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Abstract. In this paper, a general theorem dealing with ¢ — |A, p,|x summability of
an infinite series has been proved by using an almost increasing sequence. Also, some
results have been obtained.
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1. Introduction

A positive sequence (by,) is said to be almost increasing if there exist a
positive increasing sequence (¢, ) and two positive constants K and L such that
Ke, < b, < Lc, (see [1]). Obviously, every increasing sequence is almost
increasing. However, the converse need not be true as can be seen by taking an
example, say, b, = net=". For any sequence (\,) we write A\, = A\, — Apy1.
Let Y a, be a given infinite series with the partial sums (s,). Let (p,) be a
sequence of positive numbers such that

n
Pn:va%oo as (n—o0), (P_yj=p_;=0, i>1).
v=0

The sequence-to-sequence transformation
1 n
Op = Fn E DvSv
v=0

http://www.azjm.org 3 © 2010 AZJM Al rights reserved.



4 H.S. Ozarslan

defines the sequence (o;,) of the (]\7 , pn) mean of the sequence (s;), generated by
the sequence of coefficients (pn) (see [10]). The series ) ay, is said to be summable
|N,pul, k> 1,if (see [2])

oo k—1
P,
E < n) |oy — Un_llk < 0.

n=1 Pn
Let A = (any,) be a normal matrix, i.e., a lower triangular matrix of nonzero

diagonal entries. Then A defines the sequence-to-sequence transformation, map-
ping the sequence s = (s,,) to As = (Ay(s)), where

An(s) = Zam}sv, n=20,1,...
v=0

Let (¢5,) be any sequence of positive real numbers. The series > a,, is said to be
summable ¢ — |4, pn|i, k > 1, if (see [16])

D o AR(s) = Ani(s)[F < oo,
n=1

If we take ¢, = %, then ¢ — |A, pp|r summability reduces to |A, p,|r summa-
bility (see [25]). Also, if we take ¢, = 5—: and an, = B, then we get IN, Dk

summability. Furthermore, if we take ¢, =n, an, = ;@,—Z and p, = 1 for all values
of n, then p—|A, pp | summability reduces to |C, 1| summability (see [9]). Given
a normal matrix A = (a,,), two lower semimatrices A = (dp,) and A = (y,) are
defined as follows:

n
Ezm:Zam, n,v=0,1,... (1)
=0
G0 = Qoo = A0, Qny = Gpy — Ap—10, N =1,2,... (2)
and
n n
Ay (s) = Zamsv = Zamaz (3)
v=0 i=0
n
AA,(s) = Anili (4)



A New Theorem on Generalized Absolute Matrix Summability 5

2. Known Result

In [8], Bor has proved the following theorem for ‘N , pn‘ ,, summability factors
of an infinite series. For more studies on Riesz summability of infinite series, we
can refer to [3, 4, 5, 6, 7].

Theorem 1. Let (X,,) be an almost increasing sequence and let there be sequences
(Brn), (A\n) such that

|AXL] < B, (5)
Brn—0 as n— oo, (6)
> n AR Xy < o0, (7)
n=1
If
Z’)\;‘:O(l) as m — oo 9)
n=1
Z g’tn\ =0(X;,) as m— oo (10)
n=1
and (py) is a sequence such that
i Dn k X
F O (X)) as m— oo, (11)

where (ty,) is the nth (C,1) mean of the sequence (nay), then the series Y apAy
18 summable |N,pn’k,k: > 1.
3. Main Result

Many studies have been done for absolute matrix summability methods of an
infinite series (see [12, 13, 14, 15, 17, 18, 19, 20, 21, 22, 23, 24]). The aim of this
paper is to generalize Theorem 1 for absolute matrix summability. Now we shall
prove the following theorem.
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Theorem 2. Let A = (any) be a positive normal matriz such that

=1 n=0,1,.., (12)

Un—10 > Gpy for n>v+1, (13)

Uy = O <’1;Z> . (14)

Let (X,) be an almost increasing sequence and (¥ ) be a non-increasing se-
quence. If conditions (5)-(9) of Theorem 1 and

m k—1
n 1
Z%Iz—l <p> “talf = O(X,n) as m — oo, (15)
n=1 Pn "
m k
2%@71 (?) [tal* = O(X,n) as m — oo (16)
n=1 "

are satisfied, then the series »  apAy is summable o — |A, pyli, k > 1.

© — |A, pp|r summability method is more general than !N ,pn’ ., summability
method. By using a positive normal matrix and some suitable conditions,
Theorem 2 on absolute matrix summability method is obtained. This indicates
the importance of the theorem. If we take ¢, = P—: and ay,, = %Z in Theorem
2, then we get Theorem 1. In this case, the conditions (15) and (16) reduce
to the conditions (10) and (11), respectively. Also, the condition ” (%) is a
non-increasing sequence” and the conditions (12)-(14) are automatically satisfied.
We need the following lemma for the proof of Theorem 2.

Lemma 1. ([11]) Under the conditions on (X,), (Bn) and (A\,) as taken in the
statement of Theorem 2, the following conditions hold:

nBpX, =0(1) as n— oo, (17)

3 BrnXn < 00. (18)
>

n=1
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4. Proof of Theorem 2

Let (I,) denote A-transform of the series > anA,. Then, by (3) and (4), we
have

n

n A
o N — Gnv Ay

E GnpQpAy = E o va.

v=0

v=1

Applying Abel’s transformation to this sum, we get

AI, = ZA (am, v)Zmr Ann A anar

n—+1 v+ 1 .
= n ann)\ntn + Z v Av (anv) Avtv

v=1
1
v+1 —
+ Zl v an U+1A)\ t + Zlan U+1>\U+17
v v

= In,l + In,2 + In,3 + In,4-

To complete the proof of Theorem 2, by Minkowski’s inequality, it is enough to
show that

o0
Z@ﬁ_l | I r F< oo, for r=1,23,4.

n=1

First, by using Abel’s transformation, we have

m
doon I [F o= 001)) eh an Al ]t
n=1

k
_ DPn _
= oW e (B) el
n=1 n
< Pn
= om > ek (B
n=1 n
m—1
- szw ()
n—l U

¥ MZw (B )W
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m—1
= 0(1) ) |ANI Xy + O(1) | Ay | Xy

n=1

= 0M) S BuX+ O Al X
n=1

= O(1) as m — oo,

by virtue of the hypotheses of Theorem 2 and Lemma 1.

Now, applying Holder’s inequality with indices k and k', where k£ > 1 and
%+%=1,wehave

v=1

m+1 n—1 n—1 k—1
= 0(1)> ¢! (ZIAU(&M)! Aol* Itvk> (ZIAU(%N) :
n=2 v=1 v=1

m+1 m+1 n—1 k
Z Sok ! | In2 |k = 0(1) Z ‘sz_l (Z | Ay (@no)| | A ’tv|>
n=2

Here, by (1) and (2), we have
Av(&m}) = Qpy — dn,v+1 = Gny — Ap—1p — Qpoytl + Gpn_1 941 = Apy — Ap—10-

Then, by using (1), (12) and (13), we get

n—1 n—1
Z | Ay (Gno)| = Z(an—l,v — Qny) < anp.
v=1 v=1
Thus, we have
m+1 m—+1

S L F o= Zﬁl“(va ol Ao |t|>
n=2
m+1 OnD k—1 /n—1 L L
- 0(1)2(}3") (ZIAU(&M)IMI !tv|>

n=2
m+1 Pnp k—1
- Zmr Y ( Z ) 18|
n=v+1 n

m m+1
- 0<1>Z<*0;;f”) PRLTALD DRI

n=v+1
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m
- Z(“ﬁ”“) ol A o F

v=1

- i <)|A||t|

= O(1) as m — oo,

asin I, 1.

Now, again using Holder’s inequality, we have

m+1 m—+1 n—1 k
Z on st = 0) ) ept (Z I&n,mllAMItul)
n=2

v=1
m+1 n—1 n—1 k-1
= 0(1) Z ‘sz_l (Z ‘&n,v+l|5v’tv|k> <Z ’dn,v—i-lmv)
n=2 v=1 v=1
m+1

= Z (pk 1 k ! (Z |an v+1|/8v|t k)
m+1 Onp k—1 /n—1
= O(l) Z <;nn> (Z |dn,v+1/81)‘tv’k>

n=2
m—+1 Onp k—1
- zw Y (Z2)
n=v+1 n
m Pop — m+1
= o> () il S ol
v=1 v n=v+1
Here, by (1), (2), (12) and (13), we have
m+1 m+1 v
Z ‘dn,v+1| = Z Z(an—l,i - am') < 1.
n=v+1 n=v+1 i=0
Thus, we get
m-+1 m D k—1 1
Sk el = om Yk (Fr) vt
v=1 v
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m k—1
_1{ Pv 1
+ 0(1)mﬁm;<p’5 1<PU> ;\mk
m—1
= 0(1) ) v|AB|X, +0(1 ZBUX +O0(1)mpBn X
v=1 v=1

= O(1) as m — oo,

by virtue of the hypotheses of Theorem 2 and Lemma 1.

Again, using Holder’s inequality, we have

m+1 m+1 |t |
Z Soﬁflun,ﬂk < Z O <Z |Gn, vt [[Av1 [ — >
n=2 n=2
1 -1
(S [t |Av+1|
S ZQO Z’anv—‘rlHAv—l—l’ Z‘ Qp v+1 ’
n=2
<

5~ L") (5= Pl
5t (S ) (5 2)

v=1

1 P k—1 /n—1 ‘t ’
A () (meﬂuw )
n

Z
m+1 k—1 /n—1
- om Y (%) (Z st s 28 )

|t | k. m+1 Onp k—1
v nPn N
- |)‘v+1|7 Z ( P, ) |an,v+1|

n=v+1

n
m
2
m ’t ‘k m+1
= Z<¢UPU> P\v+1|7ﬂ Z ’dn,v+1|
T
>

+

m

n=v+1

k—1 [ Pv ot ’t |
2\ B |)\v+1|
m—1

k*ll
- on) rmvmzw HE)

v=1

k=14
— Dy

+ O<1)‘)‘m+1’§ okl (P) ;|tv\k
v=1 v

v=

—_
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m—1

= 0(1) Z Bo+1Xv+1 + O(1) [ A1 X1

v=1

= O(1) as m — oo,
by virtue of hypotheses of Theorem 2 and Lemma 1.

This completes the proof of Theorem 2.

5. Corollaries

Corollary 1. If we take p, = 5—” in Theorem 2, then we get a known theorem

dealing with |A, pp |k summability of the series - anAn (see [15]).

Corollary 2. If we take v, = n, apy = %Z and p, = 1 for all values of n in

Theorem 2, then we get a result for |C, 1|, summability of the series > anAn.

6. Conclusion

This study has a number of direct applications in rectification of signals in
FIR filter (Finite impulse response filter) and IIR filter (Infinite impulse response
filter). So, the absolute summability methods have potential in dealing with the
problems based on infinite series.
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