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1. Introduction and Main Results

Let T := [0, 2π] and let p (·) : T → [1,∞) be a Lebesgue measurable 2π periodic
function. The variable exponent Lebesgue space Lp(·) (T) is defined as the set of all
Lebesgue measurable 2π periodic functions f such that

ρp(·) (f) :=

∫ 2π

0

|f (x)|p(x) dx <∞.

We suppose that the exponent functions p (·) satisfy the conditions

1 ≤ p− := ess inf
x∈T

p (x) ≤ ess sup
x∈T

p (x) := p+ <∞,

|p (x)− p (y)| ln
(

1

|x− y|

)
≤ c, x, y ∈ T, 0 < |x− y| ≤ 1/2. (1)

If the exponent p (·) satisfies the conditions (1), then we say that p (·) ∈ P (T). We also

denote P0 (T) := {p (·) ∈ P (T) : p− > 1}.
From now on we suppose that p (·) ∈ P0 (T). Then, equipped with the norm

‖f‖p(·) = inf
{
λ > 0 : ρp(·) (f /λ) ≤ 1

}
,
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Lp(·) (T) becomes a Banach space.

For a given weight ω we define the variable exponent weighted Lebesgue space

L
p(·)
ω (T) as the set of all measurable 2π periodic functions f such that fω ∈ Lp(·) (T).

The norm of L
p(·)
ω (T) can be defined by ‖f‖p(·),ω := ‖fω‖p(·).

Note that Lebesgue space with variable exponent is a generalization of classical

Lebesgue space, by replacing the constant exponent p with variable exponent function

p (·).

Definition 1. For a given exponent p (·) we say that ω ∈ Ap(·) (T), if

sup
Ij

|Ij |−1
∥∥ωχIj∥∥p(·) ∥∥ω−1χIj∥∥q(·) <∞ , 1/p (·) + 1/q (·) = 1,

where supremum is taken over all open intervals Ij ⊂ T with the characteristic
functions χIj .

Let f ∈ L1 (T) and

f (x) ∼ a0 (f)

2
+

∞∑
k=1

(ak (f) cos kx+ bk (f) sin kx)

be its Fourier series representation with the Fourier coefficients

ak (f) :=
1

π

π∫
−π

f (t) cos (kt) dt and bk (f) :=
1

π

π∫
−π

f (t) sin (kt) dt,

and let

Sn (f) := Sn (f, x) =

n∑
k=0

uk (f) (x) , n = 1, 2, ...,

be the nth partial sum of Fourier series of f , where

u0 (f) (x) := a0 (f) /2 and uk (f) (x) := (ak (f) cos kx+ bk (f) sin kx) , k = 1, 2, ..., .

Let A = (an,k) be an infinite matrix of real numbers an,k, such that

an,k ≥ 0 for k, n = 0, 1, 2, ..., lim
n→∞

an,k = 0 and

∞∑
k=0

an,k = 1.

Let also A0 = (an,k), where k, n = 0, 1, 2, ..., be a lower triangular matrix such that

an,k ≥ 0 for k ≤ n , an,k = 0 for k > n and

n∑
k=0

an,k = 1.
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The matrix transforms, produced by the matrices A = (an,k) and A0 = (an,k) , are
defined as

Tn,A [f ] (x) :=

∞∑
k=0

an,kSk (f, x) , n = 0, 1, 2, ...

and

Tn,A0
[f ] (x) =

n∑
k=0

an,kSk (f, x) , n = 0, 1, 2, ...,

respectively.

Let (pn) be a sequence of positive real numbers and Pn =
∑n
k=0 pk. If an,k = pk/Pn,

then Tn,A0
[f ] (x) coincides with the Riesz means Rn [f ], defined as

Rn [f ] (x) :=
1

Pn

n∑
k=0

pkSk (f, x) , n = 0, 1, 2, ...,

which in the case of pn = 1, for all n = 0, 1, 2, ..., reduce to the Fejér means (Cesàro

means of first order)

σn [f ] (x) :=
1

n+ 1

n∑
k=0

Sk (f, x) .

If an,k = pk/Pn and

pk =

{
1, for n ≤ k ≤ n+m

0, for 0 ≤ k < n,

where m,n = 0, 1, 2, ..., then Tn+m,A0
[f ] coincides with the De La Vallée Poussin means

of f defined as

V mn [f ] (x) :=
1

m+ 1

n+m∑
k=n

Sk (f, x) .

The variable exponent Lebesgue spaces have some advantages in the solution pro-

cesses of different application problems of mathematics and mechanics. The corre-

sponding results can be found in the monographs [7, 9]. The results concerning dif-

ferent problems of approximation and constructive approximation theory, and also ba-

sicity problems of differential systems of functions in these spaces can be found in

[15, 13, 1, 2, 28, 29, 30, 16, 17, 18, 19, 32, 21, 23, 3, 4, 10, 27] .

In [13, 14, 24, 20, 31, 22, 8, 33], the approximation properties of more general aggre-

gates such as matrix transforms in the variable exponent spaces have been investigated.

The results obtained in these works are natural generalization of the results proved earlier

for the classical Lebesgue spaces (see, for example, [5, 26, 11, 12]).

In this work, approximation properties of the matrix transforms Tn,A [f ] and Tn,A0
[f ]

in the variable exponent weighted Lebesgue spaces are investigated and the errors
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‖f − Tn,A [f ]‖p(·),ω and ‖f − Tn,A0 [f ]‖p(·),ω in terms of the modulus of smoothness con-

structed via Steklov means of f ∈ Lp(·)ω (T) are estimated.

Definition 2. Let f ∈ Lp(·)ω (T), p (·) ∈ P0 (T), ω (·) ∈ Ap(·) (T). We define the
modulus of smoothness as

Ω (f, δ)p(·),ω := sup
0<h≤δ

∥∥∥∥1

h

∫ h

0
[f (·+ t)− f (·)] dt

∥∥∥∥
p(·),ω

, δ > 0.

This definition is correct. Indeed, the maximal operator

M (f) : f →Mf (x) := sup
I�x

1

|I|

∫
I

|f (t)| dt

is bounded in L
p(·)
ω (T) if ω (·) ∈ Ap(·) (T) and p (·) ∈ P0 (T) (see, [6]) and there exists a

positive constant c(p) such that the inequality

‖M (f)‖p(·),ω ≤ c(p) ‖f‖p(·),ω (2)

holds for every f ∈ Lp(·)ω (T). Hence, by (2) we obtain∥∥∥∥∥ 1

h

∫ h

0

[f (x+ t)− f (x)] dt

∥∥∥∥∥
p(·),ω

≤

∥∥∥∥∥ 1

h

∫ x+h

x

f (t) dt

∥∥∥∥∥
p(·),ω

+ ‖f‖p(·),ω ≤ c ‖f‖p(·),ω

and then from the inequality

Ω (f, δ)p(·),ω ≤ c(p) ‖f‖p(·),ω (3)

we obtain correctness of Definition 2.

If f, g ∈ Lp(·)ω (T), then applying techniques used in [18] we get

Ω (f + g, δ)p(·),ω ≤ Ω (f, δ)p(·),ω + Ω (g, δ)p(·),ω and lim
δ→0

Ω (f, δ)p(·),ω = 0.

We use the notation m = O (n) if there exists a positive constant c such that m ≤ cn

throughout this work.

Below we state our main results.

Theorem 1. Let f ∈ L
p(·)
ω (T) , p (·) ∈ P0 (T) and ω (·) ∈ Ap(·) (T). If the

conditions

∞∑
k=0

(k + 1)
β

∣∣∣∣∣ an,k

(k + 1)
β
− an,k+1

(k + 2)
β

∣∣∣∣∣ = O
(

1

n+ 1

)
(4)
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for some β ≥ 0 and
∞∑
k=0

(k + 1) an,k = O (n+ 1) (5)

hold, then

‖f − Tn,A [f ]‖p(·),ω = O

(
Ω

(
f,

1

n

)
p(·),ω

+

n∑
k=0

an,kΩ

(
f,

1

k

)
p(·),ω

)
.

Theorem 2. Let f ∈ L
p(·)
ω (T) , p (·) ∈ P0 (T) and ω (·) ∈ Ap(·) (T). If the

conditions
n−1∑
k=0

(k + 1)β

∣∣∣∣∣ an,k

(k + 1)β
−

an,k+1

(k + 2)β

∣∣∣∣∣ = O (an,n) (6)

for some β ≥ 0 and
(n+ 1) an,n = O (1) (7)

hold, then

‖f − Tn,A0 [f ]‖p(·),ω = O

(
n∑
k=0

an,kΩ

(
f,

1

k

)
p(·),ω

)
.

In particular, Theorems 1 and 2 in the case of ω = 1 were proved in [24].

Theorem 2 implies

Corollary 1. Let f ∈ L
p(·)
ω (T) , p (·) ∈ P0 (T) and ω (·) ∈ Ap(·) (T). If the

conditions
n−1∑
k=0

(k + 1)β

∣∣∣∣∣ pk

(k + 1)β
− pk+1

(k + 2)β

∣∣∣∣∣ = O (pn) (8)

for some β ≥ 0 and
(n+ 1) pn = O (Pn) (9)

hold, then

‖f −Rn [f ]‖p(·),ω = O

(
1

Pn

n∑
k=0

pkΩ

(
f,

1

k

)
p(·),ω

)
.

Since n = O (m) implies that (n+m+ 1) = O (m+ 1), applying Corollary 1
we obtain

Corollary 2. Let f ∈ L
p(·)
ω (T) , p (·) ∈ P0 (T) and ω (·) ∈ Ap(·) (T). If the

condition n = O (m) holds, then

‖f − V m
n [f ]‖p(·),ω = O

(
1

m+ 1

n+m∑
k=n

Ω

(
f,

1

k

)
p(·),ω

)
.
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Corollary 2 was proved for ω = 1 in [30].

Corollary 3. Let f ∈ Lp(·)ω (T) , p (·) ∈ P0 (T) and ω (·) ∈ Ap(·) (T). Then

‖f − σn [f ]‖p(·),ω = O

(
1

n+ 1

n∑
k=0

Ω

(
f,

1

k

)
p(·),ω

)
.

In some special subclasses of L
p(·)
ω (T), the estimations obtained in Theorems 2 and

3 can be further simplified.

Let ω∗ (·) be a nondecreasing continuous function defined on T and satisfying the

conditions:

i) ω∗ (0) = 0,

ii) ω∗ (δ1 + δ2) ≤ ω∗ (δ1) + ω∗ (δ2) for any 0 ≤ δ1 ≤ δ2 ≤ δ1 + δ2 ≤ 2π.

Let also

Lipp(·),ω (ω∗,M) :=
{
f ∈ Lp(·)ω (T) : Ω (f, δ)p(·),ω ≤Mω∗ (δ) , δ > 0

}
with some positive constant M . Then we have

Theorem 3. Let Lipp(·),ω (ω∗,M) , p (·) ∈ P0 (T) and ω (·) ∈ Ap(·) (T). If the
conditions (4) for some β ≥ 0 and (5) hold, then

‖f − Tn,A [f ]‖p(·),ω = O (ω∗ (1/n)) .

Theorem 4. Let Lipp(·),ω (ω∗,M) , p (·) ∈ P0 (T) and ω (·) ∈ Ap(·) (T). If the
conditions (6) for some β ≥ 0 and (7) hold, then

‖f − Tn,A0 [f ]‖p(·),ω = O (ω∗ (1/n)) .

When ω = 1, Theorems 3 and 4 were proved in [24]. If ω∗ (δ) = δα, δ > 0 and

α ∈ (0, 1], then under different assumptions on the given matrix A0 = (an,k) Theorem 4

in non weighted and weighted cases was proved in [14] and [20], respectively. The case

p (·) = const and ω = 1 was considered in [26] and [25].

Theorem 4 implies

Corollary 4. Let Lipp(·),ω (ω∗,M) , p (·) ∈ P0 (T) and ω (·) ∈ Ap(·) (T). If the
conditions (8) for some β ≥ 0 and (9) hold, then

‖f −Rn [f ]‖p(·),ω = O (ω∗ (1/n)) .

Corollary 5. Let Lipp(·),ω (ω∗,M) , p (·) ∈ P0 (T) and ω (·) ∈ Ap(·) (T). If n =
O (m), then

‖f − V m
n [f ]‖p(·),ω = O (ω∗ (1/n)) .

Corollary 6. Let Lipp(·),ω (ω∗,M) , p (·) ∈ P0 (T) and ω (·) ∈ Ap(·) (T). Then

‖f − σn [f ]‖p(·),ω = O (ω∗ (1/n)) .
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2. Auxiliary Results

Let Πn be the class of trigonometric polynomials of degree not exceeding n. The best

approximation number of f ∈ Lp(·)ω (T) is defined as

En (f)p(·),ω := inf
{
‖f − Tn‖p(·),ω : Tn ∈ Πn

}
, n = 0, 1, 2, .. .

Lemma 1. ([20]) Let p (·) ∈ P0 (T), ω (·) ∈ Ap(·) (T). If f ∈ Lp(·)ω (T), then for
every n = 1, 2, ..., the inequality

En (f)p(·),ω = O
(

Ω (f, 1/n)p(·),ω

)
holds.

Lemma 2. ([24]) If (4) for some β ≥ 0 and (5) hold,then

1

2π

π∫
−π

∣∣∣∣∣
∞∑
k=0

an,k

(
1 +

k∑
ν=1

π

4 sin π
8

cos νt

)∣∣∣∣∣ dt = O (1) .

If the trigonometric polynomial T ∗n := T ∗n (f) ∈ Πn satisfies the inequality

‖f − T ∗n‖p(·),ω ≤ cEn (f)p(·),ω , n = 0, 1, 2, ..,

for some positive constant c independent of n, then T ∗n is called near-best approximating

polynomial to f ∈ Lp(·)ω (T).

Lemma 3. Let f ∈ Lp(·)ω (T), p (·) ∈ P0 (T), ω (·) ∈ Ap(·) (T) and let T ∗n be near-
best approximating polynomial to f . If the conditions (4) for some β ≥ 0 and (5)
hold, then ∥∥∥∥∥

∞∑
k=0

an,kSn (f − T ∗n)

∥∥∥∥∥
p(·),ω

= O

(
Ω

(
f,

1

n

)
p(·),ω

)
.

Proof. We define fh (t) = 1
2h

h∫
−h

f (y + t) dy. Then a0 (fh) = a0 (f) and after

simple calculations we have

aν (fh) =
1

π

π∫
−π

 1

2h

h∫
−h

f (y + t) dy

 cos (νt) dt
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=
1

π

1

2h

h∫
−h

 π∫
−π

f (y + t) cos νtdt

 dy =
1

π

1

2h

h∫
−h

 π∫
−π

f (t) cos ν(t− y)dt

 dy

=
1

π

1

2h

h∫
−h

 π∫
−π

f (t) (cos (νt) cos (νy) + sin (νt) sin (νy)) dt

 dy

=
1

2h

h∫
−h

cos (νy)
1

π

π∫
−π

f (t) cos (νt) dt+ sin (νy)
1

π

π∫
−π

f (t) sin (νt) dt

 dy

= aν (f)
1

2h

h∫
−h

cos (νy) dy + bν (f)
1

2h

h∫
−h

sin (νy) dy = aν (f)
sin (νh)

νh

for every ν = 1, 2, ..., and similarly we can show that

bν (fh) = bν (f)
sin (νh)

νh
.

Hence,

Sk (f, x) =
a0 (fh)

2
+

k∑
ν=1

νh

sin (νh)
aν (fh) cos (νx) +

k∑
ν=1

νh

sin (νh)
bν (fh) sin (νx)

=
1

2π

π∫
−π

fh (t) dt+
k∑
ν=1

νh

sin (νh)
aν (fh) cos (νx) +

k∑
ν=1

νh

sin (νh)
bν (fh) sin (νx)

=
1

2π

π∫
−π

fh (t) dt+
k∑
ν=1

νh

sin (νh)

1

π

π∫
−π

fh (t) cos (νt) dt cos (νx)

+

k∑
ν=1

νh

sin (νh)

1

π

π∫
−π

fh (t) sin (νt) dt sin (νx)

=
1

2π

π∫
−π

fh (t) dt+
k∑
ν=1

νh

sin (νh)

1

π

π∫
−π

fh (t) cos (ν (t− x)) dt

=
1

2π

π∫
−π

fh (t+ x) dt+
1

π

π∫
−π

fh (t+ x)

k∑
ν=1

νh

sin (νh)
cos (νt) dt



38 A. Testici, D.M. Israfilov

=
1

π

π∫
−π

fh (t+ x)

(
1

2
+

k∑
ν=1

νh

sin (νh)
cos (νt)

)
dt.

Let T ∗n be near-best approximating polynomial to f ∈ Lp(·)ω (T). Denoting

(f − T ∗n)h (t) :=
1

2h

h∫
−h

(f − T ∗n) (y + t) dy,

we obtain

Sk (f − T ∗n) (·) =
1

π

π∫
−π

(f − T ∗n)h (t+ ·)

(
1

2
+

k∑
ν=1

νh

sin (νh)
cos (νt)

)
dt

and

∞∑
k=0

an,kSk (f − T ∗n) (·) =
∞∑
k=0

an,k
1

π

π∫
−π

(f − T ∗n)h (t+ ·)

(
1

2
+

k∑
ν=1

νh

sin (νh)
cos (νt)

)
dt

=
1

π

π∫
−π

(f − T ∗n)h (t+ ·)
∞∑
k=0

an,k

(
1

2
+

k∑
ν=1

νh

sin (νh)
cos (νt)

)
dt.

Now choosing h = π
8ν for ν = 1, 2, ..., without lost of generality, by (2), Lemmas 1 and 2

we have ∥∥∥∥∥
∞∑
k=0

an,kSk (f − T ∗n)

∥∥∥∥∥
p(·),ω

≤ 1

π

π∫
−π

∥∥∥(f − T ∗n) π
8ν

(t+ ·)
∥∥∥
p(·),ω

∣∣∣∣∣
∞∑
k=0

an,k

(
1

2
+

π

8 sin π
8

k∑
ν=1

cos (νt)

)∣∣∣∣∣ dt

=
1

π

π∫
−π

∥∥∥∥∥∥∥
4ν

π

π
8ν∫

− π
8ν

(f − T ∗n) (y + t+ ·) dy

∥∥∥∥∥∥∥
p(·),ω

∣∣∣∣∣
∞∑
k=0

an,k

(
1

2
+

π

8 sin π
8

k∑
ν=1

cos (νt)

)∣∣∣∣∣ dt

≤ 1

2π

π∫
−π

∥∥∥∥∥∥∥
4ν

π

π
8ν +t−·∫

− π
8ν +t+·

|(f − T ∗n) (u)| du

∥∥∥∥∥∥∥
p(·),ω

∣∣∣∣∣
∞∑
k=0

an,k

(
1 +

π

4 sin π
8

k∑
ν=1

cos (νt)

)∣∣∣∣∣ dt
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≤ 1

2π

π∫
−π

‖f − T ∗n‖p(·),ω

∣∣∣∣∣
∞∑
k=0

an,k

(
1 +

π

4 sin π
8

k∑
ν=1

cos (νt)

)∣∣∣∣∣ dt
≤ cEn (f)p(·),ω

1

2π

π∫
−π

∣∣∣∣∣
∞∑
k=0

an,k

(
1 +

π

4 sin π
8

k∑
ν=1

cos (νt)

)∣∣∣∣∣ dt
= O (1)En (f)p(·),ω = O

(
Ω

(
f,

1

n

)
p(·),ω

)
. J

3. Proof of Main Results

Proof of Theorem 1 Let T ∗n be a near-best approximating polynomial to f ∈
L
p(·)
ω (T). Using the equality

∞∑
k=0

an,k = 1 we have

‖f − Tn,A [f ]‖p(·),ω ≤

∥∥∥∥∥f −
n∑
k=0

an,kT
∗
k −

∞∑
k=n+1

an,kT
∗
n

∥∥∥∥∥
p(·),ω

+

∥∥∥∥∥
n∑
k=0

an,kT
∗
k +

∞∑
k=n+1

an,kT
∗
n − Tn,A [f ]

∥∥∥∥∥
p(·),ω

=

∥∥∥∥∥
n∑
k=0

an,k (f − T ∗k ) +

∞∑
k=n+1

an,k (f − T ∗n)

∥∥∥∥∥
p(·),ω

+

∥∥∥∥∥Tn,A [f ]−
n∑
k=0

an,kT
∗
k −

∞∑
k=n+1

an,kT
∗
n

∥∥∥∥∥
p(·),ω

=

∥∥∥∥∥
n∑
k=0

an,k (f − T ∗k ) +

∞∑
k=n+1

an,k (f − T ∗n)

∥∥∥∥∥
p(·),ω

+

∥∥∥∥∥
n∑
k=0

an,k (Sk (f)− T ∗k ) +

∞∑
k=n+1

an,k (Sk (f)− T ∗n)

∥∥∥∥∥
p(·),ω

.

Since

Sk (f − T ∗n , x) =

{
Sk (f, x)− T ∗k (x) , for k ≤ n
Sk (f, x)− T ∗n(x) , for k ≥ n,

we get

‖f − Tn,A [f ]‖p(·),ω ≤

∥∥∥∥∥
n∑
k=0

an,k (f − T ∗k )

∥∥∥∥∥
p(·),ω

+

∥∥∥∥∥
∞∑

k=n+1

an,k (f − T ∗n)

∥∥∥∥∥
p(·),ω
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+

∥∥∥∥∥
n∑
k=0

an,k (Sk (f − T ∗n)) +

∞∑
k=n+1

an,k (Sk (f − T ∗n))

∥∥∥∥∥
p(·),ω

≤
n∑
k=0

an,k ‖(f − T ∗k )‖p(·),ω +

∞∑
k=n+1

an,k ‖(f − T ∗n)‖p(·),ω +

∥∥∥∥∥
∞∑
k=0

an,k (Sk (f − T ∗n))

∥∥∥∥∥
p(·),ω

=

n∑
k=0

an,kEk (f)p(·),ω +

∞∑
k=n+1

an,kEn (f)p(·),ω

+

∥∥∥∥∥
∞∑
k=0

an,k (Sk (f − T ∗n))

∥∥∥∥∥
p(·),ω

. (10)

By (10), Lemmas 1 and 3 we obtain

‖f − Tn,A [f ]‖p(·),ω = O (1)

n∑
k=0

an,kΩ

(
f,

1

k

)
p(·),ω

+O (1) Ω

(
f,

1

n

)
p(·),ω

∞∑
k=n+1

an,k +O

(
Ω

(
f,

1

n

)
p(·),ω

)

= O (1) Ω (f, 1/n)p(·),ω +O (1)

n∑
k=0

an,kΩ (f, 1/k)p(·),ω

= O

(
Ω (f, 1/n)p(·),ω +

n∑
k=0

an,kΩ (f, 1/k)p(·),ω

)
. J

Proof of Theorem 2 Since limn→∞Ω (f, 1/n)p(·),ω = 0, we have

Ω (f, 1/n)p(·),ω =

n∑
k=0

an,kΩ (f, 1/n)p(·),ω ≤
n∑
k=0

an,kΩ (f, 1/k)p(·),ω . (11)

Using the conditions (6), (7) and Abel transform, we have

∞∑
k=0

(k + 1)
β

∣∣∣∣∣ an,k

(k + 1)
β
− an,k+1

(k + 2)
β

∣∣∣∣∣
=

n−1∑
k=0

(k + 1)
β

∣∣∣∣∣ an,k

(k + 1)
β
− an,k+1

(k + 2)
β

∣∣∣∣∣+ an,n

= O (an,n) + an,n = O (an,n) = O
(

1

n+ 1

)
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and
∞∑
k=0

(k + 1) an,k =

n∑
k=0

(k + 1) an,k ≤ (n+ 1)

n∑
k=0

an,k = n+ 1.

Hence, the entries of A0 = (an,k) satisfy the conditions (4) and (5). Applying Theorem
1 and (11) we obtain

‖f − Tn,A0
[f ]‖p(·),ω = O

(
Ω

(
f,

1

n

)
p(·),ω

+

n∑
k=0

an,kΩ

(
f,

1

k

)
p(·),ω

)

= O

(
n∑
k=0

an,kΩ

(
f,

1

k

)
p(·),ω

)
. J

Proof of Theorem 3 Let f ∈ Lipp(·),ω (ω∗,M) , p (·) ∈ P0 (T) and ω (·) ∈ Ap(·) (T).
Since ω∗ (nδ) ≤ nω∗ (δ) and hence ω∗ (λδ) ≤ (λ+ 1)ω∗ (δ), we have

ω∗ (δ2) = ω∗
(
δ2
δ1
δ1

)
≤
(
δ2
δ1

+ 1

)
ω∗ (δ1) ≤ 2

δ2
δ1
ω∗ (δ1) ,

where n = 1, 2, ..., λ ≥ 0 and 0 ≤ δ1 ≤ δ2. Then

ω∗ (δ2)

δ2
≤ 2

ω∗ (δ1)

δ1
. (12)

Applying (12) and (4) for β > 0 and Abel transform, we have

n∑
k=0

an,kΩ (f, 1/k)p(·),ω = O (1)

n∑
k=0

an,kω
∗ (1/k) = O (1)

n∑
k=0

an,k
k

ω∗ (1/k)

1/k

= O (1) 2nω∗
(

1

n

) n∑
k=0

an,k
k

= O (1) 2nω∗ (1/n)

n∑
k=0

an,k
k + 1

(1 + 1/k)

= O (1) 4 (n+ 1)ω∗ (1/n)

n∑
k=0

an,k
k + 1

= O (1) 4 (n+ 1)ω∗ (1/n)

∞∑
k=0

an,k

(k + 1)
β

(k + 1)
β−1

= O (1) (n+ 1)ω∗
(

1

n

) ∞∑
k=0

∣∣∣∣∣ an,k

(k + 1)
β
− an,k+1

(k + 2)
β

∣∣∣∣∣
k∑
j=0

(j + 1)
β−1

= O (1) (n+ 1)ω∗
(

1

n

) ∞∑
k=0

(k + 1)
β

∣∣∣∣∣ an,k

(k + 1)
β
− an,k+1

(k + 2)
β

∣∣∣∣∣
= (n+ 1)ω∗

(
1

n

)
O
(

1

n+ 1

)
= O

(
ω∗
(

1

n

))
. (13)
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Since Ω (f, 1/n)p(·),ω = O(ω∗ (1/n)), by Theorem 1 and (13) we have

‖f − Tn,A [f ]‖p(·),ω = O (ω∗ (1/n)) . J

Proof of Theorem 4 Let Lipp(·),ω (ω∗,M) , p (·) ∈ P0 (T), ω (·) ∈ Ap(·) (T). It follows
from the proof of Theorem 2 that the conditions (6) and (7) imply that the entries of
A0 = (an,k) satisfy the conditions (4) and (5). Then, applying Theorem 3 we have

‖f − Tn,A0 [f ]‖p(·),ω = O (ω∗ (1/n)) . J
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