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The Solution of a Mixed Problem for a Parabolic
Type Equation with General Form Coefficients
Under Unconventional Boundary Conditions

H.I. Ahmadov

Abstract. We study one-dimensional mixed problem for a parabolic type equation with
time-advance constant coefficients in the boundary conditions. Under minimum condi-
tions on the initial data we prove the existence and unigueness of the considered mixed
problem and obtain explicit analytical representation for the solution.
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1. Introduction

In this paper we consider a mixed problem for a parabolic type equation with
constant coeflicients that have time-advance in the boundary conditions.

In [1], mixed problems have been considered for one-dimensional heat-conductivity
equation with partially determined boundary regime under certain conditions on
the initial data. The existence and uniqueness of the solution of the given problem
represented in the form of a contour integral have been proved.

The works [2,3] consider mixed problems for a heat-conductivity equation that
has a more general form time-advance in the boundary conditions. A unique solv-
ability of the considered problems is proved and the solutions are represented in
the form of a contour integral. In [4], a problem for a parabolic-hyperbolic equa-
tion with heat conductivity operators and strings in a rectangular domain, with
Samarskiy-Ionkin nonlocal boundary condition, has been studied. The criterion
of uniqueness of solutions has been proved by the spectral expansions method.
The paper [5] studies a boundary value problem for a mixed type equation with
Lavrentyev-Bitsadze operator in the principal part, with lead-lag arguments and
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closed-change line. A uniqueness theorem has been proved under the restric-
tion on deviation value of arguments, and explicit integral representations for the
solutions have been found.

Unlike all above-mentioned papers, in the present work we consider a more
general mixed problem for an equation with constant coefficients that have a time
deviation in the boundary conditions.

2. Problem statement
Let
L (2,2 (0,8) =ty (, 1) + buy (2, ) + cu (2, £) — wy(s, 1)
5e B ) U (@ 1) = auae (2, Uy (, cu (x, we(x,
Lu(z,t) =u(z, t+(1-jlw)+ou(l—z, t+jw), j=0,1

Liu(z,t) = aj_gugj_m (x, t)+ bj_gugcj_Q) (1—a,t), j=2,3,

where a, b, ¢, w, a;, a;, b; (j =0, 1) are real constants, a > 0, w > 0, agoy # 0.
On the semistrip IT = {(z, ¢t): 0 <z <1, t> 0}, we consider the following
mixed problem:

Lu(z,t)=0, (x,t)ell (1)
W@ 0) =), 0<z<l, ©)
lju[,_o=0, t>0, j=0,1, (3)

ul,_y=0, 0<t<w j=23 (4)

where p(z) is a given, and u(z,t) is a sought function.
The solution of the problem (1)-(4) is a function u(z, t), satisfying the fol-
lowing conditions:

t
Du(z,t) € C2HIHNCO <z <1, t >0); [u(z, T)dre C(0<xz <1, t>0);
0

Qlju(xz,t)eC(0<z<1, t>0), j=0,1

Nju(z,t)eC(0<z<1, 0<t<w), j=2,3;

4)u(z, t) satisfies the equalities (1)-(4) in the usual sense.

As noted in [2], the stated problem can be solved step by step. First, by
solving in {(z,t): 0 <z <1, 0<t<w} the ordinary mixed problem (1), (2),
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(4), we can find the initial, and then, using conditions (3), the boundary state
for the rectangle {(z,?):0<z <1, w <t < 2w}, etc. But such an approach
is very cumbersome and each time requires to clarify conditions on initial and
boundary data u (x, kw), v (0, t), u(1, t), providing unique solbability in (0, 1) x
(kw, (k+1)w) (k =1,2,...), and also preservation of smoothness when going
from one layer to another.

Not dividing the problem (1)-(4) into numerous problems, by combining the
contour integral method and Rasulov residue method [6, 7], the existence and
uniqueness of the solution were proved, and analytic representation was obtained
for it.

3. Uniqueness of the solution

We call the problem

L <dc:17 /1’2> y(z, p) =0, ljy‘;p:() =0, j=2,3 (5)
the first spectral problem with a complex parameter u, corresponding to the
problem (1), (2), (4).

It is known that [8] if apbi + a1bp # 0, then for all complex values of p,
not belonging to the set S = {u, : v =1, 2,...}, there exists the Green function
G1(z,&, 1) of the problem (5), analytic everywhere with respect to u except for
the points of the set S, that are its poles and have the asymptotic representation

. (—1)”(a0a1 + bobl) 1
v = O - P} .
py = a Tvi+ 2(anby + arbo) + o R

Renumbering the points in S in an ascending order of their modules taking
into account their multiplicity, we denote S = {u,, v=1,2,...}, with |u;| <
lpa] < ..., w, has the multiplicity x,, with x, = 1 or x, = 2. It is clear that
|py] = 00 (v — 00). There exist h, § > 0 such that

—h <Repy, <h, |php41— | >20 (v=1,2,...). (6)

Outside the § neighnbourhood of the points p,, the following estimations are
valid:
‘akGl(‘ru 57 :U‘)

R ‘ <du* 1t e>0, k=0,1,2. (7)

For any function f(x) from the domain of the operator of the first spectral
problem, we have
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1
f(w)——/GH(:r, € 1) (€) dé =
0

1
__ / Gr(z, & w)(af"(€) + bf(€) + cf (€) — p2F())de.
0

Hence we obtain

1 1
Jeorwewr@i="0 5 [onwen r©a
0 0

1
1 1/ !
+o 0/ G1 (2, & 1) (af” (€) + bf’ ())de. (8)

Let us accept some notations that will be used later: let ¢ > 0, r > 0 be some
numbers, z be a complex variable, . = {2 : Rez? = ¢} be a hyperbola with the
branches 3 = {z : Rez? = ¢, +Rez > 0}, Q, = {z : |z| = r}, Q.(61,62) be
an arch of the circle €., enclosed between the rays z = 0’7 (0 < 0 < 00, i =
V=1, j =1, 2). Note that the arches connecting the branches and the sides of
the hyperbola S, {z: |2| =7, Rez?>¢, Rez >0}, {z: |z| =1,

Rez? <c¢, Imz >0}, {z:|z| =7, Rez? > ¢, Rez < 0} and {2z : |z| = 7, Rez? <
¢, Imz < 0}, in our notations will be

Qr (_‘90,7“7 00,7‘) 9 Qr (ec,m _00,r + 7T) 9 Qr (_00,7" + 7T> ec,r + 77) )

Qr (‘90,7“ + T, _ec,r + 27T) 9

r’—c
r2+c °
We introduce the contours (broken)

where 0., = arctg

S, =SHUSy, @ci:{z: tr=ce tioe€ (20 1+v2, oo] }U

{z: tz=c(l+in),ne [—1—\/5, 1+\[2} }U

U{z: :I:z:o'e_%ri,JE [20\/1+\@, oo]}
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We denote a part of contours 3, %zc, Se, %f, enclosed inside the circle €,
Cx at & i T V2
by Ser, S Sery 8oy Finally, by Tep, T, Ty, T, for r > 2¢q/14 %52 we

denote the closed contours

Cep =Q (O + 7, —Ocp +2m) UST, UQ, (O, —0cr +7m ) US

) c,r

8 8

- 57 3 31 5 .
Fw:QT(—W —W>u<‘+ UQ<7r W)u%gr.

=~ A 3 3w
I‘;fr = %Zfr UQy (—Ocr, Ocr), I‘Zr = %Zfr U Q, (— — ) ,

8’ 8 878
In the sequel, we will consider the counter-clockwise direction as a positive direc-

tion.
Let {7} be a sequence of numbers such that

O<rm<r< - <r,<..., limr, = o0,

n—o0

The circles 2,,, do not intersect the d-vicinity (4 is a rather small, fixed number)
of the points u, € S. In view of the structure of S, the existence of such a number
d and such a sequence {r,} in undeniable. We denote the number of the points
1y lying inside to fh,rn by my,. It is seen from (8) that for any function f(z) from
the domain of the operator of the first spectral problem, i.e. f(z) € %[0, 1],
lifl,—o =0 (j =2, 3), we have the following relation:

5 / udu/Gl x, &) f(§) dé = 2; pt () dpt

Fh 'n 1—‘h \Tn

c
211

1
b ldy / Gy (2,6, 1) f (€) dé+
0

Fhv"“n

L / “ldy / G (2,6, 1) (af” (€) + b (€))de,

Fh rn
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m=f(x).

271 n—oo

27
GO /du G /imewgp _ @),

i 271 n—oo TpelP 2

Q. 0

n

1

1
lim pTrdp [ Gilw, & m)f(©)d = lim [ p~ldp [ Gi(x, € u)f(€)dE,
/ S

1
/u‘ldu/Gl(w, & p)f ’ — ¢y <
n 0
C1
/’| 2]

consequently.
In the similar way we prove

Fh,rn

zrnewdcp

2
1
—dyp — 0 —
7",,2162’“’0 01/7'” 2 (n OO)

n—o0

1
i [ pldp j/6h<x,f,A><af“<£>+—bf%f»ds::o,
0

Fh»"”n

consequently,

n—oo 271

f(x)= hm/udu /G1 x,§, ) dE = Zresu /Gl x, &, p1) f(§)d§

Thyrn
(9)

We have the following theorem.

Theorem 1. Let agby + aiby # 0, ¢(z) € C?[0,1] and ljp|,_, =0 (j =2, 3).
The problem (1)-(4) may have at most one solution.

Proof. We introduce the operators

nZ

1
&J@ZWWMJ/Q@@MU@%ZM@% (10)
0
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mapping every function f(z) € C'[0, 1] to fus(z) € C%[0, 1], Ijfvs|,_qg = 0
(j =2, 3). It is seen from (9) that if f(x) € C?[0, 1] and I;f|,_, =0 (j =2, 3),

then

> (@) = f ().
v=1

(11)

Obviously, if the problem (1)-(4) has some solution u(x,t), then this function
is also the solution of the problem (1), (2), (4) in the domain {(z,?): 0 < z < 1,

0 <t < w}. Applying the operators A, to (1), (2) we obtain

1
Pt = res u*t ({Gl (2, & p) pPu(€, t)dE =

1
=Tres /1’2(S+1)+1 fGl (.73, 57 :U') ’U/(g, t)d§ = Ups+1 (l‘, t),
pv 0

uys(fv> O) = @Vs(x)'
If 41, is a simple pole (x, = 1) of the function G;(z,&, p), then

1

res 12 (17 —ui)/Gl (x, &, p) pu(€, )dg = 0,
0

i.e.
Uys+1 (:Ua t) = Mzul/s (ZL’, t) .
But if xo = 2, then
1
2
res P2t (= ) /G1 (z,& p)u(§, t)dé = 0.
0

Consequently,

Upsyo (z,t) — 2u,2jul,s+1 (z,t) + pyuys (z,t) = 0.
For x, =1 from (13), (14) we obtain

Ouypo(x,t
- (%z(tx ) = M%uuo (z,t)

U0 ($, 0) = Y0 (J}) :

(16)
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But if x, = 2, assuming in (12) s =0 and s = 1, while in (15) s = 0, we have

8uyg§$,t) = Up1 (5177 t) 5 8uué§$7t) = _,U/4UVO (CU; t) + 2,“/12,7141/1 (JI, t) ’
(17)
uyo(z,0) = puo(z), wa (2,0) = @i ().
Obviously, the problems (16) and (17) have a unique solution
1
e, 8) = 15 [ G (.6, ) ()
In%
0
where s = 0 for the problem (16) and s =0, 1 for the problem (17).
The allowing for (11), we find
~ 1
ulat) = Y wesn @ [ G go) ol (18)
v=1 0

for 0 <z <1,0 <t < w. This implies the validity of the theorem statement.
Indeed, if the problem (1)-(4) had two solutions wi(z,t), uz(x,t), then their
difference would be the solution of the problem (1)-(4) v (x,t) = u; (x,t) —ua(z,t)
with ¢ () =0, and v (0,t) = v (1,t) = 0, for t > 0. In connection with this and
condition 1), it is easy to see that the function

t

w(z,t) = /U(:U,T)dT
0

is the solution of the homogeneous problem w; = a?w., (0<z <1, t>w),
w(z,w) =00 <z < 1), w(0,t) = w(l,t) = 0 (t > w), continuous in
{0 <z <1, t >w}, whence, by the maximum principle [9, 10] we conclude that
w(z,t) =0, (0<x <1, t>w), consequently, v (z,t) =0 (0<z <1, t>0).

Under the conditions of Theorem 1 and allowing for the equality (8), we can
reduce the formula (18) to the following form:

1
u(z,t) = lim 5 [ pettdp [ G161 (©)ds =
Fhﬁ‘n

1
o @)+ lim of [t tdn [ G, 6, m) " (€) +b¢/(€) + ep(©)] de.

n—oo
Thorn

(19)
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It is known that fh,rn =Q,, (—%r, ——) us \shr U, (%’r, ‘%ﬂ) U §,:,Tn.
On the archs Q,. (—%ﬂ + g, —% +jm) (=0, 1)
t
Rep?t = |uf*tcos s < — |,u| \f \f| %t.
4 2
So,
1
Jim. / pre tdy / G (z,&, 1) [ap” (€) +
Uy (=5 im,— 5 +i) 0
+¢'(§) + ep(§)ldE =0, (7 =0, 1).
Consequently,
. 1
_ 2
w) =)+ g [ [ G0 o (© + 0510 + eol)] de
S 0

and using the property Gi (z,&, —u) = G1 (z,&, ), the solution of the problem
(1), (2), (4) can be represented by the formula

1

u(ot) =)+ [ a7 [ Gao g [ad (©) +b2) + cpl)] de
& 0

(20)

For |pu| > 2hy/1 + ﬁ, i.e. on the distant parts of the contour ZA;{, the follow-
ing inequality is fulfilled:

k+m 2 1
D e G &) o (€) +07(€) + cpl€)] de| <
(21)

C|u|2k+m*267§t|“|2 (2k+m < 2).

Then for 0 < 2 <1, 0 <t < w the operators L (aw 8t) ljul,_o (j = 2,3) can
be taken under the integral sign in (18), and allowing for (5) we have

0 0 a 0
L<ax, 875) U(l‘, t)_L<8$’ at> X
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1

o)+ — / e dy / Gi(x, € 1m)lag”(€) + bg'(€) + ep(©))de b =

ap” + by’ + cp /,u_le“md,u _

= —(ag" + by’ +cp) +
™

&+
Sh

271 r—00
Fh,r

Z b /
= —(ay" + by’ + cp) + w lim / et tdy =

= —(ap” + by’ + cp) + ap” + b’ + cp =0,

1
X / LG (3,8, 1)] g [a9” (§) + b (€) + cp(§)] dE =0, (j=2,3).
0

It is seen from the estimate (21) that limit as ¢ — 0 can also be taken under the
integral sign for all = € [0, 1]:

u(z,0) =limu(x,t) =¢(x)+ i / ptdpx

t—0 T

1
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We denote the boundary value of the solution (18) by vs(¢):

1 42
vngu@wzwwwvﬂ/ulwﬂwx

1
x/&@@th@H%M©+w®Mé (22)
0

Under the conditions of Theorem 1, if the problem (1)-(4) has a solution,
then on the parts {(s, t): 0 <t <w, s=0,1} of the lateral side of the domain
{(z,t): 0<az<1, t>0},ittakes boundary values vs(t) € ¢[0,w] () C*(0, w)
(s =0,1), determined by formula (19). «

4. Studying the existence of the solution of the main mixed
problem

Applying the integral operator A [f] = [ e Nt f () dt (see [11]) to the equa-
0

tion (1) and boundary condition (3), we obtain the following second spectral
problem with a complex parameter A:

d

L (dx,v) z(z,\) = —p(z), (23)

N2 (0,0) 4+ apz (1,LA) = A(N),
(24)
2(0,)) + a1eM@z (1,A) = B()\),

where

d
L <d, )\2> z(z,\) = a2’ + b2 + (c — \?)z,
X
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The boundary conditions (24) can be reduced to the form
z2(0,A)=m((A), z(1, \) =n(N), (25)

where

» (26)
n(A) =z (A= {ale”‘z“’ - ao} (B (\) e — A ()\)) .

The solution of the problem (23),(24) can be represented as a sum of solutions of
two problems:
AL(L X))z N =0, 2z(0,0)=m(\), z(1L,A)=n\);
B. L (%,)\2) z(x,\) = —p(x), z(0,A) =0, z(1,A) =0.
The solution of the problem A is represented by the formula

Q (2, A, m,m) = [e(i%w(i))(;;;;w(i))]‘lx

where m(A) and n(\) are determined by formula (23).
If m = z(A\), n = z1(\), then the function Q (z, A\, m, n) is everywhere
analytic with respect to A except for the points \, = avwi + O (%) (v =

0, &1, 42,...), and the points A\ = :I:[i (ln ol + 27rmi)}1/2 (m=0, £1,...)
are its poles.
If m = ¢(0), n = (1), i.e. m and n are constants, then the function
Q (z, A\, m, n) is everywhere analytic except for the points A\, = v/avmwi+ O (%) .
Obviously, at all the points A, where @ (z, A\, m, n) exists, the following iden-

tities are valid:

0
1

d o _
L <dl‘7)\ ) Q(x,)\,m, TL) - 07 (231)

QO0,\,m,n)=m, Q(,\,mn)=n.

We build the solution of the problem B by means of the Green function
denoted by Ga(z, £, A). This function is everywhere analytic with respect to A
except for the points \, = /avmi + O (%), that are its simple poles.
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Let us note some known facts about the Green function Ga(x,&, \): there

o

exists 6 > 0 such that on the A plane outside the set |J {\: |A— A, | <} the
v=1

following estimate is valid:

ang (1‘, f, /\)
Oxk

‘ < co|/\|k_1, >0, k=0,1,2, foral z, £<€|0, 1];

for A\# N\, (v=0, £1,...)

L <jx, )\2> 0/102 (& A) p(§)dE = —¢ (),

Go (0,6,)) = G (1,€, \) = 0.

Obviously, the solution of the second spectral problem is represented by the sum
of two solutions (problem A and problem B):

1
z(x>)‘):_/GQ(:E’§7>\)SD(§)CZ£+Q($7)‘7 m, n) (28)
0

For any function ¢(z) from the domain of the operator of the second spectral
problem, we have the equality :

1 1
[erwene©a=-22+ 5 G ene@ds
0 0

1
5 [ Gaw &N [op (€ + bt ()] ag + L2202 L),

0

Then, formula (28) becomes

1

(29)
We fix the number ¢; > max (O, In

&0
a

)
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Theorem 2. Let agby + aiby # 0, ¢(z) € C?[0,1] and ljp|,_, =0 (j =2, 3).
Then the problem (1)-(4) has the solution

1
u(e.t) = o)+ [ ATl [ Gala, & N(ag"(€) + b/ (€) + ep(€)) e

—Q(z, A, ©(0),(1))] dX + % i /\e/\2tQ(x, A, m(A), n(A))dA.

+

o
\fcl

(30)

The three integrals contained in (30) are treated in the same way. For exam-
ple, let us consider the second integral

wr(ot) = == [ X1Q A ¢ (0) 0 (1) A (301

On the distant parts of the contour @jl (Re A > 1)
‘ Nt

2 2 2 3 V2 2
_ etRe)\ — ¢t [A[“cos2 argh _ €t|>\\ cos(:l:f) =52t )| .

(31)

=€

Further, from formula (27), the function @ (z, A, ¢ (0), ¢ (1)) is analytic in the
domain Re A > (1, and the following estimates are valid for it:

‘3kQ(1}, A, 90(0)’ 90(1) €0

[

(k=0,1,2) forall z €0, 1]. (32)

oxk ‘ = c\)\lk -

On the distant parts of the contour §j1 (Re A > ¢1) and on the arches
Q, (—:%r, 3%) (r>2cvV1+ \/Q) we have the estimate

A
Va

37

A sr
— ZCOS “z- 3
8 + 026

Ve S (33)
Al

(1—z)cos

|Q(:Ea >\a ¥ (0) y P (1))’ é Cle_
(31) and (33) yield
ug (z,t) €C* (0<z <1, t>0), (34)

In (30;) for ¢ > 0 the operators L (a%, %), as x — 0, x — 1, can be taken under
integral sign. Then, allowing for (23;), we obtain

o 0
L (&II’ f)t) U2 (CL‘,t) - 0’
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w0 = - £ [t 20 i [ Aty < —p(0),

e 271 r—00

1 1
u2(1,t)——¢7£i) /A_leAQtd/\——g;i)rli_)rgo / ATeMAN =~ (1),

+
Sey c\\fcl,r

From the equality (33) it is seen that for z, belonging to any segment [z1,z2] C
(0, 1), the integral (311) converges uniformly with respect to ¢ > 0.
Then

ug (z,t) e C(0<x <1, t>0), (35)

while for x € [z1, z9]

us (2,0) = — / ALQ (3,1, (0, 0 (1)) dA =

— lm | [ A7QE A 0,6 (1) drr
+ / A1Q (2, M 0 (0), ¢ (1)) dA| =0 (36)
(-2 32)

by the analyticity of Q(x, X, (0), ¢ (1)) inside the closed contour fjl -
Combining Theorems 1 and 2, we arrive at the final statement:

Theorem 3. Let agby + aiby # 0, ¢(z) € C?[0,1] and ljp|,_, =0 (7 =2, 3).
Then problem (1)-(4) has a unique solution represented by formula (30).
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