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On the Basicity of Linear Phase Systems of Sines
and Cosines in Sobolev-Morrey Spaces

V.F. Salmanov, S.A. Nurieva

Abstract. In this work, systems of sines 1 U {sin(n — )t},~, and cosines

LU {cos(n — B)t}, >,

are considered, where § is a complex parameter. The subspace MW, ,(0,7) of the
Sobolev-Morrey space Wp{a(O, 7) in which continuous functions are dense is considered.
Criterion for the completeness, minimality and basicity of these systems with respect to
the parameter § in the subspace MW, ,(0,7), 1 < p < 400, 0 < a < 1 is found.
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1. Introduction

Morrey spaces were introduced by Morrey [1] in the study of partial differen-
tial equations and appeared to be quite useful in the research of local behavior
of solutions to elliptic partial differential equations, a priori estimates and other
topics in the theory of PDE. More precisely, it is a useful tool in the qualita-
tive theory of elliptic differential equations [2, 3]. Furthermore, it provides a
large class of examples of mild solutions to the Navier-Stokes system [4]. In the
context of fluid dynamics, Morrey spaces have been used to model flow when
vorticity is a singular measure supported on some set in R? [5]. There is a lot
of research dealing with fundamental problems in these spaces concerning dif-
ferential equations, potential theory, maximal and singular operator theory and
approximation theory (c.f. [6] and the references above).

Recently, there has been an increasing interest non-standart function spaces
in the context of various specific problems of modern mathematics. For more
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information on related issues, see monographs [7-12]. The desire to study the
differential equations describing the above mentioned problems in non-standart
Sobolev spaces required the study of the basis properties of the systems

sin(n — B)t, n € N, (1)

and
cos(n —p)t, ne Zy (Zy ={0}UN), (2)

in the corresponding non-standart Lebesgue spaces of functions. In [13-22], the
basis properties of the systems

{ei(nfﬁ sign n)t} (3)

nez ’

L {etn-smory o

were established in Lebesgue spaces of functions with variable summability ex-
ponent and in Morrey type spaces. B.T. Bilalov [13] established criteria for the
basis properties of the system (3) in Morrey type spaces. In [22], similar results
were obtained for the system (4) in the same spaces. Basicity in Morrey type
spaces of a system of eigenfunctions of some discontinuous differential operators
has been studied in [23], [24].

Later, in [25], criteria for the basis properties of the system of sines (1) and
cosines (2) in Morrey-type spaces have been found. Basis properties of the expo-
nential system (3) in Sobolev-Morrey spaces have been treated in paper [26].

In this paper, we introduce a method for investigating the basis properties of
the systems 1 U {sin(n — 3)t},>1 and 1 U {cos(n — B)t},>0 where § is a complex
parameter, in Sobolev-Morrey spaces.

2. Needful information

We will use the following standard notations. N will be the set of natural
numbers; Z will be the set of integers and [x] will denote the integer part of
number z.

Let’s define the Morrey space LP*“(a,b). It is a Banach spaces of all measur-
able functions on (a, b) with the finite norm

. 1/p
T P— (ua— / If(t)lpdt> ,
I1C(a,b) I

where sup is taken over all intervals I C (a,b). For 0 < a; < ag < 1 the
following continuous embedding holds: LP*t C LP2. 1t is easy to see that
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LPY(a,b) = Ly(a,b) and LP%(a,b) = Loo(a,b) are true. Moreover LP%(a,b) C
Li(a,b), Vp > 1, Va € [0,1]. Tt is known that LP%*(a,b), 1 < p < +o0, a € (0,1),
is not separable and C|a, b] is not dense in it. Let

LP%(a,b) = {f € LP*(a,b) : | f(-+8) = ()| ooap) — O}

The closure LP* in LP* will be denoted by MP*(a,b), i.e. MP® = [Pa. As
shown in [13], MP%*(a,b), for 1 < p < 400, 0 < a < 1, is a separable Banach
space and C§°(a,b) (infinity differentiable and finitely supported functions on
(a,b)) is dense in it. When defining the space MP*(a,b), the function f(-) is
assumed to be extended outside the interval (a,b) by zero.

3. Morrey-Sobolev space

Let0<a<1,p>1. By W;a (a,b) we denote the space of functions which be-
long, together with their derivatives of first order, to the space LP* (a, b) equipped
with the norm

1w, = 1o + [ - (5)
D,

Denote by W;a the linear subspace of Wplﬂ consisting of functions whose first
order derivatives are continuous with respect to the shift operator. By M Wp{a
we denote the closure of this space with respect to the norm (5).

By 4, we denote the direct sum of MP* and C' (C is the complex plane)

Mp.o = MP* D C.
Let us define the norm in .#, ., in the following way:
lillg, . = lull oo + AVt = (03 A) € A
The following lemma is true.

Lemma 1. The operator (Au) (t) = )\—i-fat u (7) dt is an isomorphism from My
to MW, .

Proof. First let us show that v (t) = (Aa)t € W, ,. Indeed, since LP* C
<

L, C L1, we have
t
/ w(r)dr
a Lp«

t p y1/p
/ u(r)dr dt} <

o @l = |2+ [Cutrrar

< 1Al . +]

Lpe

o 1
<(b—a)f N+ sup {/
rc(ap) LI I
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<(b—a)r W+I§ufb {Ifll a/(/ u (1 \dT> dt} p:

= (b—a)? [\l + (b—a)7 [|ull, (qp < +00. (6)
Also, since v/ (t) = u (t) € LP*, we have v (t) € W ,.
By using the absolute continuity of the Lebesgue integral when t € (a,b),

uniformly with respect to ¢, we have ft (r)dT — 0, a8 6 — 0, if u € LP.
Now we show that v (t) € MW, ,. From u € MP< it follows

Lpa

o+ 6) = v Oy, = 10 (+8) = v (Ve + || (- +6) =0 ()
+lu(-+0)—u()|pa =0, §—0.

+6
/ u(r)dr
. Lp.o

Let us show that A is a bounded operator. We have

t
\Mmmh=$+/umm (Dl e -

Lp:x

Taking into account (6)

[A @y, < @=a)r N +b=a)r |ullg,qp + vl

As
ull,, < Crllully, < C2llullppa

we get the validity of the following inequality:

[A @y, < CUN + ullppa) = Cllall 4, € = const.

Let us show that ker A = {0}. Let Au = 0, i.e. )\—i—f T)dr = 0. If we
differentiate both sides, we get u (t) = 0, a.e.. Thus A = 0. We have @ = 0. For
Yo € MW, , taking ¢ = (v/;v (a)) we have & € Ly o and A (0) = v. It means that
Ry=M Wpla, where R4 is a range of the operator A . It follows from Banach’s
inverse operator theorem that the inverse of A is a continuous operator. The
lemma is proved. <«

The following theorem is true.
Theorem 1. Let2ReB+% g7, 0#1,1<p<+400,0<a< 1l System
1U{sin(n — B)t},>, forms a basis for MW, (0, ) if and only if [Ref+ 5, — 3=
0. Moreover, for [ReB + 5 — 3] < 0, it is not complete, but minimal; and for
[Ref + & — 1] > 0 it is complete, but not minimal in MW, ,(0,7).
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Proof. It is known that the system {cos(n — §)t},>1 is a basis in the spaces
MP(0,m), if [ReB + 5, — 1] =0 [25].
Let us prove that the system {u,},>0 forms a basis for .#Z7*(0, ), where

= (D). e (OO sy

Let as show that for Yu € .#P“ there exists a unique decomposition
o
U= Chpln. (7)
n=0
This decomposition is equivalent to the one

u(t) =Y Cn(n — B)cos(n — B)t (8)
n=1

and the equality A = Cjy, where u = ( ug\t) ) :

Following [25], we obtain the existence of decomposition (8) which is unique.
Therefore, the decomposition (7) also exists and is unique. I.e. the system
{Up}n>0 forms a basis for .ZP(0, 7). We can easily calculate that for the oper-
ator

¢
Au= X+ /U(T)dT
0
the relations
A(ug) =1, A(uy,) = sin(n — B)t,

are true if A is an isomorphism. Then the system 1 U {sin(n — §)t},>1 forms a
basis for MW, ,(0,7), if [Ref + 55 — 5] = 0.
o

Consider the case where Ref + % % < 0. Let, for example, the inequalities

a 1 a 1
-1 + — — = & + 1)+ ——-—=x<1
< Rep 5 2<0 0 < Re(p ) 5 2<

hold. Consider the system 1 U {sin(n — /3) }»>0 and transform it to
1U{sin(n — (B+1) + 1) }p>0 = 1 U {sin(n — B1)t}n>1,

where $1 = 8+ 1. Consequently, the inequality

o' 1
O0< R — =<1
< eﬂl+2p 2< )
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holds and as a result the system 1U {sin(n — 3)t},>o forms a basis, and therefore
the system 1 U {sin(n — 8)t},>1 is minimal, but not complete in MW, (0, ).

Continuing this process, we see that for Ref + % — % < 0 the system 1U{sin(n —
B3)t}n>1 is minimal, but not complete in MW, (0, 7).
With similar reasoning, it is proved that for Ref + % — % > 1, the system

1U {sin(n — B)t}n>1 is complete, but not minimal in MW, (0, 7). The theorem
is proved. <«

Remark 1. If § = 1, then it can be shown in a similar way that 1 U {t} U
{sinnt},>1 forms a basis for MW, (0, ).

Theorem 2. Let Ref3 + % 2 7Z,1 <p< 400, 0 < a < 1. The system
1U{cos(n— B)t}n>1 forms a basis for MW, (0, 7) if and only if [ReS + 35 = 0.
Moreover, for [Ref+ %] < 0 it is not complete, but minimal; and for [Ref3+ %] >
0 it is complete, but not minimal in MW, ,(0, ).

Proof. It is known that the system {sin(n—3)t},>1 forms a basis for MP*(0, ),
if [Ref + 55] = 0 [25]. We will prove that the system {u,}n>o forms a basis for
AP0, 7), where

= (). mm (O sy

Let us show that for Vu € .#P® there exists a unique decomposition

= i Cilin, (9)
n=0

A
This decomposition is equivalent to the following two decompositions:

where i = < u?) )

u(t) = =Y (n— B)Cpsin(n — B)t, (10)

n=1

A= i Cp. (11)
n=0

Following [25], we obtain the unique existence of (10) which belongs to the space
MP_ Since LP® C L,, by the main result of [27], if 1 < p < 2, Ref§ + 2%; <1,
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then the Hausdorff-Young inequality holds for the system {sin(n— 3)t},>1. That
is for 1 < p < 2, we have

e’} 1/‘1
(Z\Cn(n—ﬁﬂq) < Mjullz,,
n=1

where ]l) + % = 1. Applying Holder’s inequality, we obtain

o o0 1
C,l = — - |Cp(n — <
510 =3 gy Culn = )
1/q

9 1/p 9
(] (iem-gr] <+
n=1 |n B| n=1

Let us note that, when n > 1, we have n — 8 # 0. Therefore, with the
condition Ref + % < 1 the inequality Ref < 1 is valid.
For p > 2, since LP* C L, C Lo, we have

o0 1/2
<Z |[Cn(n — ﬁ)l2> < MlulL,,

n=1
and
oo o0 1
Col =3 —— - |Culn—B)| <
310 =3 Ot =)

0o 1 1/2 0 1/2
() (e )
n=1 n=1

Consider the case Ref + % > 1. Since we have also p > 1, 0 < a < 1,

[ReﬁJr%] = 0, we get Ref + o5 < 1+ 4 =3 Then Refy + & < 1 for
B2 = — 1 and it follows from [27] that Hausdorff-Young inequality is valid for
the system {sin(n — B2)t},>1 in Ly(0,7) (1 <p < 2).

Taking into account that {sin(n — 82)t}n>1 = {sin(k — 5)t}r>2, (10) can be
written in the following form:

U(t) = —(n— By)Chy1sin(n — Bo)t,

n=1

where u(t) = u(t) + (1 — B)Cy sin(1 — B)t.
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o0
Then the absolute convergence of the series ) C,, is shown in a similar way
n=1

as in the case Ref + % < 1.

Thus, the conditions [Reﬁ + %] = 0 provide the convergence of the series

(o.)
>~ Cp. Therefore, in the series (11), the coefficient Cy is uniquely defined. So, we
n=1
have shown the existence and uniqueness of the expansion (9) for all u € .#ZP“.

Thus, the system {uy }n>0 forms a basis for .#ZP®. We can easily show that,
for the operator

¢
Au = )\—l-/u(r)dT,
0

the following relations are true: A(ug) =1, A(u,) = cos(n — B)t, n > 1.

Since A is an isomorphism, the system 1 U {cos(n — 3)t},>1 forms a basis for
MW, ,(0,7), if [ReS + 35) = 0. Consider the case where Ref3 + 35 < 0. Let, for
example, the inequalities —1 < Ref + 35 < 0 < 0 < Re(B+1) + 35 < 1 hold.
Consider the system 1U{cos(n—f)t}»>0 and transform it to 1U{cos(n—(5+1)+
1}n>0 = 1U{cos(n — B1)t}n>1, where 5 = 4 1. Consequently, the inequalities
0 < Ref1 + 3, < 1 hold and, as a result, the system 1U{cos(n — 8)t}n>o forms a
basis, and therefore the system 1U{cos(n — )t},>1 is minimal, but not complete
in MW, (0, 7).

Continuing this process, we see that for Ref + % < 1 the system 1U {cos(n —
B)t}rn>0 is minimal, but not complete in MWplya.

By a similar reasoning, it is proved that for Ref + % > 1, the system 1U
{cos(n — B)t}n>1 is complete, but not minimal in MW, ,(0,). So Theorem 2 is
also proved. <«
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