =0.
n—oo n—o0

Then from (6) it follows that [|uxg, ||z, (- — 0, 7 — 0.

Thus, by Statement 6, the space Ljs (—m, 7) has absolutely continuous norm.
Then from Theorem 5 it follows that Ly (—m,7) = L, (—m, 7). Hence, it is clear
that

m -

Ju(x) € Ly (—m,m): V (f) = f(@)v(z)de,Vf € Ly (—m, 7).

—T
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Let

FQ):/WJMU@MLAGC. (7)

Obviously, F () is an entire function and F (\;) =0, Vk € N.
The theorem is proved. <«

Theorem 9. Suppose that the N-function M (u) satisfies the Ag-condition. If
the entire function F () is represented in the form (7), v(z) € Ly (—m, ),
F (M) =0 and p € C is an arbitrary number, then the function

A—p
A — Ao

Fr(\) = F(X)

is also represented in the form (7).

Proof. Absolutely similar to the proof of Levinson theorem, let

o (@)= (o) +iln— o) e [ e ) ay (®)

—T

By multiplying both sides by e*** and integrating from — to 7, we obtain

/7r ey (x)dr = F(\) +i(u— o) /7r e!A—Ro)e </y7T €Yy (y) dy) dx.

—T —T

Changing the order of integration, we have ["_e%¢ (z) dz = 2L E(N) = FL ()

o
A—=Xo
(for more details about these facts see, e.g., [2]). So we have

Fr(\) = / ey (z) d.
—T
It remains to show that ¢ (z) € Ly (—m,7). It is absolutely clear that || <
const < 0o, Vx € [—m,7]. Therefore, from the expression (8) for ¢ (-) it follows
that it now suffices to prove [* |v(y)|dy € Ly (=, 7). But this is obvious,
because [ |v(y)|dy € C (—m, ).
The theorem is proved. «

This theorem has the following direct corollary.

Corollary 1. Let the system {e“’ﬂx}keN
bitrary functions are removed from this system and n other functions {ei’““”},
ji=1,2, .., n, where pi, ..., un are arbitrary complexr numbers different from any
of A\, are added instead of them, then the newly obtained system will be complete
in Ly (=7, 7).

be complete in Ly (—m,m). If n ar-
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5. On stability of exponential bases in L.

The following main theorem is true.

Theorem 10. Suppose that the N-function M (u) satisfies the Ag-condition.
Let M (-), M*(-) be N-functions complementary to each other and the numbers
apyr and By are upper and lower Boyd indices for the Orlicz space Lyy. Let

{Mntnezs {lintnes C R be some sequences, \; # \j, pi 7 pj for i # j. Let

n=-00

Z |>\n - /an < +OO,

n=—0oo

where v = min (ﬁ7 ﬁ), apm+ By =1, ay+ + By = 1.
If the system {ei’\"x}neN forms a basis for Ly (—7,7), equivalent to the
basis {em“”}nez, then the system {ei“"x}

equivalent to {em“ }

ney Olso forms a basis for Ly (—m,m),

nez’

Proof. We first consider the case 3131* > 2.

1 1
O<ay<Bu<l=l<-—< -"—<+400=>
Bvm — am

0<1—PFy<l—ay<1=0<ay <pfy<1=

1 1 1
>2= >0 2ay-=>0<ay- <5 =
B+ 2 2

1 1
<l—ay«r<l=2=-<fuy<l=1<—<2
2 Bum

N |

Then it is clear that v = ﬁ Let oy, (1) = % q), (z) = e**. We have
|on (2) = Pn (2)] <7 [An — A

len (2) — ¥ (@)1} ) < cldn = Al

Ly (—m,m

where ¢ > 0 is a constant independent of n. We choose p = B—L, then 1 <p < 2.
Consequently

n=-+oo

S len @) = n @}, gy < +00-

n=—oo



208 J.A. Asadzadeh, A.N. Jabrailova

Let {C,,} be an arbitrary finite set of numbers C,, € C. Then from the Hausdorff-
Young theorem we obtain

9

1{Cu}lly, <C

C einz
E n
n

Lyp(—m,m)

where C' > 0 is a constant independent of C),. We choose numbers p, ¢ € [1, +o0]
such that

1 1
1<p<——<—<qg< o0
Bm — am

Then according to Theorem 3 we have
Ly C Ly C Ly,

with the inclusion maps being continuous. Consequently Vf € Ly, ||f ||p <

Cl fllar
Therefore

1{Cu}ll, < © (9)

C ein:p
5 n
n

As the bases {p, ()} and {emf’"}n < are equivalent, from (9) it follows

Z Cneinx

n

Ly (—m,m)

=

Ly (—m,m)

<C

Lps(—m,m)

> Copn (2)

1{Cu}ll,, < C

> Cupn (2)

Let’s take some number m € N and let

f :{ Yn, |n| <m,
" Un, n| >m.

Ly (—m,m)

We have

Z Crn (fn — ¥n)

n

< Z 1Col | fr — (anLM(—ﬂ',ﬂ') <

Lps(—m,m)

< H{Cn}”lq <Z Hf” o (p”HZI)zM(ﬂ'yﬂ’)> =

=
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3=

<C Z |%n — (PnHLM

[n|>m

Z Cnion (x)

LM(—T('JI')

nPn (T)

Ly (—m,m)

where

=

C(m)=C Z |¥n — (PnHLM (—m,7)

|n|>m

It is absolutely clear that ligl C' (m) = 0, and therefore, for large m we have

0 < ¢(m) < 1. Then from Paley-Wiener theorem (for Banach case; see, e.g., [27,

p. 187] and the relation (10) it follows that the system {f.}, ., forms a basis

for Las (—m,m), equivalent to {¢n},c,. From the completeness of the system

{fatnez in Ly (—m,m) and Corollary 1 it follows that the system {tn}, o, is

also complete in Lys (—m, 7). Then, by Statement 7, the system {,,} also

forms a basis for Ly (—m, ), equivalent to {¢n}
Now let’s consider the case B > 2.

nez
nez:

an + By = Lay+ By =1

1 1
I<ay<fuy<l=1l<—<K —<+0=
Bm T aym

B 1
By l—ay

P =1

1 1 1
— >2= —>2=qay < =
M Qg 2

< 2.

1 1 1
<5 = >——=1- > - =
aM < g o 5 aM > g 1 — o BM
Then we have B < 2and y= B* We choose ¢ = ﬁ . Then we have q < 5—}”

Let {C)} be an arbltrary finite set of numbers C), € C Then from the Hausdorff-
Young theorem we obtain

9

Ly(—m,m)

I{Cully, < C

C einx
E n
n
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where C' > 0 is a constant independent of C),. We choose numbers p, q € [1, +o0]
such that

1 1
1<g< —< — <p< oo
M T an

Then according to Theorem 3 we have
Lp C Ly C Lq,

with the inclusion maps being continuous. Consequently, Vf € Ly, |f|l g <

C |l fllar-
Then

, C'>0.

Ly (—m,m)

ZC eine

n

n

As the bases {p, ()} and {emf’"}n ¢, are equivalent, we have

Z C eine
n

n

Let’s take some number meN and let

f :{ ©On, |In| <m
" Un, |n’2m

C Z Cneinx

Lg(—m,m)

nn (2)

LM(—ﬂ',ﬂ') LIW(_WJI—)

We have

ZCn (fn_(Pn> < Z’Cn‘ an_SOTZHLM(fﬂ',ﬂ‘) <

n LA[(—TI',W) n
1
< J{CuH, (Z TR ) <
1
q
<O 2 o —nlly,, D Cne™ <
[n|>m n Lq(=m,m)
1
<C | Y I —enll?,, —rm ‘ZCneinm <
[n|>m n Ly (=m,m)
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<C Z 19n — SanqLM(_mﬂ) ‘ Z Cnipn ()

In|=m

Ly (—m,m)

< C(m) |3 Cupn () (1)

Ly (—m,m)
It is absolutely clear that li_r>n C (m) = 0 and therefore, for large m we have
m—0o0

0 < ¢(m) < 1. Then from Paley-Wiener theorem (for Banach case; see, e.g., [27,
p. 187] and the relation (11) it follows that the system {f,}, ., forms a basis
for Lps (—m,m), equivalent to {¢n},c,. From the completeness of the system
{fulnez in Lar (—m,m) and Corollary 1 it follows that the system {ty}, ., is
also complete in Lps (—m,m). Then, by Statement 7, the system {1y}, also
forms a basis for Lys (=, m), equivalent to {yn}, .-

Proceeding absolutely similar to case ﬁLM < 2, we now establish the basicity

of the system {t,},c, for Ly (—m, 7).
The theorem is proved. «
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