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On Sobolev-Poincare-Friedrichs Type Weight
Inequalities
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Abstract. In this paper, we prove a Long-Nie type results on Sobolev-Poincare and
Friedrichs inequalities

([1s@mteyn) " <o [Ivs@paar) ™. azp>1,
Q Q

where f is a locally Lipschitz function on €2, the weights v,0 = wFT € Lhtee satisfy
some cube conditions and 2 is a convex bounded domain in the case of Poincare’s in-
equality. This result generalizes previously known weighted inequalities to more general
class of weights.
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1. Introduction

In this paper, we prove new results on Poincare and Friedrichs type gradient
inequalities. In the case of Sobolev’s inequality, we get a new proof for the known
R. Long and F. Nie’s result [13]. A unique approach has been applied for proving
the mentioned inequalities based not on the representation formula or inequalities
(see (1) below).

There are a lot of papers dealing with the sufficiency conditions on weight
functions for Poincare’s type inequality to hold in regular domains (see, e.g. in
[2,4, 5,7, 27]). We also prove the sufficiency conditions in this paper. Our class
of weight functions (see (11) and (7)) for Poincare and Friedrichs inequalities is
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wider than in the known results. Note that a characterization of classical (p, q)
-Poincare’s inequality in terms of nonlinear capacity was given by V.G. Mazya in
1960s (see, e.g., [18, 19]).

The above mentioned inequalities are useful in analysis and in the theory
of partial differential equations, especially in the study of Harnack’s inequal-
ity and regularity of solutions of degenerated elliptic equations, continuation for
the differential inequalities, absence of positive eigenvalues, estimation of nega-
tive eigenvalues and discreetness of spectrum of the Schrédinger operator (see
[6, 8, 10, 12, 20, 25, 27]). As noted in [9], there exists a strict connection between
Friedrichs inequality and Rellich’s theorem concerning compact embedding. In
[21, 5], such inequalities were applied to the error estimation of numerical solu-
tions of degenerate elliptic equations.

One way for producing Sobolev’s inequality (sometimes Poincare’s inequality
too) goes through the estimate

[f(@)] < Co L (IVf(2))) (1)

(see e.g. [26, 29]) that allows to apply weighted boundedness results for fractional
integrals (those, for example, of [2, 11, 21, 22, 23, 27, 30]). By D.R. Adams’es
general result on fractional integrals [1], it follows that the inequality (4) for the

1
case ¢ > p and v € LM°¢ =T € A holds if

L[ a-mp) el
sup / v(y)dy )’ / t 1 / w P 1( Ydy)dt) © < oo
z,r < ly—z|<r ) ( ( ly—=z|<t ) )

r

This assertion is not true for ¢ = p. For the case ¢ = p, according to Fefferman-
Phong’s [8, 22| result, the "r-bomp” condition for some r > 1:

|Q|1/n—1/p+1/q<22|/vr dm)l/rq(@/oj d:U)l/Tp/ <
Q Q

suffices for the validity of inequality (4) below. In [3] for p = 2 and in [2] for
p > 1, a weaker sufficient condition for the validity of inequality (4) was found:

(/V@N“dxﬁcjwvﬂwwmafeLWdRﬂ- 2)
Rn Rn

Recall that result for p = 2. Let ¢ : [0,00) — [1,00) be an increasing and

doubling function such that f %d? < 00. Then for (2) to hold it is sufficient

that
QP [owe (swi@P") dy < c 3)
Q
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An interesting corollary follows from (3) if we put ¢(t) = (14 In™¢) e s
See also [28] for sufficiency conditions for the inequality (2). For other relevant
results see also [15, 16, 17, 22].

This paper is focused on the weighted inequality

(/|f(:r)|‘lvda:>1/q < C</|Vf(x)|pwdx)1/p, g>p>1 (4)
Q Q

in the class of functions f € Lip(€) of Sobolev, Poincare, and Fredirichs types
(convex bounded domains are considered in the case of Poincare’s inequality).
Using the equivalence of weak type inequalities to those of strong type for the
Sobolev type inequalities proved by Sawyer-Wheeden [27] and based on other
approaches, R. Long and F. Nie [13] proved (4) in R™ under the condition

/

Z(!m)p o(z)dz < Cl(/vdx)p//d (5)

Q

for all cubes @ C R™ and weights v,0 = w_ril e Llloc,

It is worth noting that the technique we will use for the proof of our results
differs completely from the ones referred before. The one important detail in
our result is that the integrations in condition (5) are taken not over the whole
of the ball, but only over its intersection with the domain. Also we produce
a simpler and clear proof for Friedrichs inequality when the integral fRn vdx
diverges and f(x) is a Lipschitz continuous function. In Theorem 1, we derive
new weight inequalities of Friedrichs and Hardy types (4) in whole R™. Note that
there are many results on Friedrichs inequality in the bounded domains. To the
best of our knowledge, those results for all space are new even for the unweighted
cases. Concerning the Hardy type inequality, we have considered the class of
functions f with finite v(€),) for a.e. « > 0. This condition is satisfied, e.g., if
Jan [v(2)|Pdz < oo for some 3 > 0.

The following main results are obtained in this paper.

Theorem 1. Let ¢ > p > 1, positive measurable functions v,oc = w=/®=1 ¢

LYc and integral [ vdxz diverge. Let f be a Lipschitz continuous function in
Rn
R™ satisfying one of the following conditions:
1) There exist v > 0, 6 € (0,1) such that for any cube Q(z,r)

v(Q(z,7) \ supp f) > 6v(Q(z,7)) (Friedrich’s type);

2)
lim f(x) =0 (Sobolev’s type);

T—00
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3) for a.e. fized o> 0

v({z:|f(z)] > a}) <oo (Hardy’s type)
Then the inequality
1/q 1/p
( / @) o@)de) " < CoA / IV f (@) Pewde) (6)
R» R
holds with positive constant Cy depending on n,p,q
if

[ (] ZE5) e <o ( [ o)™

QRN QN QNQ

for all balls {Q = Q(z,t) : x € Q,0 <t <r}; we assume r := 00 in cases 2)
and 3) with Q := supp f = {x € R": f(z) # 0}.

In the case of Poincare’s inequality (4), we consider the functions f € Lip (2)
with

/Q Fodz = 0, (8)

and the convex domain €. In this case we suppose that there exist £,6 € (0,1)
such that

QNQ[>6]Q| (9)
implies
2 (QN9) > 0 (Q) (10)
for aball Q = Q (z,p) with z € Q, 0< p <diam Q .

Theorem 2. Let 1 < p < q < oo, v,w'? € LYo Suppose Q& C R" is a
bounded convexr domain satisfying (10) together with the function v. Then for the
inequality (4) to hold for the functions f € Lip(Q)) satisfying (8) it is sufficient
that condition

/ P,

ql

/J(x) /m do < A7 /U(x)dx (1)
QN

QN QNQ

hold for all balls Q@ = Q (x,p), © € Q, p € (0,dq) and some A > 0.
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2. Notation

For a measurable set E, denote by |E| the n-dimensional Lebesgue measure
of E. For a measurable set E and a measurable function f, set f(E) = [ f(z)dx.
E

Denote by @ a ball and Q(z,r) = {y € R" : |[y—z| < r}. The diameter of domain
Q will be denoted by do =sup {|x —y| : =,y € Q}.

C,C4,Cs, ... will be positive constants, which can be different in different
places. C' = C(...) means that the constant C' depends on the parameters in the
parentheses. We will say that w is a weight function if it is a measurable function
taking a.e. positive finite values. For a differentiable function f, denote by V f
the gradient vector {%’ aa—ﬁl, ...88711} and |Vf |2 = (0f /821)° + (Of /0x2)* + ... +

(Of |0xn)? .

3. Proof of Theorem 1

Proof. Denote
Qo ={z e R": |f(x)] > a}.

Let a > 0 be such that Qs, # 0. Fix a point = € Q3,. In all three cases 1)-3), we
will show that there exists a ball @ = Q(z, p(z)) such that

U(Q\Qa) :'YU(Q% (12)

where v € (0,9) is a fixed constant to be specified later.
To show (12), consider the auxiliary function

Ft) = iv(Q(x,t) \ Q) —v(Q(z,1), t>0. (13)

Clearly, F'(t) is continuous and {23, is an open set since f is continuous.

In case 1), Q(z,t) C Q30 C Q, for sufficiently small ¢ > 0 and therefore
Q(z,t) \ Q4 is empty for such ¢. Denote by ¢’ the list ¢ > 0 such that v(Q(z,t') \
Qq) = 0. Evidently, F(t') < 0. On the other hand, for ¢t = r we have v(Q(z,r) \
Qa) > U(Q(:L’,T) \ Q) > 5U(Q(m,r)) > 71}(@(17,1")). By the Cauchy theorem,
there exists to € [t’,r] such that F(tp) = 0; we put p(x) = to and get (12).

In case 2), Q34 is a bounded open set. Again there exists a small ¢’ such that
F(t') < 0. Due to the assumption lim, o f(z) = 0, the set Q3, is contained in
some large ball @ = Q(0, R). Taking into the account the condition U(R”) = o0,
we have U(Q(m,t) \ an) > "}/U(Q(J},t)) for sufficiently large ¢ > 0. Therefore,
there exists an 7 = r(z) > 0 such that F(r) > 0 and there exists ¢y € [t/, 7] such
that F'(t9) = 0; we put p(x) =ty and get (12).
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In case 3), again there exists a small ¢ such that F(¢') < 0. By assumptions,
U(R”) = oo and v(Qa) < oo for a.e. «a > 0. Therefore, there exists a large
r =r(z) > 0 such that v(Q(z,7)\ Q3q) > yv(Q(z,r)). This means F(r) > 0 and
there exists tg € [t/, ] such that F(tg) = 0; we put p(x) =ty and get (12).

Now, let U(Q N an) <y (Q) Then

’U(Q):U(QQQQ)—FU(Q\QQ)

<(Q) +v (@ N) (14)
or
v(Q) < 1_7v(QﬂQa). (15)
Therefore,
v(QN %) £ 710 (QN ). (16)
Now, let
v(QNQa) > 10(Q). (17)
There are two possibilities:
@) QN0 > Sl (15)
B @\ o] > Ll (19)
If a) is satisfied, using (12) we have
dy [ v = J1Q(@. (20)

QNQaq, Q\Qa

Fix the points x € QNN and y € Q\ Q. The line {z+t(y—x): 0 <t <1}
lies in @. There are t; < t2 depending on x,y such that |f(z + t1(y — 2z))| =
2a, |f(z+t2(y—2x))| = a. Note that {t; = t1(x,y)} and {ta = t2(x,y)} depend
on z,y.

By (51),

2 1

<t | L[] Fara-a)-17 @ ne - o))y

QN2 Q\Qa
to (‘rvy)

S(j’y]Qh}l(Q) / {/(/’gt\f(a:—i—t(y—:c))\‘dt)v(a:)dx}dy

QNQ2q Q\Qa t1($,y)
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to (Ivy)

g;’mi@) / [/(/‘( y)- VIS (x + ty — z) |‘dt> da:}d

QNQ2a Q\Qa  t1(2,y)
t2 (-T,y)

oo | L[ ([ ety

QNQ2q Q\Qa tl(m,y)

by Fubini’s theorem,

1

/ / IVf (2 +t(y — \dy)dt} (x)dz,

\Qa 0 YyeQNQ2q: }
ert(yfm)EQﬁQa\an

2

Toanyey

(21)

where ¢, is a volume of a unit ball in R®. Making change of variables z =
x+tly —x), y — 2z, we see that the right hand side of (21) is exceeded by

1

ajcn ol / / / IV f(z }dz)t—”dt} (z)dz

QA\Qa O { 2€QNQ\N2q: }
T+ I EQNQ2q

:ajcnd(ﬁ)Ql)_n /[ / ( / t‘”dt)\Vf |dz} z)dz

o e (O )
T T € 2a

Since z = z + t(y — x), t|ly — x| = |z — z|, we have t > %, hence

SWU(;) /( / (/1_ t—"dt)\w ]dz) z)dz

A\ QN2a\Q24 AQ)

Vf(z)|dz
= a’ycn(i -1) v(lQ) / ( / :z — xi_l)v(m)dx. (22)

Q\Qa QQQQ\QQQ

Therefore,

U(Qm93a>§cvcnfy(2n—1) /( / |,lv_fx(zn)_lldz)v(:n)dm

Q\Qa QmQa\QQQ
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S B/l

Qmﬂa\92a Q\Qa

Applying Holder’s inequality, we see that this is exceeded by

acn’y(Qn Y ( / w(z)‘Vf(z)’dz) 1/p>< (23)
QN2 \Q2a
v(z)dx \7 1/
><(Q0Qi<;2 a(z)(Q<é; Z_f;ﬁi_l) &:)" (24)

Using here the condition (7), we get

2A 1/p 1/q'
0(QN Qo) < acn,y(n_”(m /\ AL az) " (@)
by (17) and Q3, C Qon we get
(@M)€ — @IV d2) " (v@n ) "

1+4
acyy 7 (n—1) 0N\

(25)

The same inequality holds if the case b) is considered. Indeed, we come to
the inequality

[ (] v@iz)ay=Jjer@ (26)
Q\Q2e QN34

instead of (51). Further, repeating the above argument, we come to

2 ( / w(z)‘Vf(z)’dz)l/px

acpy(n —1)
QmQQa\Q?ya
v(x)dz \P' | \/P
X( / U(Z)< / |z—93|”*1> dz)
QOQQQ\Q?,Q QN34

instead of (24). Since Qoq \ Q30 C Q4 \ N34, the same inequality (25) holds in
this case.
Now, combining (48) and (25) we get

v (QN Q)

v(@ﬂﬂga>§17
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2 (@) ([ welvie)e)”

QmQa\Q&x
. On

100
(27)

+—
acyy 7 (n—1)

We have a ball Q(z, p(z)) for every fixed x € Q3, with property (27)
the other hand, by constructions above, we have p(z) < co. Due to the Besicov-
€034
i

itch covering theorem (see, [24]), we can select a countable subcover {Q"'} from
x € Q34 } with finite multiplicity, i.e.

{Q(z,p()) :
Y xgil@) <k (28)
i=1
From (27) it follows that
v (QZ M an) < 1 j ’yq) (Ql N Qa)
24 : 1/q
e (2@ n9a) ™ ( / (2)| V£ (2 \dz) (29)
acyy' T (n = 1) 0N\
Summing (29) by ¢ € N, using (28) and Holder’s inequality, we get
v (Qa) < ffyvv(ﬁa)
2A ; o\ V7P 1/p
Ny (@ (S ] i)
n7 ! ! Qimﬂa\ﬂiia
Using p’/q¢' > 1, we obtain
KnY
Q e (6%
v (Q30) < 1 _WU(Q )
141
2/17% pA ! 1/p
LA ) ([ w)| Vi) dz) (30)
acyy 4 (n—1) R
Now, it remains to integrate (30) to have the inequality (6)
/ (Qs0) dat < /v (Q0) dat
I—v
0
141 %)
20k% T A _ / 1/pda
= /aq L p(Q30) 1/ ( / (2)|V£(z \dz) 3
1) Qa\QSzx
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o0
Due to [ v (Qsq)da? = 37 [ |f(2)|9%(z)dz and applying Holder’s inequality, we
0 R

get

| q

1 q
i / 7)) <

TR
e /Qq Dp'y, p/q’da> /v >
cn’y @ (n—1) 5 a

x (/( / (2)|V (2)]dz) 2 = " (32)

0 QimQQ\QSa

Using Minkowski inequality for p'/q¢’ > 1, we have

o s [ L@ /v ,
/a q—1)p',, p/q’ dj) /v < </ / a(q—l)p’% v(:c)d:z:) L4
0 0 0

R
o

) ((q _11)19') 3¢-1 /’f )% (x d:c) //‘

(33)
Choosing 7 € (0, 0) such that {2 < 4, from the inequality (34) we get
1/q
([lr@i@ar) " < coa( [wevrele) " (34
R" Rn
1 1 7t

-1 1
(1 . 1 (In3)P 2qKq7
where Cy = (3—(1 - (va)> ((qfl)p,> » Qs ff?( )
cny n—
Theorem 1 is proved. «

Proof of Theorem 2. The idea of the proof of Theorem 2 is close to [14].
To save the completeness of contents, we present it below. Take a € R such that

v({uZa}ﬁQ):v({u<a}ﬂQ):%U(Q). (35)

Denote Q, ={z € Q: f(x)>a+a} for a > 0.
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Let v be a sufficiently little positive number that will be specified later. For
any fixed point z € (23, there exists a ball Q = Q (z, p (z)) such that

v(Q@NQN\ Qo) =7v(Q). (36)
Indeed, the continuous function

F ) =2 o(20Q7\ %) - 0(QD

is negative for sufficiently small ¢ > 0 since x is an interior point of Q3,. Also,
F (t) is positive for t — dgq:

F(da) 2 50(@) =70 (Qf,) = 50 (21Q5,) — 70 (@5) = (5 —7) v (Q5)

since (10) is satisfied, where 0 < v < § is a number. Applying Cauchy’s theorem,
we find
F(t1) =0 by some t; € (0,dq) .

Put p (z) = t; and get (36).

If 1) ' '
v (Q'N o) < (Q), (37)
using the condition (10) we have
€V (Q’) <w (Q N Qi) (38)
and
v (Q'N0) < Lo (@'N0Q). (39)

Now, by (36), we get
v(Q'NAQ) =v(2WNQ)+v(2NQ'\ Q) <
<v(2%nQ)+2v(@nQ).

Therefore, from (39) we obtain

v(@n@) < (1-2) 0 (2N Q) (40)

and

, 1 A .
’U(anﬂQZ)<Zl_zv(QﬁQz)zngyv(Q’ﬂQa). (41)
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Now, let

0 (@1 o) 2 70 (@) (42)
Then we have at least one of two variants:

W) 1Q0 %] > 710Q) (13)
or

D10\ Dl > 5101 ()

since (9) is satisfied for some § € (0,1) and a convex domain.

Let the condition a) and (42) be satisfied. For any fixed pair of points = €
QNO\Qy, y € QN Qo the line {z+1t(y—xz):0<t <1} is contained in €2,
since (2 is a convex domain. Then

)
[y ez TiQv@, (45)
QNN2q QNN

Let t1 (x,y) ,t2 (x,y) be the points of the line x4 ¢ (y — x) where it intersects the
level sets 0€), and 0Q3,.

As ) .
1< / dy/ v(x)dxx
avd QI v(Q) Jonas.  Jono\oa (=)
t2(x7y) a
X — fz+tly—x))dt),
(L. 5 )
we have

_— d d
ayd |Q|v (Q) /Qﬁﬂga y/QﬁQ\Qa v (@) darx

t2 (x’y)
<[ - ) Vit )]
t1 (I,y)

By using Fubini’s theorem and the fact that |x —y| < dg for x € QNQ\ Qq, y €
Q N oy, we have

S K. @de [ 19 @4ty —a)) Ja
1< —— Y v (T a:/ r+t(y—x t
ayd Qv (Q) Jorae, — Jono\0a t(2,y)

i | [
< —— v(x)dx [ dt Vilx+t(y—=x))|dy,
coay6 v (Q) Joro\Qsa (=) 0 QN0 VI ( )
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where cg is a volume of a unit ball. Change variables in the interior integral
z=x +t(y — x) passing from y to z. Then we have

dl—n 1
< _2 % / v(x)dx ﬂx
coady v (Q) Jona\a. o t"

x( / |Vf(z)|dz).

{ Z;x—FJZ‘GQﬂQQa }

z € Q N Qg \ Doy
Applying again the Fubini’s theorem to the interior integrals, we get the right

hand side equal to

dlfn
2 % / v(m)dw/ IVf(z)dx / t"dt,
coayd v (Q) Jono\0a QNa\ Q20

R(z,z)

where R(z,z) is the set {t € (0,1): 272 + 2z € QN Qaa}. Now, since |z — z| <

tly — x|, we have t > @. Hence, calculating the interior integral, we get
Q

2 1 \Vf(z)dz
b= co(n — ayd v (Q) /QmQ\Qa v(z)d /ana\gm |z — "t (46)

Therefore, applying Fubini’s theorem, we obtain

v (Q n an)

2 1
<@ e @ L, o G e -

v(z)dz q
: </cmﬂ\9a |z — 2\”‘1) |

Applying Holder’s inequality, we have

2 1 q %
0(@0 %) 0@ (25 v0) ( Lo 19 <z>|ﬁwdz) s

/

9
P p’
x / o (2) / v@dr . (48)
QN0 \ 220 QN2 |2 — 2]
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This inequality and the condition (11) give

@now < 2 (2 wremet) )
v(Q@N3e) < — () / z)|wdz
YT at\0 QN2 \220
The same inequality holds if the condition b) and (42) hold. Indeed, we have the
inequality
)
[ooaf  e@idezT0@ (50)
QOQ\QQ(X Qmﬂ&x

instead of (45). Repeating the above considerations, we come to the inequality

2 1\ )
0 (QN ) <0 (Q) (WU(QQ ( /Q ! wdz> x

/

a9
P P’
X / o(z) / % dz (51)
QOQQQ\Q3Q Qdea |1"_Z|

instead of (48).
So the inequality (49) is also true for the case b) if the condition (40) holds.
Combining the cases a), b) and (41), (42), we get the inequality

v(@Nesa) < ~0(@N)+ <725)q (i)q (/Qma\ﬂga V()P wdz) z |
(52)

SRS

Now all that’s left is to repeat all considerations of Theorem 1
Theorem 2 is proved. «
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