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Inverse Spectral Problem of Discontinuous
Non-self-adjoint Operator Pencil with Almost
Periodic Potentials
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Abstract. Spectral characteristics for discontinuous non-self-adjoint operator pencil
with almost periodic potentials are investigated. The spectrum of the operator is anal-
ysed, an effective algorithm for solving inverse problems using a part of spectral data is
provided and uniqueness theorem is proved.
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1. Introduction

We deal with the spectral analysis of operator L generated by the differential
expression
d d?
(— ) =——=
(d:c’ ) dx?
in the space L2(R) under the assumption that the potentials p (x) and ¢ (z) have
the form

+22p() + q(2) — X2p (x) (1)

o o
p(x) = pae™®, q(x) =) gne'™?, (2)
n=1 n=1

where A is a complex parameter,

P(x)Z{ L forzz0, 3)

-1 forx <0,
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and the series
[ee] o0
Zan |pn| < 003 Z‘QH| < o0 (4)
n=1 n=1

converges.

Here the set of exponents G = {«,} satisfies the following conditions:

1. o <ag <..... < Qp < ooy Qpy —> 00

2. If aj,05 € G, then a; +a; € G

The functions (potentials) p(z) and ¢(x) are called Besicovitch almost periodic
functions. They would be almost periodic if the following condition held:

If for every positive € > 0 there exists a finite sum

n .
Z rie' it = p(t)
j=1

and for allt € R, |f(t) — p(t)| < €, then the function f(t) is almost periodic.

In general, the function f(x) is uniformly almost periodic if for every e >
0 there is a finite linear combination of sine and cosine waves with respect to
uniform norm.

The possibility of applying potentials (3) to investigation of differential equa-
tions with an almost periodic functions which are widely used and, undoubtedly,
further development of the theory will lead to wider applications, can be justified

o0
by Riesz-Fischer theorem: Any trigonometric series Ay ethnt
n=1

subject to the

o0

single condition that the series |An\2 is convergent, is the Fourier series of an
n=1

almost periodic function. [1,4,13,18]

Today, there are many publications dedicated to the spectral structure of self-
adjoint operators with almost periodic coefficients in both one-dimensional and
multidimensional cases. We note the works [3, 14], where the spectral theory of
one-dimensional operators with limiting periodic potentials is considered. The
operator L is non- self-adjoint except for the trivial case p (z) = ¢ (z) =0

The case where p(x) can change sign, known as indefinite case, was firstly
considered by Belishev [2], who solved inverse problem of reconstruction of p(x)
for p(x) = q(x) = 0. As a rule, such problem is connected with discontinuities
in the medium’s physical characteristics.

Note that the case p(x) = 1 was considered in [10,14], where spectrum and
resolvent in the space Ly(R) have been investigated. It was shown that the spec-
trum of the operator is pure continuous. Moreover, simple spectral singularities
can exist over the continuous spectrum.
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In [16] the inverse problem for that case was solved using the normalizing
numbers.
P. Sarnak in [17] investigated the case p(x) = 0, p(z) = 1 and ¢(z) =

n .
> gne'®®. He proved that the spectrum of L is [0,00]. The case p(z) = 0
i=1

was investigated in [9], and the necessary and sufficient conditions for the nor-
malising numbers to be the set of spectral data of the operator L for that case
have been found in [19].

R.F. Efendiev in [5,6,7,8,9,10] studied spectrum and inverse problem for a,, =
n, n € N. Note that the inverse problem for the operator L differs from the case
p(x) = 1 because of the presence of a discontinuous coefficient p(x), and we do
not solve it, as in [12,15,16], by normalizing numbers. We solve it by reflection
coefficients, which is more natural for discontinuous problems.

In this work, we solve the inverse spectral problem of wave propagation with
discontinuous wave speed in a one-dimensional layered-inhomogeneous medium
in the frequency domain which is described by the Schroedinger equation

—y" (@, ) + [22p (2) + q (2)]y (2, 1) = Np () y (2, A) (5)

This work is organized as follows:

In Section 2 we investigate the representation of fundamental solutions. In
Section 3 the properties of the spectrum are studied. It is proved that the contin-
uous spectrum of the operator L consists of axes {ReA = 0} U{ImA = 0} and the
continuous spectrum may have spectral singularities at the points :l:%’, :l:iaT" n e
N.

In Section 4 we give a formulation of the inverse problem and provide a
constructive procedure for its solution.

2. Special solutions of equation Ly =0

Let us denote the solutions to equation (5) by fi° (x,\) and f5 (x,\) which
satisfy the following conditions:

lim fli (z,\) eT? =1 for FIm\ >0,

T—r0o0

lim fif (z,\)e™* =1 for +£Re>0.

T—00

The existence of such solutions of equation (5) was considered in [5], where
the following theorem was proved.

Theorem 1. Let p (z) and g (z) have the form (2),(4) and p (z) satisfy the con-
dition (3). Then equation (5) has particular solutions of the form
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fl (x )\ _eilz\x 1+Zvi 1anw+za :tQAZVi 'Lasz fOT‘$ZO7 (6)

[e.9]

fif(z, \) = e2%( 1+Zvi w‘"“’c—i—za :F22/\ VjE sty for 2 < 0. (7)
n

Here the numbers V.5, and Vni are determined from the following relations:

aVE + ag Z Vig Z (qukjE + anpr)Vnik +q,=0 (8)
= Qrtop=0os
k>n
as( - an)Vi Z (QT + anpr)vnik =0 (9)
artap=os
k>n
aVE+E Y p Vi Ep =0, (10)

artap=as

where the series

> > al vk (1)
n=1 s=n
> an |V (12)
n=1

converge.

We can easily see that at the pomts A=FF ()\ = :tw‘T”) ,n € N, there can be
simple poles of the function fi° (x, \)(f5 («, )\))

Remark 1. If A # —9 and ImX > 0, then f;" (z,\) € Ly (0, 00).
Remark 2. If A # — w‘" and Re) > 0, then f, (z,)\) € Ly (—00,0).

Let us denote by

the Wronskian of the functions f(x) and g(x). Then
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W (2, N, fi (2, N)] = 2iA # 0, for ImA =0, # 0
W (2, A), fy (2, A)] = —2X # 0, forReX = 0,\ # 0

for A\ £ 0, A\, # £2, N, # Fi%2.

Therefore, the functions f;™ (z,\), fi (x,\) and I3 (@, ), fy (z,)) are lin-
early independent for A # 0, A, # £5*, Ay # F5=, ImA = 0 and Rel = 0,
respectively.

Obviously, the functions

o0

ffl (r) = lim (o, =+ 2)\)]01jE (x,\) = g an;eiaxe_ia;gg, (13)
AT s=n

Tjé () = lim (o F 2i)\)f2i (x,\) = E Vnﬂ;emxe_iaznm (14)
A= Fisg S—n

are the solutions of the equation (1) for A = F5, A = Fi%e.
From recurrent relations (8)-(10) and (11)-(12) it follows that £ (z) # 0, f5(x) #
0 for V£ # 0. Then

Wif (@), £ (. F54] = 0

W[fé(w%f%(a:,w%)] ~0

and consequently

an(ZE) = Sn2f2 (:U?:FZQTn)'

N—
—~
[a—
t
N’

Comparing these formulas we get
+ + +
Snl = SnQ = Vnn
Then (14) can be rewritten as follows:

~ Vi

Oy + Oy,

vE L =VE(VF 4+ ). (16)

mao—+m
n=1

The formula (15) will play a crucial role in solving the inverse problem.
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Note that by (12), the linearly independent solutions of (1), according to

A=x%,n € N, can be determined as

st njiLij,)\
Tﬁ(m):Ahm i (@, > a,{lfgﬁ]:

i ()

where gpfn (z) and @lfn (z) are Bohr almost periodic functions. Obviously, f

and fi" (x,A) are linearly independent solutions of (1) for A = £%,n € N.
(Linearly independent solutions of (1) corresponding to A = +i%*, n € N can be

constructed analogously).

Linearly independent solutions of equation (1) corresponding to A = 0 are

defined as fk (z,\) and M

Hence, any solution of equatlon (1) for ImA = 0 may be represented as a
linear combination of the solutions f;” (x,)), f{ (z,A) and for ReA = 0 as a

linear combination of the functions fy (z,\), fy (z, ).
Then, in particular, we have

S (2, A) = AT (N fiF (2, A) + BY(N) fi (2,0), for A>0
fy @A) =A" (NS (0 + B~ (N fi (2,0), for A<0
(2, \) =Ct ) £ (2, \) + DY (\) fy (x,)), for ImA > 0,Re\ =0
fi (@A) =C"(\) fy (@, \)+D~(\) f5 (z,)), for Im\ < 0,Re) =0,
where A* ()\), B ()\), C* ()\) and DT ()\) are defined as follows:
AE Q) = =5 WIFE (2,0), f5 (2, ))]
B () = =5 W3 () fi© (2, ))]
C*(N) = g WL (@A), fi (2, M)
DE(\) = six WIS (2,0, f5 (2, \)].
Taking into account formulas (17) and (18) we find
C(\) =B+ (\) =iDt () = WL (”f;);% AL for A € So
D) =B~ (\) = —iC+ () = W ENL @] £ 3 ¢ g
B\ =A(\) =iC~ (\) = TENL @ po \ e g,
AN = AT (\) = iD~ (\) = Wl “”Q)Afl @M for A € Ss,

where S, = { <arg\ < (kH)’T} , k=0,3.

(17)

(18)

(19)

Thus, we find that eight coefficients A* ()\), B* ()\), C* (\) and D* ()\) are
actually expressed in terms of four complex-valued functions A (), B (), C' (\)

and D (A). Then relation (12) takes the form
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2 (@A) =AW fi (@, )+ C(\) fr (2,4)

fZ_ (1'7)‘):B()‘)fl—‘r(x7)‘>+D()‘)f1_(xﬂ)‘) (20)
(@A) =iD(A) fy (2,0) —iC (\) fy (2,2)

fi (@A) = =iB W) f (2, 0) +iA (V) fy (2, ))

3. The spectrum of the operator L

To study the spectrum of the operator L generated by the differential expres-
sion (1), we first, we calculate the kernel of the resolvent of the operator Ry. Let
us prove the following theorem, from which we obtain the existence of the resol-
vent operator R). We shall denote the resolvent set, spectrum, point spectrum,
residual spectrum and continuous spectrum of L by p (L), o (L), o, (L), o, (L)
and o, (L), respectively.

Theorem 2. The operator L has no pure real and pure imaginary eigenvalues.

Proof. Equation (5) has the fundamental solutions f; (z,\), f; (z,))
(f;r (2, A), fy (2, A)) on [ImA| < § (JReA| < §) and X # 0, X # :l:a” A #
452 ,n e N.

Then for ImA = 0, the solution of equation (5) can be written as follows:

y(x,)\) ClezReAx(1+ Z Vi zanx+ Z o +2/\ Z Viseiasx) 4

n=1
—|—02€ 1Re)\x(1+ Z Vi T0n X 4 Z - 72)\ Z Vjéezasx)

Then y(z, \) ¢ Lg( 00, 00) except for Cl Cy = 0, because the principal
parts of the solutions are periodic.

Analogously we can prove the case ReA = 0. Hence o, (L) = 0.

The theorem is proved. «

Theorem 3. Residual spectrum of the operator L is empty, o, (L) = ().

Proof. Let the function g(x) € La(R) be a solution of L* (A\) = 0 for A € C.
Then g(x) satisfies

9"(@, ) + 240 (2) + ¢ (2)]g(z, ) = Np () g, A) (21)

Since (21) is of type (5), (21) cannot have a solution which belongs to La(R).
That means o, (L*) =0 or o, (L) =0, so 0 (L) = 0. (L) and L~! is defined in a
dense set in La(R) for VA € C.

The theorem proved. «
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In order to find L~! and resolvent set p(L), let us investigate solution y(z, \) €
La(R) of

—y"(z, ) + [22p (2) + ¢ (2)]y(z, X) = Np (2) y(z, \) = f(=), (22)
when f(z) € La(R).

If we apply the Lagrange method by using solutions of equation (5), then we
find the solution of (22) as

Y (@ 2) = /R(:c,t,)\)f(t)dt,

where the expression R (z,t,A) can be obviously written as

R11 (m,t, )\), A E S()
_ R12($,t,>\), A€ S
R(.%t,)\)_ Ry (%,t,A), AeE Sy
Roo (z,t,\), X € Ss,
where
_ 1 f+($,)\)f+(t,)\), t<z
Ru(at, ) ——mw){ M IS yes o9
_ 1 f@Nfy (5N, t<
RWE’“”“W(A){ PN o), tez M5 (@Y
BEEAZ o8B L fr BN (@A), t>a 2
_ 1 fi(l‘a)‘)er(tv)‘)a t<uwz
Rt ) = s | e, 12s V€S @

with 8}, = {%ﬁ <arg\ < @} k=03

By standard method (see [11, p. 302-304] it can be proved that the kernel
R(z,t,\) of the operator L~! is bounded for A ¢ {Re\ = 0} U {Im\ = 0} (i.e. for
A € p(L)) and unbounded for A € {ReX = 0} U {ImA = 0} (i.e. for A € o.(L)).

This follows from the following lemma which was proved in [11, p. 302].
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Lemma 1. For every T > 0 the operators defined by the relations
x
Af (z) =™ f et f (§)de,
Bf (x —emfe_Tff €)d¢,
are bounded in Lo(—o00,00) and
1 1
Al < =Bl < -
T T
Indeed, it suffices to take into account the following estimates:

‘fli ("Ba)\) f2:t (t, )\)‘ < Ce_TIx_ﬂ

where C' = C(\),7 = min{Im\, ReA},Vz,t € R.

On the other hand, points A =0, A==+, A= j:io‘T", n € N can be simple
pole points of L~!. Since L has no eigenvalue, there is no singularity at these
points, too. So {ReA = 0}U{ImA = 0} consists of continuous spectrum of L. Note
that the kernel R(x,t, \) has simple poles at A =0, A =49, A= :l:m‘n neN
on the spectrum which are called spectral singularities (in the sense of [1 1] p.306)
of operator L.

The following theorem is true.

Theorem 4. The continuous spectrum of the operator L consists of axes {Re)\ =
0}U{ImA = 0} and it may have spectral singularities at the points £%, +%%n pn €
N.

Theorem 5. The eigenvalues of the operator L are finite and coincide with the
squares of zeros of the functions A(N),B (X),C (X\) and D (X\) from the sectors
Sk, k=0,1,2,3 respectively.

Proof. For the solutions f;7(0, ), f57(0,\) we can obtain the asymptotic
equalities

flﬂ:(j)(o7 A) =+ (Z‘/\)j Ci+o(l), for|\| o0, 7=0,1, C1 >0,
ff(])(o’)\) — :t()\)j Cy + 0(1)7 for |)\| — o0, 7=0,1, Cy>0.

For simplicity, we prove the first equality. Taking into account (6),(7) we have

]f*”) O] < £ (1+ 3 (i) [VEL+

Qs Vas
+ z E (|a +|2M | <+ (iIN (C + |ImA|)

n=1s=n
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Therefore, as |A\| — oo, we obtain

AP0, = £ (A C1+0(1), for|A = oo, j=0,1, C >0,
f;E(J)(O, )\) -+ (A)J Cy+ 0(1)’ for |)\| — 00, 7=0,1, Cs > 0.

Then we get for the coefficients A(\),B(X),C(A\),D(A) the following asymptotic
formulas:

A(A):%+o(1) AeE Sy

B\ = 1‘2”+o(1) e Sy
-

cO\) = ;—Z—Fo(l) reS
1—i

From this it follows that the zeros of the functions A (\), B (\),C (\) and
D (\) from the sectors Sg, k= 0,1,2,3, respectively, are finite.

Note that, by generalizing the results of Theorems 2 and 5, it is easy to
see that the coefficients A (\), B (\),C (\) and D (\) do not have zeros on the
coordinate axes.

Then, dividing both sides of the first and third equality by C'(A) and the
second and fourth by B(\) we arrive at the solutions to the equation (5):

Ut (x,)\):lc)i‘\;f; (x,\) — fy (x,A), for ReA=0
U_(l',)\)—gé;\;f;(w,)\)—f;—(l‘,)\), for ReA=0
Uy (z,)) = é—f\‘)ffr (,\)+ f{ (z,A), for ImA=0
Uf(a:,)\)—g(—:\\)ff(x,)\)—i—ffr(m,)\), for Im\ = 0.

The functions U; (z,\), Uy (z,A) and Uj" (z,A), U (x, A) are called the eigen-
functions of the left and right spectral problems, respectively. <«
Definition 1. The functions

ST = 285,5; () = ﬁgii,sl () = ;‘8,52 =20

are be called the reflection coefficients for equation (5).
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4. Formulation of the inverse problem

As follows from (23)-(26), the kernel R(x,t,\) for each x and t admits a
meromorphic continuation from the sectors Sy, k = 0,3 and may have poles at
the points £9 , £i%*, o, € G, outside of Sy, k =0, 3.

These poles of the resolvent are called quasi-stationary states of the operator
L. By analogy with the self-adjoint case, the functions S,:gt (AN),k = 1,2 and
spectral singularities of the operator L are called spectral data of the operator L.

Definition 2. The data S,:f (A),k=1,2 and £% , £i%*, ay, € G are called the
spectral data of L.

In our case, we will use a part of spectral data to construct the potentials
p(z), q(=).

4.1. Inverse problem.

Given the spectral data Sf (A) and +i%2, «,, € G, construct the potentials

2
p(z) and q(z).

Let us first show that all numbers V.-, n € N can be defined by specifying a
part of the spectral data S;" (\) and +i%, an, €G.

Indeed, taking into account (14), it is easy to see that

‘ PN WIS (N, fy (@ N)]

Ag%; (oun + 2iN) Ty ALZ'&; (o, + 2iN) EESWCIe Vo
m DINYCAC o WA @A), B @]y
Aiiia; (o, — 2iN) DOV Aah—nil‘”; (o, — 2iN) @), £y (2, 0)] =V.r.

all numbers V.5 and V-

e M <a,neN are

Lemma 2. For given numbers V.|
uniquely defined by the relation

(03
Via

VE = ViE (VF+ nzl m). (27)
Proof.
Let N -

Vi oim = SEVE+ S5 ﬁ

n=1

We are going to show that all numbers V.5, n € N,a > n are uniquely deter-

mined by the given numbers S. For this purpose, we consider the following
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system of recurrent relations:

@ Evas
—* + + Vn o
S+ S E :
m,a+m m m ap, i Olm’
n=1
= o+ + n,o
\%4 =+iS~ + S5 :
,at+
m,a+m m mn_l Qo +

: : = =7
where the numbers S;© uniquely determine the numbers V;Ea and V, .. Let

]- — ::I: S:t « V_7 ‘
A7:’|r:z70é+m = i[vm’a+m F va,aer] = Sniw + %[Z ﬁ i
n=1 " m

11—+ — gt & Vo

+ , " ’ .
B atm = §[Vm,a+m £V pparm] = S £ 7771[2 :i + ZZ
n=1

Ay, + Oy
n=1

Then all numbers V.=

n,o’

Vrioﬁ-m = Vaq:A7irL,a+m + VaiBi,a-i-m'
Indeed,
v,.,—1iV V,ot+iV
Vita = Va [FRo0] 4 vHmeomey
St SVEV, > VEV,
_ V_S_|_ + ©m a ¥ na i a ¥V na +
a-m 2[;an—l—am ;an+am]
T I S
2 nzlan—f—am nzlan+am

* V,oBY, +ViIA,
_ Va,S;rl + S;; Z « n,o @ na

— Qpn + Qm
n=1
o V?
=V_-st S+E —na
a Om+ mnzlan—&—am

Taking into account the relation

Oésvsi + Z prvki +tps =0,

artop=as

an + oy

167

].

n € N, a > n are uniquely determined by the relation
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we have
Zaﬂ/* +Z Z V,jpk:i:Zps =
s=1 artap=as s=1
= Zas‘/;+ + (Z V;F)(Zps) + Zps =0,
s=1 s=1 s=1 s=1
whence
Z as VT
Zps = T
1+ Z Vit
Then -
o Z asVi ST asVih
> vy - Zv )= =
s=1 s=1 1+ZV+ 1+ZV9+
s=1
Hence,

(1+ i vy iasvs_ - (i V:)(i as V') — i a;V,F =0
s=1 s=1 s=1 s=1 s=1

or

o0

Zasv +Z Yo Ve =Y Y Viat - Zasw_o

s=1 artap=as s=1 artag=as

We obtain

a—1
Va_ - Va+ + Z V::_ Va_fs -
s=1
and using the equality f1 (0,0) = f_ (0,0) we get

+ n,o _ yr— n,o
D S
n=1 n=1
Taking into account
Vi =VFiAL +VEBE

m,o+m m,o+m m,o+m?
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it is easily seen that

[0

V++Z (;l()é_va +Z‘zz,o¢

n=1 n=1

Za: VﬂJ,rO‘ B V”Toz — za: V A:rrt ,a+m + V Bm a+m VJA;L,a-i-m V Bnt ,a+m _

n=1 On n=1 Qn
@ A+ *. B> A_
=Vo ) eV Z e :
n=1
or N
A o—Bla
(1= > =me—==)
vi=v,—1 =V, V.
(1 . Z n,aan n,a)
n=1
The relation
a—1
Vo =V Vv =
s=1
implies that
a—1

Voj - Vai\IIOé + Z ‘/L;\IJSVQ_—S
s=1

and all numbers V", n € N are uniquely determined by the numbers ¥,,. It means
that all numbers Vnia, Vi n € N,a > n, can be determined by the normalizing
numbers S;-.

From recurrent formulas (8)-(10), we find all numbers p,, and ¢,. So inverse
problem has a unique solution and the numbers p,, and ¢, are defined construc-
tively by a part of the spectral data. «

Theorem 6. The specification of the spectral data uniquely determines potentials
p(z), q(z).
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