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Degree of Convergence of Functions of Multiple
Fourier Series in Sobolev Spaces

H.K. Nigam, M. Mursaleen*, Saroj Yadav

Abstract. In this paper, the degree of convergence of a function of two dimensional
variable of double Fourier series in Sobolev spaces using double Riesz means is obtained.
The degree of convergence of a function of N-dimensional variable of N-multiple Fourier
series in Sobolev spaces using N-dimensional Riesz means is also obtained in this paper.
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1. Introduction

Sobolev spaces are vector spaces whose elements are functions defined on do-
mains in N-dimensional Euclidean space RY and whose partial derivatives satisfy
certain integrability conditions. In order to develop and elucidate the proper-
ties of these spaces and mappings between them, we require some machinery of
general topology and real and functional analysis.

In one of the classical approximation theories, the properties of approximation
of orthogonal function systems, polynomials and trigonometric functions have
been studied in L%-norm, and mostly in the maximum norm in [4, 8, 9, 22, 16,
18, 23, 21].

The Li-norm for g < oo, capture the “height” and “width” of a function. In
mathematical terms “width” is the same as the measure of the support of the
function. The Sobolev norm captures the “height”, “width” and “oscillations”.
The Fourier transform measures oscillation (or frequency or wavelength) by decay
of the Fourier transform i.e. the “oscillation” of a function is translated to “decay”
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of its Fourier transform. Sobolev norm measures “oscillation” via its derivatives
(or regularity).

The degree of approximation of a function of single variable in Lipschitz,
generalized Lipschitz, Holder, generalized Holder and Besov spaces using different
means of Fourier series, has been studied in [11, 12, 13, 14, 15, 25, 27, etc.

The degree of approximation of a function of double variables in Lipschitz and
Holder spaces using different means of double Fourier series, has been studied in
(2,3, 7,17, 26].

In this paper, the degree of convergence of a function of two dimensional
variable of double Fourier series in Sobolev spaces using double Riesz means is
obtained. The degree of convergence of a function of N-dimensional variable of
N-multiple Fourier series in Sobolev spaces using IN-dimensional Riesz means is
also obtained in this paper.

The organization of the paper is as follows: In Section 2, we give important
definitions and known results related to the present work. In Section 3, we obtain
the degree of convergence of double Fourier series in Sobolev spaces using double
Riesz means. In Section 4, we obtain the degree of convergence of multiple Fourier
series in Sobolev spaces using N-dimensional Riesz means. Conclusion is given
in Section 5.

2. Preliminaries
In this section, we present definitions and known results.

2.1. Double Fourier Series and Double Derived Fourier Series

Let f(z1,22) be a periodic function with period 27 in both z; and xo,
Lebesgue integrable and summable in the square A(—7,7; —m, 7).
The double Fourier series of the function f(z1,z2) is given by

f(x1,x9) ~ g Oy 1[G g COS V1T COS VaZ2 + Ay, 1y SIN VY T1 COS VoZo

v1,v2€N
+ &0y vy COS VT SIN V2T + Xy 1y SIN V27 81D 12T2], (1)
where
1, =1 =0
Quy vy = %, v1 > 0,1 =0and v1 =0, > 0;
1, v1 >0, >0;

and Cuy ey Avy s Ervas Xonve are the Fourier coefficients of f(x1, z2).
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We know that the quantities

[ 2
Spywy (T1, T2) = Z Z [Giy,ia COS 11X COST2T2 + Ay iy SIN 1127 COS loX2
i1=014=0
+ fil,iQ cos i1 Sintoxry + Xi1,ia sin 711 sin ig:CQ] (2)
for vy =0,1,--- ;19 =0,1,---, are called the partial sums of the double Fourier
series.
We know that
[sin(vy + 3)t1][sin(vg + 1)to]
SV1V2 xl)IQ / f X1 + t17$2 + t?) .2 1 N ¢ 2 dt1dt2)
4sin(% ) sin(3)
(3)
and
[sin(v1 + 3)t1][sin(ve + )]
SV1V2(x17 x2) - f wlaxQ // 17 [ I’ 2 dtldt27
4sin(3)sin(F)
(4)
where

D(t1,t2) =p(x1,x2;t1,t2) = [f(ah +t1, e + t2) + f(z1 — t1, 22 + t2)

> =

+ f(z1 +t1, 02 — t2) + f(21 — t1, 22 — t2) — 4f (21, 22) | (5)
The double derived Fourier series of (1) with respect to x; is given by

/ .
fo, (X1, 22) ~ g 1 [ — Cuy e SINVIT] COS VRLp + Ay 1y COS V1T COS Vg
v1,v2€N

— &y vy SINV X SIN VT + Xy 1, COS V27 SID l/2$2] ) (6)

The partial sums of (6) is given by

1nu in(v: 1
s, (21, 22) //S L+ 5)h]lsin (tz+Z)tQ]d{f(azl—l—tl,xg—i—tg)}, (7)

4sin(Y)sin(%2)

and

/ sin(v1 + 3)t][sin(ve + 3)to]
8V1U2(x17x2) le x17x2 // 1 t2 2 ngl(tlatQ)a

4sm (4)sin(%)

(8)
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where

Ao, (t1,2) = [d<f(:v1 tas ) — flar — taa + )

1
4

d,
_ f(l’l + 11,20 — tg) + f(acl —1l1,T9 — t2)> — 4d$fl(x1, xg)dtldtg .

(9)
The double derived Fourier series of (1) with respect to x5 is given by
f;2 (x1,22) ~ Z Vo[ = oy s COSVITY SIN VT2 — Ay 0y SIN VT SID VYT
v1,2€N
+ &by 1y COS V1 T1 COS VX2 + Xuy s SIN V1 X1 COS VQJZQ] . (10)
The partial sums of (10) is given by
, sin(vy + 3)t][sin(ve + $)ta] d
S (x1,x —if(x1 + 1,29 +12) 7,
vivg \ 1 2 // 4sm %)sm(?) de{f( 1 1,42 2)}
(11)
and
/ , sin(v1 + 3)t][sin(ve + 3)to]
s T1,x T1,X dgsz, (t1,12),
s (21, 72) — [, (71, 22) // 4s1n (@) sin(2) Gy (t1,12)
(12)
where

1
dga, (t1,1t2) =1 [d(f(l’l +t1, w2 +t2) — f(x1 —t1, 22 + t2)

d
_ f(ml + 11,22 — t2) + f(.%’l — 1,19 — t2)> — 4Ch7f2($1,$2)dt1dt2 .
(13)

2.2. Sobolev Spaces

Assume that X is an open subset of RY.
For 1 < ¢ < oo, the space L?(X) consists of all measurable functions on X such

that
/ |f(t)]"dt < oo
X
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and the norm is defined by

1£1lq = (flrora) <<
o

ess sup |f(t)], q = oo.
fex

stk =( /. If(t)Ithf-

The v-th order modulus of smoothness of a function f: A — R is defined by

wo(f,t) = sup {sup{[ALf(O)]: 8.t +vh € A}}, 220, (14)

When ¢ = 2, then

where
v

00 =3 07 (V) ern, ven.
§=0
For v =1, w(f,t) is called the modulus of continuity of f ([1]).

The Sobolev space W"4(X),v = 1,2,3,--- consists of functions u € L?(X)
such that for every multi-index 8 with |8| < v, the weak derivative DPu exists
and DPu € L9(X).

Thus,

W(X) = {u e LI(X) : DPu e LY(X),|8] < v} ([20]). (15)
The norm of (15) is defined by

HUHWM(X) = Z HDﬁUHqu(X)- (16)
1BI<v

The equivalent norm of (16) is given by

1
q
lulhsoc = (3 ID%ll) s 10 < (1)
1Bl1<v
and
folhece ) = e 1Dl (18)

The semi-norm of (15) is defined by

Q|-

v = (0 1070l ) 1< 000 (19)
|Bl=v
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and
Ul (x) = fax |1 D%l | oo (x)- (20)

|Bl=>

When ¢ = 2, the Sobolev space W"2(X) is a Hilbert space with the inner product

<U7 ’U>Wu,2(x) = Z <D5u, DﬁU>L2(X),
1Bl<v

where
<DB’U,, D'8’U>L2(X) :/ D’BUDBUdt
X

and
1

HU‘HWV’Q(X) = <u7u>§[/7/,2(x)'

Note that for v = 1 the Sobolev space is denoted by W14(X) and its norm is
defined by

1| ou
lellwragxy = llullg + 5 || - (21)
c Ty
=1 q
The norm of Sobolev space in two dimensional case is defined by
2
ou
lullwrax) = lullg + || 5—|| - (22)
i=1 Oz q

Remark 1. Here, we discuss some important properties of Sobolev space.

(i) For 1 < q¢<oo andv =1,2,---, the Sobolev space W"4(X) is a Banach
space.

(i) For1<gq<oo andv=1,2,---, the Sobolev space W"1(X) is separable.

Remark 2. (i) Forv =0, the Sobolev space reduces to LY space, i.e. W4(X)
= LY(X).

(ii) Forv=1,2,3,--- ,W"4(X) = Lip(v,q).
(iii) For 3 =1=mn, we have W'P(X) = Lip(1,q).
(iv) Forv =1,q — oo, Lip(1,q) = Lip(1).

Theorem 1. ([10]) Let uw € LX) with 1 < q¢ < co. The following properties
are equivalent:

(i) we WH(X),
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(i) 3 a constant C' such that

/Xu@ <Clllly ) ¥V 0 € CE(X), i=1,2,-- N,

r;

(i4i) 3 a constant C such that for all w CC X, and all h € (RY) with |h| <
dis(w, 0X)
|7 — u|| e (RY) < C|h|.

Moreover, one can choose C = ||u'||ra(RY) in (ii) and (7,(u))(t) = u(t + h).

2.3. Double Riesz (R, p,,p,,) Means

oo 00 vy, o
Let Z Z U;, i, be a double infinite series such that Z Z Siyig 18 its partial
11=0122=0 11=0122=0

sum. Let p,,p,, be a non-negative, non-decreasing sequence of numbers such that

V1 Vo
Plll-PI/z = Z Zpilp’iz 7& 0V Vi, 12 Z 0
i1=0i2=0
and P, P,, = 00 as vy, — 0.
The sequence-to-sequence transformation defined by
vy o

1
T = W Z Zpi1pi23i1i2

vy :
2 §1=0142=0

[e.e] oo
is called double Riesz (R, p,, p., ) means of the sequence s,,,,. The series Z Z Uiy iy
11=012=0
is said to be summable to the sum s by double Riesz method if we can write
ty vy —> S as vy, Vy —> 0.
The necessary and sufficient conditions for (R, py,py,) method to be regular

are given by
V1 Vo

Z Z ‘pilpiQ‘ < C‘PV1PV2|’ |PV1PV2| — 00.

11=012=0

2.4. Degree of Convergence

The degree of convergence of a summation method to a given function f is a
measure that shows how fast T, converges to f and is given by

17 -7l =0( 5. ) (D

where A\, — o0 as v — o0.
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3. Degree of convergence of a function of two dimensional
variable of double Fourier series in Sobolev spaces

In this section, we study the degree of convergence of a function of two di-
mensional variable of double Fourier series in Sobolev spaces using double Riesz
means. In fact, we establish a following theorem.

Theorem 2. Let f(z1,22) be a periodic function with period 2w in both x1 and
x9 and Lebesgue integrable on A(—m,m; —m, 7). Then, the degree of convergence
of the function f(x1,2) in Sobolev spaces W12(X) using double Riesz means of
double Fourier series is given by

H’Tml& (wh $2)H1,2 =

O |:2Cpl/1pl/2

( Lt (va + 1) + L
Og T
B, P, sV

vr+1 wm+l vy +1

V;rl((uﬁrl)—jr)

+log (v + 1) <(V2 +1) - 1) +logm(ve + 1) <(”1 1= 1))

T
Pv1Pry (Vl +1 VQ + 1 /v1+1 /u2+1
+ dga, (t1, 1
P, P, |dgar, )|

+pu1pu2 v1+1) /vﬁl/ |dg, tl,tz)l pulpu2(1/2+ 1)
P, P, P, P,

/ /VUQ-’_1 ’dgml t17t2 pV1pl/2 / / ‘dg:ﬂl tlatQ)‘
Pyleg B

PaPus(v1 + 1) (12 + 1) /V1+1 /Vz“ PuiPu, (11 +1)
d t t
+ Pyl P)V2 ’ ngZ 1, 2)’ Pyl Py2

/ml/ |dg., t1,t2)| L PP (2 1) / /Vﬁl |dga, (t1,t2)| t17t2)|
P, Py,

pu1pl/2 / / |dgl‘2 t17t2)|
PV1 P, o2

Following lemmas are required for the proof of Theorem 2.

((m 41— 1) Flog (i + 1) +
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Lemma 1. Let {p,,} and {py,,} be non-negative and non-decreasing sequences.

Then

v 1
UCV1(t1)| = O<p1(;)l+)> fOTO <t <
V1

and

1Ky, (2)] = (’)(p”(]yfm) for0 <ty < —
Vo

Proof. For 0 <t; < o +1’ Sin(%) > Y gnd sin(iy + %)tl

1
Zp,l sin <z1 + 2>t1 .

i10

<
- 2t1P,,1

Thus,
1Koy (11)] = O(W) '
P,

Similarly, for 0 <ty < +1’ sin(2) > 2 and sin(is + 3)ts < (ia + 3)ta, we can

find
Kt = O P22 1),

<

Lemma 2. Let {p,,} and {p,,} be non-negative and non-decreasing sequences.
Then

Pvy
K, (t1)]| =0 or <t1 <7
()] = O( 5= ) Jor g <t <

and

Puy
Ky, (t2)| = O or <ty <.
Kint2)] <t§Py2 Jor Sy <t

Proof. For VH <ty <, osin(4) >4, |singy| < 1.
Ko (0)] =] L 37 p, ST D)0
vt 2P, - " sin t21
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1 4 (.1
Zpilsm Zl+§ tl

<
2Py, | =,

Using Abel’s transformation we have

V1 1
Z D;, sin <i1 + 2>t1 =

i1=0
v1—1 i1 1 " .
> (piy —pi1) ) sin <r + 2)751 +py, Y sin <¢1 + 2>t1
=0 r=0 i1=0
1 v1—1 Don
=o() [ S sl vioal] =05
1=

Thus,

Py
()| = .
()] = 0 )

Similarly, for u11+1 <ty <, sin(%) > ?2 |sints| < 1, we can find

Py
Ky, (t2)| = O .
)l = 02

<

Proof of Theorem 2. Using (4), the double Riesz transform of the sequence
{81/11/2 (%1,%2)} is given by

tylyz(xlaxQ) - f(x1>$2)
vy o

P P Z szlng{suzg $1,$2) f(131’1;2)}

v2 11=012=0

Pl/1 P, Pirpra (f,¢ 4 sm(jl) s1n(t2 ) ot

11=012=0 2

1 1 [sin(i; + ) 1][sin(i2 + %)tQ]
= @ t t 9 L d d .
// ( 1, 2) |:7_‘_2 PVIPV2 Z Zp 1 Digy 4Sln(§1)SIH(t22) t1 Uito
7 11=0142=0

(23)
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Thus,

b1, 72) — f (1, 72) = / / (b1, 1) Ko (1) Ko (b2) iy (24)
A2

Let

Toaws (71, T2) =ty ,, (21, 72) — f(21,22)

// t17t2 V1 tl) Vz(tQ)dtldtz (25)

By the definition of Sobolev norm given in (17), we have
[ Toss (@1 20) 112 =[Tows (@1, 22) |2 + 1Ty, (21, 22) |2 + | Ty (21, 22) |2 (26)

Using generalized Minkowski’s inequality ([6]), we have

[ Touwa (1, 222 < /0 /0 1B (t1, t2) |2 Ko (01) | o (£2) | ey .

Using Theorem 1(iii), we have

[ Touwa (1, 22)] |2 < / / 2Ct1 — ol Ko ()| K (£2) i o
0 0

1 1 1 1
ES] ES eSS A ™ Vg1 i i
< + ) + ) + ) )
0 0 0 vo+1 vi+1 0 v1+1 vo+1

x (2cwt1 )| (u)Hf(yg(tz)rdtldm)

=11+ Lo+ L3+ Ly. (27)

Using Lemma 1, we have

1 1
ZES Vo1
- / 1 / 20N — bl Ko (42)] | Ko (£2) i,
V+1 V+
/ 1 / 20t 4 ) Eon ()| o (£2) e o

2C + (e +1) [an
=0 pl/lpVZ( ) V2 / ! / ’tl‘ + ’t2|)dt1dt2
P,P,
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2 1 v 1
—o[ Cpupu, (1 +1) / s <]t1] + )dtl]
P, P, 0 vy +1
2Cpy, pu 1 1
=0 172 + ﬂ . 28
|: PV1PV2 <V1—|-1 vy +1 ( )

Using Lemmas 1 and 2, we have

1
v1+1 Q
L2:/ ' /1 2C‘t1_t2HKV1(tl)HKV2(t2)|dt1dt2

vo

u+1
/ 1 / Ct] + [b2]) Ko (1) E (£2) | s,

u2+1
\tl
( |t2| sy

_o Qprlpuz v+ 1 /V1+1 /
L PI/1PV2
[20py, by N 1
o[ 2Cbaputn +1) [ <|t1|<(1/2 £1)= ) Hlognta + 1) ) |
| P, P, 0 T

[2Cpy, pu, 1 1
=0|——— m(vo + 1)+ +1)—— . 2
o | B, P, log 7(ve + 1) v+ 1 (ra+1) (29)

Using Lemmas 1 and 2, we have

1
0 Vo1
L3:/1 /2 201 — ta]| Ky, (12)]| o (2) iy

/ / Ct] + [b2]) o ()| E (£2) | ey,

vi+1

QCplllpug 2 + / /V2+1 ‘tQ‘
_ = dy, d
O_ PV1PV2 ‘tl " 1 e
2Opl/ DPv / ( ) ]
—o| PP v )a
L PP, o\t t%(V'z +1)) "

V21+1<(”1“)_71T)>] (30)

Li= / 1 / 20— tall By (1) | o (12) s,

vi+1 vo+1

[ 2Cpu,puy

=0
L PP,

(log (v +1) +

Using Lemma 2, we have
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m m

</, 2000+ [, (1] Ky, (82) Iy dr
[t1| + [t2]
( 1212 i iy

vt Y gt
—QCp,, DPv / / 1

—o| =l d
| P, P, t1t2 t2t2 g

A 12Cpu,pu, / /
O p.p,
—0 —2Cp1/1p1/2 /7T (((V2+1) - }) + IOgﬂ-(Vl‘i'l))dtl]

| P, P, - t1 t2
-2Cpl/1p112 1
= | =2z (] 1 1) — =
@) i Pyl Pyz og 7'('(1/1 + ) (1/2 + ) -
1
+log (e + 1) <(V1 +1)— w))} (31)

Combining (27) to (31), we have

H7;1l/2 (1'17 752)”2

2CPpy,, Py 1 1 (ro4+1) -1
=0 172 | 1 -7
|: PV1PV2 <I/1—|—1 +I/2—|—1 + Ogﬂ—(y2+ >+ 1 +1

+logm(v1 +1) +

vy + 1 ((1/1 +1)— 71r> +logm(1n + 1) <(,,2 +1)

- 71T> +logm(vs + 1) ((w +1)— i)ﬂ (32)

Using (8), the double Riesz transform of the sequence {syl,/2 (x1,m2)} is given by

/
tlllllz ($17 xz) - f:):l ($17 $2)
V1 Vo

1
P, P Zszlng{sm2(a:1,a;2 f (w1, 22) }
v+ vo

il 0i9=0

> Zpupz?[ / / sin(is + 5 1])[8'1]0((2; 2, (tl,t2)]

i1=0i9—0 4sm 2 2

(3
// [772 b, P, Z szlpw = “4—i_sm)(t1])[s1n((t2§;— = ]dgxl (tl’tQ)]. (33)

i1=042=0 2

PV1PV2

Thus,

by (21, 22) = fo, (21, 22) —//Ku1 (t1) Koy (t2)dge, (t1, t2). (34)
A2
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Using generalized Minkowski’s inequality ([6]), we have

172, (21, 222 < / / Ko (61) | K ()]s (1, £2)]

ST ST S N B Sy B

(|Kul<t1>||KV2<t2>||dgm<t1,t2>|>
=J1+ Jo+ J3+ Jy. (35)

Using Lemma 1, we have
_1 _ 1
vi1+1 vo+1
7= [ / 1 / K, <t1>\|KV2<t2>Hdgxl<t1,t2>|]

1% 1% 1 1 v i
—o[papalt Mea k) [50 [57g y]. o
125 Bl ]

Using Lemmas 1 and 2, we have

u+1
Jy = / 1 / Ko (60) 1 (£2) | dgn (11, £2)

u2+1

v1 P 1 v d:): t,t
:O[p 1PP2 V;+ /1+1/ |dga: (11 2)|]. (37)
vide

Using Lemmas 1 and 2, we have

- 1

To+1
Js = /0 Ky (00)] Ko (£2) | g (11, £2)]

O[plflp'& vy +1) / /”2“ |dger, t17t2)|]_ (38)
P, P,

Using Lemma 2, we have

n= [ K)ot dga 11, 12)

vi+1 vo+1

DPviPrs |dg:(:1 t17t2)|
. 39
{P,,IPVQ / / 22 (39)
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Combining (35) to (39), we have

PPy (V1 + 1) (2 + 1) S [
A L7 [T )

b, P,
L PuPrn(n+ 1) PuiPus(v1 +1) /“1+1 / |dga, t1>t2)| pulpug(l/z +1)
P, P, b, Py,
/ /”2+1 ‘dg:m t1,t2 4 PuiPrs / / |dga, tlat2)|:|
PVIP,,2 - t2t2 '
(40)

Similarly, we have

P Doy (V1 + 1) (2 + 1) ST [T
I 1.0l =0 | 222! L7 [ st

P, P,
N p”p]f ?Dﬁr /vﬁl / |dgec, t17t2)| pulp]f(? +1)
' Py, . ' Py,
/ /"2+1 |dgm2 tl,t2 4 PraPus / / |dga, t17t2)|}
B, P, 1242 '
) (41)

Combining (26), (32) (40) and (41), we have

H77/1l/2 (1'1, 332)“1,2

2Cpy, pu 1 1 1
=0 12 + +logm(ve + 1) +
[ PP, \1+1 1n+1 gm(vs ) v+ 1

<(u2 +1)— 1> +logm(n +1) + 21<(y1 1) - 1)

9+ 1 T

+10g7r(1/1+1)<(”2+1)_1> —|-log7r(l/2+1)((l/1+1)—1>>

T
P Pun (V1 + 1) (2 +1) /V1+1 /u2+1
+ dge, (t1, 12
P, P, |dge, )|

L PP t+1) Poa Py (V1 + 1) /vﬁl/ |dgz, tl,tz)\ pulpug(VQ +1)
P, P, P, P,

/ /V2+1 |dgx1 ZL/17t2 pulpuz / / ’dgxl t17t2)’
PVIPVQ 22
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D(va+1) [+ [
L PuPn(m + (2 + /1+ /2+ |dgu, (t1,t2))|

P, P,
+ pl/1p1/2 141 + 1 /”1+1 / ‘dgmg tlatQ)‘ plllpl/Q(VQ + 1)
P,P, P,P,

/ /”2+1 |dga:2 tlat2 lepVQ / / |dgw2 tl?t2)|
P,,IP,,2 R

4. Degree of convergence of a function of N dimensional variable
of N-Multiple Fourier series in Sobolev spaces

In this section, we study the degree of convergence of a function of N dimen-
sional variable of N-Multiple Fourier series in Sobolev spaces using N dimensional
Riesz means.

Let f(x1,---,zy) be integrable over the N dimensional cube AV and of
period 27 in each variable. The N-multiple Fourier series of f(z1,z9, - ,znN)
can be written in the form

E:E: E: i(r1x1+v2xe, N
f(xl)”' 7.’17]\[) ~ CI/1,I/2,"~,I/N€( . zh2 N N)u

V1EL V€T VNEZ

where ¢y, 1, ... vy are the Fourier coefficients of f. The series is denoted by S|[f]
and the partial sums of it are given by

s ™
SV11/2~~-I/N('%'17”' 71']\7) _TrN/ f(xl +t17". 7xN+tN)
—Tr —T
N
H t;)dty - - dt
=1

where D, (t;) are the Dirichlet kernels for each i. Moreover, similar to the two
dimensional case, we can write

tVlVQ“'VN (.’13]_, e 7xN) - P . Z Z Z pnpw o 'piN5i1i2~~iN

VNzl =0is=0 iy

for all v > 0, which is called multiple Riesz (R,py,,- - ,pvy) means of the
sequence Sy, -+ VN. The series D 7° (370 -+ D70 Uiyiyiy 1S said to be
summable to the sum s by multiple Riesz method if we can write ¢,,,y...y, — S
as vi,lV9,-++ ,UN — OQ.
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The necessary and sufficient conditions for (R, p,, - - - py, ) method to be reg-
ular are given by

1
Z Z Z |pi1pi2"'piN| < C|PV1PV2 "'PVN|’ |PV1PV2 "'PVN| — 00.
11=012=0 11=0

Now we extend Theorem 2 to N-dimensional case.
Theorem 3. Let f(x1,x2, - ,xN) be a periodic function with period 2w in each

variable and Lebesque integrable on AN. Then, the degree of convergence of the

function f(x1,w2,--- ,xN) in Sobolev spaces W12(X) using multiple Riesz means
of multiple Fourier series is given by

N
|dgt1 (tlttQ .. t (H pl/z > /
vi+1

/ / |dgin (trte, - - )]
t2td - 13 '

vo+1

Similar to the two-dimensional case, we can define the lemmas for
N-dimensional case.

Lemma 3. Let {p,, }, - ,{pvy} and are non-negative and non-decreasing se-
quences then

Ko (1)) =0(p”1<”1+”) for 0 <ty <

P, 1
pVN(VN+1)
Kot =0 *FX—— 0<ty < )
o () ( ) for0<tn < g
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Lemma 4. Let {p,, }, -+ ,{pvy} be non-negative and non-decreasing sequences.
Then

Py 1
Ky, (t1)| =0 <ty <m,
Ko (1) (ﬁpm)forwl <

Dy 1
Koy (tn)| =0 <ty <
un(tn)] =0( 2= ) for g <tw <

Proof. Using Lemmas 3 and 4, we prove this result along the same lines of
the proof of Theorem 2. <«

5. Conclusion

In this paper, we obtained the degree of convergence of the function of double
Fourier series in Sobolev norm using double Riesz means. We also obtained degree
of convergence of a function of N-dimensional variable of N-multiple Fourier series
in Sobolev spaces using N-dimensional Riesz means which is an extension of two-
dimesional case.
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