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Strong Solvability of a Nonlocal Problem for the
Laplace Equation in Weighted Grand Sobolev Spaces

T.J. Mammadov

Abstract. We consider a nonlocal boundary value problem for the Laplace equation in
an unbounded domain in Sobolev spaces generated by the norm of the weighted grand
Lebesgue space. The notion of strong solvability of this problem is defined and its correct
solvability is proved. At the same time, the basis property of one trigonometric system
in separable weighted grand Lebesgue spaces is proved, and this fact is used to establish
the correct solvability. Note that earlier this problem was considered by E.I.Moiseev [10]
in the classical formulation.
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1. Introduction

The theory of elliptic equations for classical spaces (Holder classes, Lebesgue
spaces) is well developed, and detailed information about it can be found, for
example, in [1, 4, 5]. At the same time, there are boundary value problems (for
example, nonlocal problems, etc.) that do not fit this theory, but still have a
scientific interest in the context of applications. One of such problems is the
following (which has been considered formally):

Y Ugy +Uuyy =0, 0 <z <27, y>0, (1)
u(w:0) = £ (@), u(09) = u(2my). o)
Uy (0;9) =0, 0 <z <2m, y >0,

where m > —2 is some number. It is easy to see that this problem is nonlocal, the
boundary condition are supported by semi-infinite lines, and a normal derivative
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is given on one of them. Therefore, such problems have specific features com-
pared to with problems with local conditions. Problems with nonlocal conditions
were previously considered by F.I. Franklin, [6], [7, pp.453-456] for mixed type
equations and by Bitsadze-Samarskii [8] for elliptic equations. N.I. Ionkin and
E.I. Moiseev [9] considered a boundary value problem with a nonlocal condition
of the form (2) for a multidimensional parabolic equation. In the classical formu-
lation, problem (1), (2) was also considered by E.I. Moiseev [10] and M.E. Lerner
& O.A.Repin [11].

Lately, interest in nonstandard function spaces has greatly increased in con-
nection with their applications in mechanics, mathematical physics and pure
mathematical problems. Such spaces include Lebesgue spaces with variable summa-
bility index, Morrey spaces, grand Lebesgue spaces, Orlicz, Lorents, Martsinke-
vich, etc.. Numerous works have been dedicated to this field, and this trend
is increasing over time. More detailed information can be found, for example,
in [12, 13, 14, 15, 16]. Problems of the theory of partial differential equations
in Sobolev spaces generated by the norms of the above spaces also began to be
studied (see, e.g., [2, 3, 17, 18, 19, 20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31]).
This article is also dedicated to this field.

In this work, we consider a nonlocal boundary value problem for the Laplace
equation in an unbounded domain in Sobolev spaces generated by the norm of the
weighted grand Lebesgue space. The notion of strong solvability of this problem
is defined and its correct solvability is proved. At the same time, the basis prop-
erty of one trigonometric system in separable weighted grand Lebesgue spaces is
proved, and this fact is used to establish the correct solvability. Note that earlier
this problem was considered by E.I.Moiseev [10] in the classical formulation.

2. Needful information

We will use the following notations. Let N be natural numbers and Z;, =
{0}JUN. Let a = (a1;00) € Z4 x Zy be a multiindex and 0%u = gl

dx71oxy2?
where |a| = ag + ag. Let |M| denote the Lebesgue measure of the set M CR
(R is a real axis). p’ be the number conjugate to p: ]% + % = 1. We also denote
pe = p — . Also, let X* denote the dual space of X.
Let v: R — Ry = (0, +00) be some weight function, that is ‘1/*1 {0; +oo}‘ =
0. We say that v (-) belongs to the Muckenhoupt class A, (J) (J = (0, 2)) if it
is periodic on R with period 27 and satisfies the condition

o (3 )y o #10) <
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where sup is taken over all intervals I C J. Assume that II = J x Ry and

Jo=1{(0sy) :y >0}, Jor = {(2m;y) : y > 0}.
Let us define the spaces we need. The (weighted) grand Lebesgue space

Ly, (J) is the Banach space of measurable (in the Lebesgue sense ) functions on

J with the norm

1
Ifllz,, )= sup < / il Ede) , 1<p<+oc.

0<e<p—1

We also define a weighted space Ly, , (II) with the norm

+00 - =
fally =, s [ (2 [ lutnrv@a) ay
’ 0<e<p—1.J0 J

m

The corresponding Sobolev space Wp) , (IT) is defined by the norm

lullwm amy) = >0 ull,,

la<m

These spaces are nonseparable, and therefore, the method of biorthogonal ex-
pansion (essentially the spectral method) is not applicable for studying the solv-
ability of differential equations for these spaces. Then we select the subspace
Ny (IT) C Ly, (IT) (separable) based on the shift operator Tj:

(T i) = { HEHO0 LBy ST

So, let us assume

Ny, () = Sue W, () Y ||T5 (0%) = 0%ull, =0, 6 =0
la|<m
Let NI?)’V (I) = Ny, (I). In a similar way, we define the Sobolev space

N, (J) (NI?)’V (J) = Np), (J) on the interval J. Let V},y (J) denote the following

class of weights:
Vp)(J): U Ly (J).
0,p—1)

The following lemma is true.

Lemma 1. [29] Letv € Ly (J) &v=' € V) (J), 1 < p < +oo. Then the following
statements are true: i) there is a continuous inclusion Ly, (J) C L1 (J); i)

Cge (J) = N,

»w (J), where the closure is taken in the norm of H-||Lp> )
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We will largely use the following result from [32].

Theorem 1. Let v € A,(J), 1 < p < 4+o00. Then the trigonometric system
{1; cosna;sinnx}, oy forms a basis for Ny, (J).

Let us consider the following systems of functions:
{1,cosnz;xsinnx}, ., (3)

{uo () ;un (2) 500 (2) bpen (4)
where
up () = 5= (21 — 2) ;3 up (x) = ;12 (2w — x) cos nx;
O (z) = Lsinnz, n e N.

The following theorem is true.

Theorem 2. Let v € A,(J), 1 < p < 4oo. Then the system (3) forms a basis
for Ny, (J).

Proof. Let us assume

(g:f) = /J f (x) g () de,

and denote the functional generated by the function g by by, that is, by (f) =
(9, f) . Let us consider the functionals {byy; by, ; by, },cn- Let eo € (0,p —1) be
some number. We have

11
|bu,, ()] < /J |flvPeov Peodr < /Holder’s inequality/ <

1

/

% rey Peg
< | f|Pe0 vdw v P dx <
J J

1 1 -
<eg </JV peO_ldx) T My, 0 ?

It is well known that (see, e.g., [33, p.395]) if v € A, (J), then Jeo > 0 (sufficiently
small): v € Ay, (J). Choosing &g in (5) based on the condition v € Ape, (J),
we obtain b, € (Lp)y (J ))*, Vn > 0. Similar considerations also imply by, €
(Lpyw (J))", ¥n > 1. Therefore, according to the results of [10], system (4) is
biorthogonal to system (3) in Ly, (J), and therefore, system (3) is minimal in
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Ly, (J). Let us prove that it is also complete in Ny, (J). From v € A, (J) =
v e Li(J)&v! € V,)(J). Then Lemma 1 implies that C§°(J) is dense in
Npy (J). Therefore, it suffices to prove that an arbitrary function from C§° (J)
can be approximated by linear combinations of the system (4) in Ly, (J).

So, let f € C§°(J) be an arbitrary function and let us assume that g (z) =
2’;—5“{;" (x). It is clear that g € C§° (J). We have

fr=4 27rf z) (21 — x) cosnadr = [, g (x)cosnrde = L 27rg’ z)sinnxdr =
n — 72 Jo J n Jo

= —niz 027rg” (x) cosnzdzr = |f,F] < -5, ¥n € N.
Similarly,
B c
\fn\gﬁ, Vn € N,
where
1 2T
== () sinnzdz.
™ Jo

As a result, the series

1

T or

2m e
F (z) /0 (ZW—x)f(w)d:U—l—Z(f,fcosnx—i—fga:sinnfv), (6)

n=1

converges uniformly on J. According to the results of [10], system (3) forms
a basis for Ly (J), and therefore, it is clear that F' = f. It follows from the
uniform convergence that the series (6) converges to f in L), (J). This implies
the completeness of system (3) in Ny, (J).

Let us prove that the system (3) is a basis in N, (J). Consider the following
projectors:

Snim (f) = Z (ug; f) coskx + Z (Vg; f) xsinkx, Vn € Zy; Vm € N.
k=0 k=1

We have ) .

(uo; f) = (%F) » (s f) = <7r2 Coskw;F> 7
where F' (z) = (2 —z) f (z). Taking into account these relations for Sy, we
obtain the following estimate:

n

1 1
-F - F
(27r’ > + E <7r2 cos kx; >coska:

k=1

+
Lp),u(‘])

1Smom (Dl o) <
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(1
xz (W sin k:x;47rf> sin kx

k=1

+ <

LP),v(J)

< /from the basicity of system {1;cosnz;sinnz}, y in Ny, (J)/ <

<c(IFlz,, )+ 2747 F ), o) <
sc HfHLp)W(J) , Vne Zy; Vme N,

where ¢ > 0 is a constant which is independent of f and may be different in
different places. This implies that the projectors {Sy.,} are uniformly bounded
in L), (J) and, as a result, system (3) forms a basis for N, (J).

Theorem is proved. <«

In what follows, we will use an analog of Minkowski’s integral inequality with
respect to the grand Lebesgue norm. For this purpose, we need some concepts
and facts from the theory of Banach function spaces (see, e.g., [34]).

So, let S, be the unit ball in Ly, (J), that is

Spyw = {F € Lpyu (1)1 £, ) <1}

We denote the associative space of L), (J) by L;D) , (J), ie.

<+oo},

’

L,,(J)={9€F(J): sup
' fESp),,,

/J f ()7 (2) da

/J fgdz

where F'(J) is the set of all measurable functions (in the sense of Lebesgue) on
J. Let S, , be the unit ball in L, (J), i..

)7 7V

with the norm

)

lgll, = sup
Loy pes

Sy ={o€ L sloly <1}
As established in the monograph [34] (Theorem 2.9; p.13),

/J fgda

IAlE,,, )= sup
gESp),V

Let us prove the following
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Proposition 1. (Minkowski’s inequality) Let f € F (J x Ry) (F (J x Ry) be the
set of Lebesgue measurable functions on J x Ry ). Then the following inequality
holds:

Proof. Let g € S;)) , be an arbitrary function. We have

(y) dy

f < [ Gl 0 do ™)
R+ Lp),u(J) R+ ,

Iy | £ @i) dg @) da < [, Jy, 11 (@) (@) dyda =

= /Fubini's theorem/ = fR+ S5 1f (z59) g ()] dady <

< Jr. sup [iIf @9)g (@)l dady =[5 |f )l ) -

QESELV

Consequently,

sup /
!
J
geS}LV

This immediately implies inequality (7).

f(x;y) dyg (x)
Ry

o< [ 17 G5l v
Ry ’

Proposition is proved. «

3. The main results

Let us consider the following nonlocal problem for the Laplace equation:
Au=0, (z;y) € IL; (8)

u/y=f; u/y =u/1; uz/5=0. 9)

By a solution of the problem (8), (9), we mean a function u € N;W (IT) satisfying
the equation (8) a.e. in II, for which the relations (9) hold on the boundary
Ol = JUJoU Jor (it is assumed that these relations make sense). First, we
prove the uniqueness of the solution to this problem. So, the following is true.

Theorem 3. Let v € Ay (J), 1 < p < 400, f € W2,(J)&f(0) = f(27m) =
1/(0) = 0. If problem (8), (9) is solvable in Nz (IT), then its solution is unique.

)RZ
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Proof. Let all conditions of the theorem be satisfied and let u € Ni) , (IT) be

some solution of problem (8), (9). Following the estimate (5), we establish

| wlds < clutl, o

in exactly the same way, where ¢ > 0 is a constant is independent of u (+;-). From
this estimate we directly obtain

[l < CH“HWZ?),V(H) (10)

and u € W2 (II). Let £ > 0 be an arbitrary number and let us suppose that

Je ={(@;€) ra € J}; Mg = {(a5y) s € J&y € (0,€)}.

Denote the trace of the function (as an element of the space W (Il¢)) u (+; )
on Jg by ug (+), i.e., ue = u/ .. Let us show that ug € Ly, (J). It is clear that

u € WpQ)J/ (I¢). Denote the closure of C* (II¢) in W5, (II¢) by sz),u (Ig). First,

let us consider the case u € C'* (ﬁg). Without loss of generality, we assume that
u/j = 0. We have
$ou (x;y
we(0) = u (o) = [ 2y,
0

Applying the Minkowski inequality (Proposition 1), we obtain

13
el < || |

Proceeding from this estimate and using the fact that C*° (ﬁf) is dense in

Ng) , (IL¢), we establish that the trace of an arbitrary function u € Ny (IT¢)

satisfies the estimate

3 dy < l[ullwz sy, Yu€C™ () -

ou (;y)
y

Lp),r/(J)

luellr,, ) = HUHWE)W(H)’ vue Ny, (IT).

If u(-;-) satisfies equation (8), then it is clear that u € C*(II) = wu¢ (x) =
u(x; &), Vo e J.
So, let u € Ng) ,, (I) be a solution to problem (8), (9). Consider the relations

up (y) = o= [27u (z;y) (21 — x) da,

un, (y) = 7%2 027T u(z;y) (2 — x) cos nzdz,

O (y) = %IOQ’T u (z;y) sinnzdz, VYn € N,
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for Vy € Ry. It is clear that the Newton—Leibniz formula

y+h -t
U(:E;erh)—U(w;y):/ (%éi’ )dt, Vy >0,
)

holds for a.e. x € J. As already established, from v € A, (J) = Ly, (I) C
Ly (IT). Therefore, g—Z € Ly (IT), and as a result, it follows from Theorem 1.1.1
of the monograph [35, p.13] that the functions {u,;¥,} are twice differentiable
and can be differentiated under the integral sign. Let us consider ¢,, n € N.
Multiplying the equation by sinnz and integrating it over J, we obtain

"

7971 (y) - nQﬁn (y) =0, y>0, (11)

for 9y, ().

Let o € C* (R) be such that a(y) = 1 in a sufficiently small neighborhood
of the point y = 0 and a(y) = 0, Yy : |y| > 1. Considering the function
F (z;y) = a(y)u(z;y), we obtain F (z;y) = 0, Yy > 1. Therefore, without loss
of generality, we will assume u (z;y) = 0, Vy > 1 in the calculations below. So,

we have
1 .
u(x;y) = —/y aug;’t)dt, aexeJ
1 -t
= f(z) =u(x;0) :—/ &Léx’), ae. x€J.
0 t
Consequently,
y -
lu(x;y) — f (z)] §/ Ou(z;t) , ae. z€J,
0 ot

and, as a result, we obtain

[]ru<x;y>—f<x>|dzg[]/oy

Since [{(z;t) : (z;t) € J x (0,y)}| = 0, y — 40, it isclear that u, (-) = f(-), y =

+0,in Ly (J) . It is easy to see that ¥, (-) € W2 (R.), and therefore, 3 1in+1019n (y)
Yy—

ou (x;t)

9, (0), Vn € N. From these relations we directly obtain

1 2

Y, (0) = =t () sinnzdz, Yn € N. (12)
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On the other hand, we have
O (y) — 9n (0) = £ 027r (u(z;y) —u(z;0)) sinnede =

1 027T J % sin nxdtdx = |9, (y) — Yy, (0)] <

= S

From here we directly obtain

du

dy

IN

dxdy < +o0.

sup |V, (y)] < +o0. (13)
y>0

The only solution to problem (11)—(13) is

2
I (y) = 1 (x)sinnzdze ", Vn € N. (14)

™ Jo

From similar considerations for u,, we obtain

uo () = 3z Jo " (2m — ) f (2) da,
un (y) = # 027r (2m —x) f (x) cosnzdre™™ + %fOZﬂ f (z)sinnzdxye ™, ¥n € N.
(15)
Thus, if the function u € Nz?)w (IT) is a solution to problem (8), (9), then the
biorthogonal coefficients of the function « (-;y) in system (3) satisfy expressions
(14), (15). This immediately implies the uniqueness of the solution of problem
(8), (9). In fact, if f =0, then formulas (14), (15) imply that ug (y) = un (y) =
Un(y) =0, Vn € N, Yy € Ry. Since uy € Ny, (J), Vy € Ry, and system (3)
forms a basis for Ny, (J), it follows that u, (z) = u(z;y) =0, a.e.v € J, Vy €
Ry = u(z;y) = 0, a.e. (x;y) € II. Therefore, the homogeneous problem has
only a trivial solution.
Theorem is proved. <«

Now let us move on to the existence of a solution. The following is true.

Theorem 4. Let v € A, (J), 1 < p < 400, and the boundary function f satisfy
the conditions

feN, (J)&f(0) = f(2m) = f (0) =0,

Then problem (8), (9) has a (unique) solution in the space sz) , (ID).
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Proof. Let f satisfy all conditions of the theorem and consider the function

[e.e]

u(wsy) =uo (y) + ) (un (y) cosnz + 9y (y)sinnz), (z;y) €1,
=1

n

where the coefficients ug (), up, () , 95 (), n € N, are defined by the expressions

(14), (15). Let us show that u € Nz?) ,, (II). Firstly, let us consider the series

up (z3y) = Z U (y) z sinna.
n=1

Formally differentiating term by term, we have

%2;21 - Z;z.ozl 19;: (y) x sinnz,
% =2 ne1Vn (y)sinna + 3702 ) nidy, (y) @ cos na,

Pu — 9 S0 iy (y) cosnz — Yo% n?d, (y) zsinna.

Oz2

Let
oo
w(z;y) = Z n?9, (y) z sinnz.
n=1

Let us show that the function w (-;-) belongs to the space Ny, (IT). Suppose
1 2m
fn=— (z) sinnzdz.
T Jo

Consequently,
Un (y) = fne™, ne€ N.

Taking into account the conditions on the function f, we have

1 2 2

fn - _ f (117) dcosnr = — fl (.T) cosnrdr =
™ Jo ™ Jo
1 [ . 1
=— i "(x) sinnzdr = —2tn
where
” 1 2
fo=("), == f" (z) sinnxdz.

™ Jo
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Thus,

o0
w(x;y) = Zf,/;x sinnrve Y.

n=1
It is known that if v € A, (J), 1 < p < 400, then 3§ > 0 : v € Liy5(J) (see,
e.g., [33,p.395]). Let o =1+& and 2+ L = 1. Let € € (0,p — 1) be an arbitrary
number. We have the following continuous embeddings: Ly, (J) C L,y—. (J) C
Ly (J). Let us suppose that g = 1% = % =1- p?%e == f' = L. Applying
Holder inequality, we have

1
Jo TIPS v = [T v de <

( 027r Ve ud:z:)[li ( 027r Z/dCL‘)

1 1
B

b (i) <

g

1
< (Jam g vae)” (7 )7
where ¢ > 0 is a constant independent of f and e. This immediately gives

HfHLp)W(J) <clfllp, > Vf €Ly (J). (16)

Applying the Holder inequality again, we obtain

B =

1
. 1
gp—s gc( 027r\f|p1/da:>p,

1

2 2m , o
/ |f|pv<x>dst(/ fe dx) , (a7)
0 0

where ¢ is a constant independent of f. Let us consider the following special
cases.
I. p > 2. We have p; = pa’ > 2. Applying the classical Hausdorff-Young

theorem (see, e.g., [36, p.154]) to the function w (-;y), from inequalities (16), (17)
1
sc (fo27r |w (a5 ) dﬂ”) "< (ZZ‘;

we have
1
’ 7
P\ P1
> <
oo

Integrating this inequality with respect to y over R, we obtain

+00 -
||wHLp)’V(H) :/0 </J lw (z,y)|" v () da:) dy <

lw Gz, oy < cllw Gyl , o) <

Jue™™

f,;’e—ny‘ , Yy € R,
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"

fa

+o0o o0
e "dy =c E LR
/0 y n
n=1

= 1\ (& )7
lwllz,, ,an < z:lng/ 221 fn <
— =

This implies

< /Hausdorff-Young inequality/ < ¢

P

Ly (J)

where 8 € [2, +00] is some number with - + 4, = 1.
Further, it is known that if v € A4,(J),1 < p < 400, then 3¢ : 1 < ¢ <
p—e<p=v € A;(J). Let us suppose that r = %5 = 1< r <p.. Then

/ 5 1
a q
/\g\ d:r—/|g|q viy~ qd:):< </Jy_qqu) (/J\g\ps Vd:r)

’

Taking into account that —%- = — = —L-_ the relation v~ - T e Ly (J) follows from

v € Ay (J). Then from the previous inequality we directly obtain

gl <cllgllc,. . (19)

where ¢ > 0 is a constant independent of g. Let us take 8 so large that 1 < 8/ <
r= HgHLB/(J) <cllgllz, (s Then from inequalities (18), (19), we have

1

ol < €50 ) S el e, v = el o

where ¢ > 0 is a constant independent of f.

II. p € (1,2). Following the definition of the number «, we choose § > 0 so
small that p; = pa’ > 2 (since « — 140 = o/ — +o0, this is possible). Based on
this inequality, the further reasoning is carried out in a completely similar way
to case I.

Other series in the expression u (+;+) can be estimated in a similar way, and,
as a result, we obtain the following estimate:

1!
lellws o < ellfllz, o) < elfllwe oy

where ¢ > 0 is a constant independent of f. w(-;-) satisfying the equation (8)
is verified directly. Let us show that it also satisfies the boundary conditions.
Denote the trace operators on the boundaries Jy; Jo, and J by 6gy; 602, and 67,
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respectively. Let us show that 6;u = f. In fact, let v € A, (J), 1 <p < 400 =
Je > 0 (sufficiently small): v € Ay, po = p—¢ > 1. From f € L, ,(J) =
f €Ly ,(J). Itis clear that 6 yu; f € Ly (J). Therefore, it suffices to prove that
Oju= f,a.e on J.

Let us introduce the following function:

m

Um (z59) = wo (y) + Z (un (y) cosnx + Yy, (y) xsinnx), V(x;y) € II, m € N.

n=1
We have
(Ogum) () = U, (2;0) = ug (0) +

+> 0t (un (0) cosnz + Uy, (0) zsinnz) =
= L 27 f () (27 — x) da+

+> 0 (% 027r f(z) (27 — x) cosnaxdx cosnx + % f027r f () sinnxdxz sin nm) .
(20)
Also, 05 € (W2, (I); L, , (J)]. On the other hand, it follows from v € A,y (J)
that the system (3) forms a basis for L,_,(J). Then it directly follows from (20)
that 6, ;u,, — f, m — oo, in L,_,(J) and, as a result, it is clear that 6;u = f,
a.e. on J.
Let us consider the boundary conditions (9). Assume

Il ={(z;y) : x € J&y € (0,9)}, V§ > 0.

It is easy to see that up, € C* (Il5) and moreover up, (0;y) = wn, (2m;y), Vy > 0;

VYm € N, and also %—;(o;y) = 0, Yy > 0. From these relations and from

0y € [Wpi’l, (Ils) ; Ly, (J)], where € € (0, p—1) is a sufficiently small fixed

number, it follows u (0;y) = u (2m;y) = 0, u, (0,y) = 0, Yy > 0 (since § > 0 is

an arbitrary number). Thus, the boundary conditions (9) are satisfied.
Theorem is proved. <«
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