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On the Solvability of an Inverse Problem for a
Hyperbolic Heat Equation

A.Ya. Akhundov*, A.Sh. Habibova

Abstract. The paper considers the inverse problem of determining the unknown coeffi-
cient on the right-hand side of the hyperbolic heat equation. An additional condition for
finding the unknown coeflicient, which depends on the time variable, is given in integral
form. Theorems on the uniqueness, stability and existence of the solution are proved.

Key Words and Phrases: inverse problem, hyperbolic heat equation, uniqueness,
“conditional” stability, existence.

2010 Mathematics Subject Classifications: 35R30, 35L70, 656M06

1. Introduction

We consider the following inverse problem of determining a pair of functions

{£(t), u(x,t)}:

up + vuy — uge = f(t)g(x), (z,t) € D =(0,1) x (0,77, (1)
u(z,0) = (), u(z,0) = ¢(z),z € [0,1], (2)
u(0,t) = u(l,t) =0,t € [0,T7, (3)

1
/u h(t), ¢ € [0, ], (4)
0

where g(z), p(z),¥(x), h(t) are the given functions, » > 0 is a relaxation coeffi-
. 5 N
cient, and u; = %,Utt = %7“1‘ — g;’um — %_

Direct problems for hyperbolic equations have been studied in [1, 2, 3] etc. .
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The coefficient inverse problem for a hyperbolic equation has been studied in
[4, 5, 6]. Inverse problems for the hyperbolic heat equation have been considered
in [7.8]

Problem (1)-(4) belongs to the class of Hadamard ill-posed problems. There-
fore, this problem should be treated proceeding from the general concepts of the

theory of ill-posed problems. We make the following assumptions on the data of
problem (1)-(4):

1
19, g(z) € C[0,1], [ g(z)dz = go # O;
0

Do) € C2[0,1], ¥(x) € C[o, 1]7611%0( )z = h<o>,0f”w<x>daz — 1(0):
30, n(t) € C?0,T);

Definition 1. The pair of functions {f(t),u(z,t)} is called the solution of prob-
lem (1)-(4) if :

1) 1) € Cl0, TY:

2) u(x,t) € C*2(D);

3) the conditions (1)-(4) hold for these functions.

First we reduce the problem (1)-(4) to an equivalent one.

Lemma 1. Let the conditions 1°-3° be satisfied. Then the problems (1)-(4) and

(1), (2), (3)

F(t) = 10+ vh" (1) = wa(1,6) + s (0,8)| /0, t € [0,7), (5)
, , , , , / dh(t) ;7
ng;lz(gh require finding the pair { f(t),u(x,t)}, are equivalent, where h (t) = %, h (t) =
az -

Proof. Let the pair of functions {f(t),u(x,t)} be the solution of problem (1)-
(4) in the sense of Definition 1. If we integrate equation (1) in the interval (0, 1)
with respect to the variable z, we get:

0/1 wdz + v 0/1 upda — 0/1 Ugpdz = f() 0/1 g(z)dz. (6)

Taking into account the conditions of Lemma 1, we obtain

B (t) + vk (t) — ug(1,t) + ug(0,8) = f(£)go.



On the Solvability of an Inverse Problem for a Hyperbolic Heat Equation 207

Hence the validity of the formula (5) is obvious.

Now suppose that the pair of functions { f(t),u(z,t)} is the classical solution
of problem (1),(2),(3), (5). If we take into account formula (5) in (6), then for
1

y(t) = [u(z, t)dx — h(t) we can write
0

vy" +y' =0,

It is clear that the only solution to this problem is y(¢) = 0. From here we get
1

[ u(z,t)dx = h(t),t € [0,T).
0

The Lemma 1 is proved. «

The uniqueness theorem and estimation of stability for the solutions of inverse
problems occupy a central place in investigation of their well-posedness. Define
the following set:

K ={(fu)lf(t) € C[0,T],u(x,t) € C**(D), [f(t)| < e1, [ua(@,t)] < 2,
(2,1) € D,u1(0,t) = u2(0, 1), u1e (1, ) = uze(1,t),t € [0, T,
V(f1,u1), (fo,u2) € K, c1,co = const > 0}

Let us assume that the two input sets, {g1(z), v1(z),¥1(z), h1(t)} and {g2(z),
wa(x),12(x), ha(t)} are given for problem (1),(2),(3),(5). For brevity, we will call
the problem with the first input set problem I;, while the one with the second
input set will be called problem Io. Let {fi(t),ui(x,t)} and {fa(t),ua(z,t)} be
solutions of problems I; and I3, respectively.

Theorem 1. Let the following conditions hold:
1) the functions g;(x), pi(z),vi(x), hi(t),i = 1,2, satisfy conditions 1°-39,
respectively;

2) Solutions of problems Iy and I exist in the sense of Definition 1 and they
belong to the set K.

Then there exists a T*(0 < T* < T) such that for (z,t) € Dy = [0,1] x [0, T*]
the solution of problem (1),(2),(3),(5) is unique, and the stability estimate
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gl‘[ v(ui(x,t) — uge(, )%+ (u1e(z,t) —quc(a:,t))Q] dx+

1
+e3 1 f1(8) = ()5 < e {Of [(on 92(2))? + (¢12(2) = p20(2))?+  (7)

1 2
0 -0}

is valid, where c3, ¢4 > 0 depend on the data of problems I; and I in the set K,

la@®)lly = f[g%!q(t)\-

Proof. First, we prove inequality (7) under the condition g1 = g2,p1 =
p2,1 = 12, h1 = ha.
Denote

+ (U1(w) — Yo(@))’] dw + [1,(0) = by (0)

2(z,t) = ui(z,t) —uz(x,t), A(t) = fi1(t) — fa(t), 01(x) = g1 () — g2(x),
do(x) = p1(z) — p2(x), 03(x) = Y1(x) — Pa(x), 04(t) = ha(t) — ha(t).

Subtracting from the relations of problem I; the corresponding relations of prob-
lem I, we obtain the problem of determining a pair of functions {A(t), z(x,t)}:

2t + vzy — 20 = M) g1(z) + fo(t)d1(2), (z,t) € D, (8)

z(x,0) = da(x), 2e(z,0) = d3(x), x € [0, 1], (9)

2(0,t) = 2(1,t),t € [0, 7], (10)

)‘(t) = |:6:1(t) + Vé:l,(t) - Z:r(lv t) + Zm(ov t)} \ go1 + H(t)a le [07 T]a (11)

where go; = fgl Ydz,i = 1,2, H(t) = [hé(t)—i—uh;(t)—uh(l,t)—i—um(o,t}

x (902 — go1) \ (go1 - go02)
Multiply equations (8) by 2z;(x,t) and integrate over the domain D:

2 0/0/ [zt + vy — 2e2) 2edxdt =2 0/ 0/ A(t)g1(z) + fa(t)o1(x)] zedadt.  (12)
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t 1 t 1
2//ztztda:dt:2//ztzdxdt,
00 00
t 1 1
2y//zttztdxdt V/ 22(x,t) x)]dx,
00 0
t 1 1
2//zmztdmdt / — 03 (x )] da,
00 0
t 1 t 1
2// t)g1(x) + fa(t)d2(x)] zedxdl S///\2 gAdxdt+
0 0 0 0

t 1 t
+//f d:vdt—|—2/
00 0

then from (12) we get:

If we consider

z t)dxdt,

O\H

I/Zt (z,t) + 22(x, t)] dadt <

O\H

1 1

< / (V63 (2) + 65, (z)] dx + c5 / 8% (z)dx + cat || \]|2, (13)
0 0

where c¢5, cg > 0 depend on the data of problems I; and I in the set K. Let us
estimate the function A\(¢) . From (11) we have

Al < [[a

20 +v]31®)|] / lgor | + [H©) 902 = gl 901 - gozl

’ 2 l
0y 0} +Cg/5f(a¢)dw
0

The last inequality is satisfied for each ¢ € [0,7], so it must be satisfied for the

maximum value of the left-hand side:
1
2 2
4 0} + 08/51 (x)dx. (14)
0

o< [l

2
2 !
I < er [0
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From (13) and (14) we get:

1 1
[ [ve2(z,t) + 22(x,t)] da + | \|g < [ [vo2(x) + 63, (2)] do+
0 2
(15)
+09f52 (z)dz + cot |A||3 +c7 [ 5, . + H54 0] .

Let T € (0,T] be a number such that ¢g7™ < 1. Then the stability estimate (7)
is true in the domain D_ = [0,1] x [0, T™].
The uniqueness of the solution of problem (1), (2), (3), (5) is obtained from

inequality (7) for g1(z) = g2(x), p1(z) = wa2(), Y1(x) = P2(x), hi(t) = ha(t).
Theorem 1 is proved. «

For A.N. Tikhonov correct problems, the existence of a solution is a priori as-
sumed and justified by the physical meaning of the problem under consideration.

Despite the fact that the proof of the existence of a solution to ill-posed
problems requires some additional conditions on the input data, from the point of
view of constructing algorithims for exact or appoximate solution of the problem,
it is certainly of practical interest.

Theorem 2. Let .
1) g(x) € C*0,1],9(0) = g(1) =0, g’g(w)dw = go # 0;

2) () € C2[0,1,9(0) = (1) = 0,"(0) = (1) = 0, Of o)z = h(0):

3) ¥(x) € CH0,1],4(0) = 1(1) = 0, [ (x)dz = hy(0);

0
4) h(t) € C?[0,T]
The problem (1), (2), (3), (5) in D = [0,1] x [0,T] has a solution in the sense
of Definition 1.

Proof. For a given f(t) € C[0,T], the solution of problem (1),(2),(3) will be
sought in the form
u(z,t) = J(x,t) + w(x,t)

Here ¢(z,t) is the solution of the following problem:
v + V¢ — Vpp = 0, (w,t) eD, (16)
Iz, 0) = o(x),d:(2,0) = ¢(z),z € 0,1], (17)
9(0,t) = 9(1,t) = 0,t € [0,T7, (18)
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and w(x,t) is the solution of the following problem:

vwy + wy — Wee = f(t)g(z), (x,t) € D, (19)
w(z,0) = w(x,0) =0,z € [0,1], (20)
w(0,t) = w(l,t) = 0, € [0, T). (21)

Let us first consider a homogeneous equation (16). We will look for all solutions
of this equation that can be represented in the form 9¥(x,t) = y(t)q(x) and satisfy
the boundary condition (18).

We can say that each of the functions

Iz, t) = e~ (A, cosopt + By sinoyt)sin \pz,n = 1,2, ...

(for any constants A, and B, ) is a solution to the equation (16) that satisfies
the boundary condition (18).

Here A\, = nm,n = 1,2,...,0, = 7”4'/2);%_1. Note that if 4vA2 — 1 > 0, then
this inequality will hold for a finite number A,,.

In this case, the corresponding eigen functions of the form y,(¢) =
— e 3 (Ane™t + Bpe™ ) n =1, ..., 10, Yng+1(t) = Angt1+ Bnos1t(on = 0) do
not affect both the scheme of the proof and the assertions of Theorem 2.

Taking into account the initial conditions leads us to the following expression
for the coefficients A,, and B,:

An = Spann =

1
—y,. 22
2uoy, Pt On ¥ (22)

Here ¢, and 1,, denote the Fourier coefficients of the functions ¢(x) and ¥ (x),
respectively, with regard to the system {sin A\,x}.

Thus, formally we came to the following representation of the solution of the
mixed problem (16)-(18):

I, t) = i Y (D) () =

N , ) ' _ (23)
=Y e |ppcosont + (mtpn + Ew”) sin ant} sin A\px.
n=1 )

Formally expanding the desired solution w(z,t) of the problem (19)-(21) and
the right-hand side of the equation (19) f(¢)g(z) in a series of eigen functions
(

{sin \pz} : w(z,t) = > O,(t)sin\yz, and f(t)g(z) = > f(t)gnsin Az and
n=1 n=1
taking into account these functions in (19)-(21), we obtain:

VO, (t) + 60, () + A20,(t) = fa(t),

0,(0) = 0,,(0) =0, (24)
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where f,(t) = f(t)gn,n =1,2, ...
The solution of the problem (24) has the following form:

1
0,(t) = 82(:: /GQTan(T) sin o, (t — 7)dT.
0

Given that wy,(x,t) = 0,(t) sin A\, z, we get:

b — + 20
u(x,t) =e 2w Z { (cpn cos opt + Pu T V¥n sin Jnt> sin A,z +
= 2o,
t
1 T
+— [ e f(7)sino,(t — 7) sin \pzdr » . (25)
200,
0

In order for the function (25) to be a solution of the problem (1)-(3), for each
f(t) € C[0,T] the series (25) and the following formally composed series must
converge uniformly:

o0

1 2
ug(x,t) = —Eu(x, t) + e~ Z { (—anapn cosopt + %Vmbn cos O'nt)
n=1
¢
1 I
X sin A\pz + 3 / e2v fp(7) cos oy (t — 7)sin Adpzdr 5, (26)

0

o0

1 1 . + 2v
ug(z,t) = —5ut(aj,t) ~ 5, Z { (—angon sin ot + %271/%1 cos ant> X
n=1

t
1 -
X sin A,z + B /e%fn(T) cosop(t — 7)sin Apxdr p +
0

on +2v

o0
+e*% Z {(—U,%cpn cos ot — 5 Yn sin Unt> sin A, x+
v
n=1

t
45 [F 2O+ 0 [ F fursingn(t - 7)sindadr| 4, (20)

0

b + 2v
Uy (T, 1) =€ 20 Z {)\% <—<pn cos opt — Pr T 2V¥n os ant> sin A,z —

2uoy,
n=1
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¢
2
—2/\—” / 2 fo(7)sin oy (t — 7) sin Apadr (28)
On
0

The following series are the majorants of the series (25)-(28), respectively:

o0 o0

+ 2v1)
S Jun(e )] < 10y [w 1 Lo+ 2] } ,
n=1 n=1

2uo,

N N [n + 20|
D lune(e, Ol Sen ) {\umt) + lowpu| + A w] ,

n=1 n=1

0o 00
Z |untt(xat)| < c12 Z [|Un90ﬂ| + |90n| + |7;Z)n| + |gn| + ‘Ugﬁpn‘ + ’UnV(Pn” )

n=1 n=1

[ee) o] ) )\2
D Jtnas (@, 1) < 13 [}An%\ + ‘21/2 Pn gn].
n=1 n=1 n

Under the conditions of Theorem 2, the majorant series converge [1].

Thus, for each f(t) € C[0,T1], the function (25) is a solution to problem (1)-(3)
in the sense of Definition 1.

Now we will show the existence of the function f(t) € C[0,T] .

Denote Q = C[0,T] . Write equation (5) in operator form:

)\2

2uoy,

Aatn

n

+

_|_

MIf(t)] = f(t),M:Q— Q,

M[f(t)] = [P (t) + B"(t)] /g0 + e 2 { i 2221 (P2m—1 €08 Tom 11+

m=1
2 A ;
_ v _ _ -
+ P2m-1 + 1/J2m ! sin 02m1t> + Z 2m-1 /em’mel(T) sin 0-2m71(t - T)dT /90'
2V09m—1 = Oam—1
= 0
Denote

Q' = {fIf(t) € C[0,T],[f(t) < fo, t € [0, 7]},

where fo > 0 is some constant.
It is clear that M [Q'] C Q. Show that the set M [Q'] is uniformly bounded
and equicontinuous:

M @] = [[WO)] + 0]/ g0l + €2 {Z 2\ 1 |P2m—1] +

m=1
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Yom—1 + 20%am—1]  Aom—1
+‘ m2 = ’+ “=gnl [F W) T ¢ /g0 -
Voom—1 02m—1

Under the conditions of Theorem 2 and by the relation f(t) € @', from the
last inequality we obtain the uniform boundedness of the set M [Q'].

Now let’s show the equicontinuity of the set M [Q’]. Estimate the difference
M [f(t1)] = M [f(t2)] for any t1,t5 € [0, T]:

M [f(t2)] = M [f(¢)]] < [[W(t1) = W (k)] + |17 (t1) = W' (t2)[] / 190l +

S
_t 14+ 2v _
“+e 2tu Z {2>\2m71 [|(P2m71| ‘ COS 09— 1t1 — COS 0'2m71t2| + |902m ! w2m 1| X

2U09m—1
m=1
t1
) ) Aom—1 Ea .
X |sin o9y, —1t1 — Sin ooy, —1ta|] + ez | fo—1(7)sin ooy —1(t1 — 7)| dr+
2m—1
to

t

+ /e;v | fom—1(7) sinoop,—1(t1 — 7) — sinogy—1(te — 7)| d7 /|gol+

0
t1+t t t o
1+t |ty t
tte 2 e —ew| Y {2Xom 1 ([pam-1[cos oam_1ta| +
m=1
1+ 2v _ .
+|(702m 1 ¢2m 1| |Sln0'2m_1t2|> 4
2V09m—1
\ t
2m—1 2 .
m /e2u | fom—1(7) sinogp—1(t1 — 7)| dr /90| -
02m—1 ,

Taking into account the conditions of Theorem 2, for the last inequality we
have

|M [f(t1)] = M [f(t2)]] < cralts — t2].

Thus, by the Arzela theorem, the set M [Q'] is compact in @ [9]. In this
case, according to the Schauder theorem, the operator M [f(t)] has at least one
fixed point, in other words, the operator equation M [f(t)] = f(t) has a solution
ft) e @ =C[0,T].

Theorem 2 is proved. «



On the Solvability of an Inverse Problem for a Hyperbolic Heat Equation 215

References

[1] V.I Ilyin, On the solvability of mized problems for hyperbolic and parabolic
equations, Uspekhi. Math. Nauk, 15(2(92)), 1960, 97-154.

[2] A.A. Samarsky, P.N. Vabishchevich, Computational heat transfer, Moscow,
2003, 782p.

[3] V.J. Smirnov, Course of Higher Mathematics, Moscow, 2, 1974, 655 p.

[4] Z.C. Aliev, Ja.T. Megraliev, On one boundary value problem for a second-
order hyperbolic equation with nonclassical boundary conditions, Dok. RAN,
457(4), 2014, 398-402.

[5] Yu.E. Anikov, M.V. Neshchadim, On analytical methods in the theory of in-
verse problems for hyperbolic equations, Siberian Journal of Industrial Math-
ematics, 14(1), 2011, 27-39.

[6] V.G. Romanov, Inverse problems of mathematical physics, Moscow, 1984,
263 pp.

[7] A.Ya Akhundov, A.Sh. Habibova, On the inverse problem for the hyperbolic
heat equation, Conference dedicated to the 96 th anniversary of the national
leader Heydar Aliyev, Lankaran, 2019, may 7-9, 1 p.

[8] A.Ya. Akhundov, A.A. Aliev, The inverse problem of determining the right
side of a hyperbolic equation, Republican Scientific conference, Information,
Science, Technology and Prospects of the University, Lankaran, 2020, De-
cember 18, 1 p.

[9] H.J. Aslanov, Theory of function and functional analysis, Baku, 2020, 725
pp-

Adalat Ya. Akhundov
Institute of Mathematics and Mechanics of NAS of Azerbaijan, Baku, Azerbaijan
E-mail: adalatakhund@gmail.com

Arasta Sh. Habibova
Lankaran State University, Lankaran, Azerbaijan
FE-mail:arasta.h@mail.ru

Received 25 July 2022
Accepted 21 September 2022



