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Well-Posedness of the Mixed Problem for the
Degenerate Multi-Dimensional Elliptic Equations

S. Aldashev*, A. Tanirbergen

Abstract. The boundary-value problems for elliptic PDEs are of fundamental impor-
tance for mathematical physics. Some of their applications lead to the analysis of degen-
erate PDEs of elliptic type. The well-posedness (correctness) of boundary-value problems
for elliptic equations on the plane has been well studied using the methods of analytic
functions of a complex variable. However, fundamental problems arise when investigat-
ing similar problems if the number of independent variables exceeds two. In this paper,
we prove the unique solvability and obtain the explicit form of the classical solution
of the mixed boundary-value problem for degenerate elliptic PDEs with the Chaplygin
operator.
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1. Introduction

The boundary-value problems for elliptic PDEs are of fundamental impor-
tance for mathematical physics, mainly because the analysis of stationary pro-
cesses of various physical phenomena (such as oscillations, heat transfer, diffusion,
etc.) generally leads to obtaining a PDE of elliptic type. Key examples of their
applications are the diffusion of radiowaves through hollow metallic tubes, electro-
magnetic oscillations in hollow resonators (widely used in electrotechnics), and
the distribution of variable electric current through the section of a conductor
(the so-called ”skin effect”). Some of these applications lead to the analysis of
degenerate PDEs of elliptic type (see [11]).

The well-posedness (correctness) of boundary-value problems for elliptic equa-
tions on the plane has been well studied using the methods of analytic functions
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of a complex variable (see [1, 2]). However, fundamental problems arise when in-
vestigating similar problems under the number of independent variables greater
than two. The attractive and convenient method of singular integral equations
loses its validity due to the absence of a complete theory of multi-dimensional
singular integral equations.

This paper uses an alternative method to prove the unique solvability and
to obtain the explicit form of the classical solution of the mixed boundary-value
problem for degenerate elliptic PDEs with the Chaplygin operator.

2. Problem statement and main result

Let D, be a cylindric domain in the Euclidean space FE,,.1 of points
(21, ...y Tm, t), bounded by the cylinder I' = {(z,¢) : |x| = 1} and the planes
t =a >0 and t =0, where |z| is the length of the vector x = (z1, ..., ).

Let’s denote by 'y, Ss, and Sy, respectively, the parts of the surfaces that
form the boundary dD,, of the domain D,.

We study, in the domain D, the mutually adjoint degenerate multi-dimensional
elliptic equations:

Lu = g(t)Ayu + ug + Z a;(x, t)ug, + b(x, t)us + c(z, t)u = 0, (1)
i=1
L*v = g(t)Azv + vy — Z Vg, —buy +dv =0, (1%)
i=1
where g(t) > 0 for t > 0, g(0) = 0, g(t) € C([0,a]) NC%((0,)), A, is the Laplace

operator of the variables 1, ..., Ty, m > 2, and d(z,t) = ¢ — > aiz; — by.
i=1

As a preliminary step in our analysis, let us switch from the Cartesian coordi-
nates 1, ..., Tm,t to the spherical ones r,601,...,0,,—1,t, 7> 0, 0 < 0; <27, 0 <
0; <m, i=23,..m—1.

Problem 1. Find the solution of the equation (1) in the domain D,,, belonging to
the the class C'(D,) N C?(D,,), that satisfies the following boundary conditions:

u‘ So = T(T> 9)a ut| So = V(T', 9) u‘ Lo = ¢(t, '9)7 (2)

where 7(1,60) = 1(0,6), v(1,6) = 1,(0,0).

Let {Y,fm(G)} be a system of linearly independent spherical functions of order
n, 1 <k<k, (m—=2)nlk,=n+m-=3)!2n+m—2), 0= (01,...,0p_1). Let
also W(Sp),1 = 0,1, ... be the Sobolev spaces.

We will need the following useful lemmas ([3]).
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Lemma 1. Let f(r,0) € Wi(So). Ifl > m — 1, then the series

oo kn

=D > Y., (3)

n=0 k=1

as well as the series obtained by its differentiation of order p < l—m+1, converge
absolutely and uniformly.

Lemma 2. For f(r,0) € W(Sy), it is necessary and sufficient that the coeffi-
cients of the series (3) satisfy the inequalities

oo kn

lfa(r)| < e, ZZn2l|fﬁ(T)|2 < ¢, c1,co = const.

n=0 k=1

Let’s denote by a¥ (r,t), a¥ (1), bE(r,t), & (r,t), dE(r, 1), pn, k), v ( ),
YF(t), the coefficients of the series (3) of the functions a;(r,0,t)p(6), a;%p,
b(r,@,t),o, C(T79at)pa d(r,@,t)p, p(e), i=1,...,m, T(Ta 0)7 V(tv )a (Tv 9)7 respec-
tively, where p(f) € C°°(H) and H is a unit sphere in E,,.

Let a;(r,0,t), b(r,0,t), c(r,0,t) € W(Dy) C C(Dy), 1 >m+1,i=1,...m
and ¢(r,0,t) <0, V(r,0,t) € D,

The following theorem is the main result of this paper:

Theorem 1. Let the functions 7(r,0), v(r,0) € Wi(Sy), ¥(t,0) € Wi(Ty), | >

377”. Then, the Problem 1 has a unique solution.

3. Solvability of Problem 1

First, we show that Problem 1 has a solution. In the spherical coordinates,
the equation (1) takes the form

-1 8
Lu = g(t) (ur,,—i— mr ur—”) +

r2

g+ Y ai(r, 0, t)ug, + b(r,0,t)us + c(r,0,t)u = 0, (4)
i=1
s 1 9 ]
0=— ..<smmj 19)
; g;sin™ 19, 06; 700

a=1,9= (sinﬁl...sinﬁj_1)2a J>1
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A well-known result (see [3]) states that the spectrum of the operator § con-
sists of eigenvalues A\, = n(n+m —2), n=20,1,..., to each of which correspond
ky, orthonormalized eigenfunctions Yéfm(ﬁ).

Hence, we can search for the solution of Problem 1 in the form of the series

u(r, 6,t) ZZu (r, )Y, ,.(0), (5)

n=0 k=1

where we need to determine the functions @” (r,t).

Let’s substitute (5) into (4) and multiply the obtained expression by p(0) # 0.
If we then integrate over the unit sphere H, we obtain for u" (see [4]-[6] for the
detailed derivation):

_ _ m—1 - _ 1 ~—
o+ A+ ("o + 3ol i+ i+ s

c© k m
n _1 B
+ZZ{ pn nrr+pn ntt+< g( )p +Zafn> Uﬁr*'bﬁ ﬁt—’_ (6)

n=0 k=1 i=1

k m
p - _
ot + 30 s | 2 0

Next, let’s analyze the infinite system of differential equations

_ _ m—1 _
p(l)g(t)u(l)rr + p(l)u(l)tt + Tg(t)péu(l)r = 07 (7)
. _ m — 1 _ )\1 _
P9, + Yty + ———g(t)pluy, — “gg(t)phuy =
1 (& ~
=% (Z a s, + bous, +E(1)ué> ,n=1, k=1,ki, (8)
=1

-1 A
k k—k k—k
png(t) Uprr + pn ntt + T ( )pn Upy — ig(t)pnun =

14 a“ k
i {Za TRy BT+
k=1 Ui=1

n 1t Z Ajp—2 — l)aéﬂn—l)] uZ—l} ’ (9)
=1

k=1Fkn, n=2,3,..

Clearly, if {@"}, k = 1,k,, n = 0,1, ... is the solution of the system (7)-(9),
then it is also the solution of the equation (6).
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It is easy to see that each equation of the system (7)-(9) can be represented
in the form

_ m—1_ An
ott) (o + ™, = T ) 4 b = 0 0) (10)

where f¥(r,t) are determined from the previous equations of this system, with

fo(r,t)=0.
Next, from the boundary conditions (2), taking into account (5) and Lemma
1, we obtain

at(r,0) =78 (r), @k, (r,0) =TE(r), Tt =¢F(t), k=1 k. n=0,1,..

(11)
In (10), (11), making a change of variables
Tn(rt) = Tn(ryt) = U (8),
we get
-1 An -
o(0) (T + o, = 257 ) e = o) (12)
T r

UZ(T, 0) = 7'/.:(?“), Ufw(r,O) = k( ), *k(l,t) =0, k=1,k,, n=0,1,.., (13)
Fulrt) = fE(rt) + 2 gty — oy, 7h(r) =75 (r) — ¢5(0),
5(7‘) = 75 (r) — ¥ (0).

v,

Making a change of variable T (r,t) = r(0=")/2¢k(r t), we can reduce the
problem (12), (13) to the following problem:

L = g(t) <UZ§M + %v > +uky = i), (14)
va(r,0) = T(r), vp(r,0) = T(r), va(1,8) =0, (15)
N, = (e DB W < ),
ma(r) = VR, 7h(r) = TR,

We search for the solution of the problem (14), (15) in the form
UZ(Tv t) = Ulfn(Tv t) + U’2€n(rv t)? (16)
where v¥ (r,t) is the solution of the problem

Lof, = fR(r.b), (17)
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P (r,0) = Ufm(r, 0) =0, Ulfn(l,t) =0, (18)

1n
and v§ (r,t) is the solution of the problem
ngn =0, (19)
’Uéfn(T, O) = %r]: (T)a Ugnt(ra 0) = ﬁﬁ(r), Ul2cn(17 t) = 0. (20)

We analyze the solutions of the above problems in the form

=S R, (21)
s=1
Moreover, let
Z ans Z b 5(7’) = Z evlzsRS (T) (22)
s=1

Substituting (21) into (17), (18), and taking into account (22), we come to
the problem

An
Rsrr+r—2RS+,uRs:O, 0<r<l, (23)
Rs(1) =0, [Rs(0)] < oo, (24)
Tt — pg()Ts(t) = ans(t), 0 <t < a, (25)
T5(0) =0, Ts(0) = 0. (26)

The bounded solution of the problem (24), (25) is (see [7])
R,;(T') - \/;JV(MS,TZT)7 (27)
where v = W, and s, are the zeros of the Bessel function of the first kind,
2
I

The problem (25), (26) reduces to the integral Volterra equation of the second
kind with respect to T, (t) (see [8]):

Tsm(t)—u?,n/o(t—ﬁ)( s (6)dE = / €)ans(€)dE. (28)

This equation has a solution; moreover, it is unique.
Next, substituting (27) into (22), we obtain

roa Za b0y (fenr), r727 Zb (psnr),  (29)
s=1
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o0

r §§k(r) = Zefst,,(usmr), 0<r<l.
s=1

The series (29) are the decompositions into the Fourier-Bessel series (see [9]),

if

)= / VETEE) Ty (psm e, (30)

l/+1 Ms n

o= N / VEE(E) T, (s ), (31)
1/+1 sn

eﬁsz / VETE(€) I (115mE) e,
1/+1 Msn

where 155, s = 1,2, ... are the positive zeros of the Bessel functions J,(z), put in
the increasing order.
From (27), (28) we get the solution of the problem (17), (18) in the form

Uln T, t Z fTs n (/Ls nr) (32)

where ak (t) is determined from (30).
Next, substituting (27) into (19), (20) and taking into account (22), we get
the problem

Vst — ,uing(t)Vs(t) = 0,0<t<a,
Vi(0) = bl Va(0) =ep,,

from which, making the substitution

Ti(t) = Vi(t) — by — teps, (33)

we obtain the following, simpler, problem:
Tt — Mz,ng(t)TS = qzs(t)v (34)
T,(0) = 0, T%(0)=0 (35)

QZS (t) = :U’g,ng(t)(bfzs + te]rgzs)‘

The problem (34), (35) also reduces to the integral equation (28), where
instead of a¥(t) we use ¢¥ ().
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From (27), (28), (33) we find the solution of the problem (19), (20):

U2n Ty t Z \[V:S n (Ns nr) (36)

s=1

where b, ek are determined from (31).

Therefore, having first solved the problem (7), (11) (for n = 0), and then (8),
(11) (for n = 1), and so on, we can consecutively find all functions v*(r,t) from
(16), where v¥ (r,t), vzn(r t) are determined from (32), (36), k = 1,k,, n =
0,1,.

Hence, we have shown that, in the domain D,

/ o(6) LudH = 0. (37)
H

Next, let f(r,0,t) = R(r)p(0)T'(t). Moreover, R(r) € Vy, Vp is dense in
Ls((0,1)), p(0) € C°(H) is dense in Lo(H), and T'(t) € Vi, Vi is dense in
Ls((0,)). Then, f(r,0,t) €V, V=Vy® H ® V) is dense in La(D,) (see [10]).

From here and from (37) it follows that

f(r,0,t)LudDy = 0
Da

and
Lu=0,Y(r,0,t) € D,

Therefore, the solution of Problem (1) is the series

oo kn

u(r,0,t) =Y "> {% L [v’fn(r, t) + vb, (, t)} } YEL(0), (38
n=0k=1
where vF (r,t), v (r,t) are determined from the expressions (32) and (36).

Taking into account the formula (see [9])
2J,,(2) = Ju-1(2) = Jut1(2),
the estimates [11, 3]

01
57 Ynm(©)
97" ™

k| < 1™ 2, <emnzT W =T m—1, ¢=0,1,..., (39

Lemmas 1 and 2, and the bounds on the coefficients of the equation (1) and on the

given functions 7(r, 0), v(r,0), ¥(t,0), we can show, using the same procedure as

in [4]-[6], that the obtained solution (38) belongs to the class C*(D,) N C?(D,,).
The solvability of Problem 1 is thus established.
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4. Uniqueness of the solution of Problem 1

Now we can proceed to prove the uniqueness of the solution. For this, first,
let’s build the solution of the boundary-value problem (1*) with the conditions

v, =0, vlg, =0, vs, =v(r,0) =vF(r )Y’C @0), k=1,k,, n=0,1,...,
(10)
where 7 (1) € G, G is the set of functions v(r) from the class C([0, 1])NC* ([0, 1]).
Obviously, the set G is dense everywhere in L2((0,1)) (see [10]).

We will search for the solution of the problem (1*),(40) in the form (5), where
we have to determine the functions @¥ (r,t). Then, analogously to the previous
section, the functions T (r,t) sat1sfy the system of equations (8)-(10), where
6%, fn,blﬁb are replaced with —am,— m,—bk respectively, and Eﬁ is replaced
with df, i=1,...m, k=1,kn, n=0,1, ...

Next7 from the boundary condition (40), given the form (5), we obtain

TE(1,t) =0, T (r,a) =0, T, (r,a) =75 (r), k=1,k,, n=0,1,... (41)

As we explained earlier, each equation of the system (7)-(9) can be represented
in the form (10). Similarly to the previous section, it is easy to show that the
problem (10), (41) also has a unique solution.

We have thus built the solution of the problem (2), (40) in the form of the
series (38). Furthermore, given the estimates (39), this solution belongs to the
class C1(Dy) N C?(D,).

From the definition of the adjoint operators L, L*(see [12]), we have

vLu — ul*v = —vP(u) + uP(v) — uv@,

where

P(u) = g(t)Zuwicos(NL,xi)—utcos(NL,t),

Q = Zazcos ,x;) — beos(N*, 1),

and N1 is the inner normal to the boundary dD,. Using the Green’s formula,
we obtain the equality

/ (vLu — uL*v)dD, = / [(Ug;\tf - ug;\}[> M + UUQ] ds, (42)

Dy 0Dq
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where

9 “ L L0
aN—g(t);cos(N , ;) — cos(IN ,t)at,

m
M? = g*(t) ZCOSQ(NJ',JLL') + cos?(N*, t).
i=1

From (42), taking into account the homogeneous boundary conditions (2) and
the conditions (40), we obtain

/1/(7“, O)u(r,0,a)ds = 0. (43)

Sa

Note that the lincar hull of the system of the functions {7%(r)Y,F, (0)} is
dense in La(S) (see [10]). Then, from (43), we can conclude that u(r,0,a) = 0,
V(r,0) € Sy.

Hence, we have come to the Dirichlet problem

Lu=0, uls,=0, ulp, =0, u|s, =0,

which has the null solution (see [13]).
Thus, the uniqueness of the solution of Problem 1 is established.
This completes the proof of the theorem.
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