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Existence Result for Nonlocal Boundary Value
Problem of Fractional Order at Resonance with
p-Laplacian Operator

M. Azouzi, L. Guedda*

Abstract. The goal of this paper is to prove the existence of solutions to multi-point
boundary value problem for a nonlinear fractional differential equation with p-Laplacian
operator at resonance case. Our methodology are based on the famous coincidence degree
theory due to the Belgian mathematician J.Mawhin. An example is included to show
the importance and the applicability of this result.
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1. Introduction

Since recently, fractional differential equations play an essential role in nu-
merous fields such as physics, chemistry, biology, electronic, control theory (see
[3],[6], [7] and references therein where the authors examined the existence of
solutions for fractional boundary value problems at resonance). See also [2], [5],
[8], [9], [10], [11], [12], [13], and [14]. In this paper, we investigate the multi-point
boundary value problem (BVP for short) for a nonlinear fractional differential
equation with a p-Laplacian operator:

(6p (DGs (8)))" = f (tx (1), Dyt (1)), t€[0,1] (1)
2(0) = D (1) = 0 (2)
i=m—2
Dgta (1) = Y BiDgT e (), (3)
=1
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where 1 <a<2,0<n <Ny <...<n, o<1, 8, eRy, forit=1,2,3,...,m—
2, (m > 3), D, is the standard Riemann-Liouville derivative, f : [0, 1] x RxR —
R is a given continuous function and ¢, (s) = |s|P~2 s is the p-Laplacian (p > 1).
Recall that ¢, : R — R is an odd continuous, strictly increasing operator with
gb;l = ¢, (% + % = 1). Assume also that

—2

3 5= (4)

=1

%

There are only few results for boundary value problems at resonance when the
p-Laplacian differentiation operator is involved. Indeed, the basic difficulty in
solving such problems resides in the fact that since ¢, (in case p # 2) is a
nonlinear operator, the coincidence degree method cannot be applied in a direct
way. For example, in the recent work [4], the authors proved the existence of
at least one solution of the same problem at the resonance case by using an
alternative approach based on the decomposition v — Lu = Nu and some fixed
point arguments. Motivated by [4], we will establish an existence result of solution
for the BVP 1 - 2 - 3 by means of the coincidence degree theory applied to an
equivalent semi linear problem. It’s easy to check that our problem is equivalent
to the following boundary value problem:

Diyx (t /f s,z (s), Dy Y2 (s ) ds (5)
2 (0) = 0, (6)
i=m—2
Dyt (1) = Y DG e (). (7)
i=1

Now, we briefly give some notations and some existence results due to Mawhin
(see [5]).

Let X, Y be two real Banach spaces, {2 be an open bounded subset of X,
L :dom(L) C X — Y be a linear operator, and N : X — Y be nonlinear
mapping. If Im L is a closed set of Y and dimker(L) = codim Im(L) < +o0, then
L is called a Fredholm operator of index zero. In this case there exist two linear
continuous projectors P: X — X, @ :Y — Y such that Im P =ker L, ker ) =
Im L and we can write X = ker(L) @ ker(P), Y =Im(L) ® Im(Q). It follows
that Lp = Lijgom(r)rker p : dom(L) Nker P — Im L is invertible. We denote the
inverse of Lp by Kp. If dom(L) NQ2 # (), N will be called L-compact on Q if
QN () is bounded and K (I — Q)N : Q — X is compact.
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Theorem 1. Let X,Y be two real Banach spaces, L : dom(L) C X —Y be a
Fredholm operator of index zero and N : X — 'Y be an L-compact mapping on
Q. Assume that the following conditions are satisfied:

(1) Lx # ANz for all (x,\) € [dom(L) \ ker LN 0N x (0;1);

(2) QNx # 0 for all x € ker L N 052,

(3) deg(QN|ker 1, 2 Nker L,0) # 0.

Then the equation Lx = Nz has at least one solution in dom L N .

This paper is organized as follows: in the second section, we will state some
definitions and lemmas which will be useful in proving existence of solutions to
BVP 5 -6 - 7, the third section is dedicated to the study of the linear and the
nonlinear part by proving a series of lemmas, while in the fourth section, we will
prove a main existence result. Finally, an example is given and discussed.

For the convenience of reader, we introduce some definitions and lemmas re-
lated to the fractional calculus and which will be used in the proof of an existence
theorem. For more details see [1] and [4]. We denote by C [0, 1] the Banach space
of all continuous functions on [0, 1] with the sup-norm ||z|,, = sup,cp 1 [z ()]

Definition 1. The Riemann-Liouville fractional integral of order a > 0 of a
function g : (0,+00) — R is given by

¢
IS g (t /t—s (s)ds,
0

where T () represents the gamma function, provided that the right-hand side is
pointwisely defined on (0, +00).

Definition 2. The Riemann-Liouville fractional derivative of order a > 0 of a
function g : (0,+00) — R is given by

t
1 d"
Do) = o=y | e
0

where n = [a] + 1, provided that the right-hand side is defined pointwise on
(0,400). Here [a] denotes the integer part of the real number a.

For o < 0, we set by convention D, g (t) = I, g (t). If 0 <8 < a, we get
D212 g (t) = 15 Pg (1),
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Given these definitions, it can be checked that the Riemann-Liouville frac-
tional integration and fractional differentiation operators of the power functions
t* yield power functions of the same form

I'(A+1)
ot = = L A
0t TA+a+1)
Also F(h )
_|_
DY t)x — A—«
o T(A—a+1)

Notice that D3, ¢* = 0, for all A = o —i with i =1,2,3,..,n and n is the
smallest integer greater than or equal to a. We can also prove the following
auxiliary lemmas.

Lemma 1. Suppose that g € L' (0, +00) and a, B are positive real numbers. Then

o059 (t) = 109 (1), DS 15,9 (t) = g (t). If further, D3\ g (t) € L' (0,+00),
i=n )

then I, D g (t) = g (t) + X_ cit®™", for some c; € R.

=1
Lemma 2. For a given p > 0, the linear space defined by
i=[y] .
Cr0 1] = a(t)=ILz{t)+ > ct'™ zeC[0,1]p,
i=1

where [p] is the integer part of u and ¢; € R with the norm

i=[u]
lallow = llzlo + > || Db
=0

)

..
1s @ Banach space.
Lemma 3. M C C*[0,1] is a relatively compact set if and only if

1. M is uniformly bounded, i.e. there exists m > 0 such that ||z|| . < m, for
every x € M.

2. M is equicontinuous, 1i.e. for every e > 0, there exists § > 0 such that for
all t1,te € [0,1], |ta — t1] < &, we get

|z (t2) — 2 (t1)] <& and |Di ' (ta) — Dh'w (t)| <,

forallx € M withi=0,1,2,...,[u].
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2. The functional framework and auxiliary lemmas
Let = C*Y0,1] = {x; z(t) =1*"'2(t),z € C[0,1]} with the norm
||| ca-1 = H:cH —i—HD0+ H and Y ={y e C[0,1] / y(1) = 0} with the norm

H?JHY HZ/H = MaXge(o;1] ly ()]
By functional analysis theory we can prove that (X, ||.||y) and (Y, [|.|y) are

both Banach spaces (see also [12]).
Define the operators L : dom(L) C X — Y and N :dom (L) C X — Y as
follows:

Lx(.) = Dy, z(.) , =€ dom(L), (8)

N:X—=Y; Nx(t /f s,x( D(O)‘+1:U())ds , 9)
where
m—2
dom(L) = {x €X; DjxeY, z(0)=0, Dg:lx(l) = Z ﬁiD&r_la:(ni) } .
i=1

Note that the problem (5)-(6)-(7) can be converted to the abstract operator
equation Lx = Nz, x € dom(L).

2.1. Linear part

In this subsection, we present some auxiliary lemmas which illustrate linear
part of this problem.

Lemma 4. Let L be the operator defined by (8). Then

i=m—2
ker L = {at* ';a €,t € [0;1]} and ImL—{yEY > ,ny :0}
i=1 us

Proof. We have for each x € ker L, Lz (t) = D, (t) = 0 with ¢t € [0;1].
By applying Lemma ( 1), we get

z(t) = at® ! 4 b2 2.
As z(0) = 0, we have b = 0. On the other hand, for z () = at®!

Lz (t) = D§yx (t) = a.Dgt* ' = a.0 = 0.
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Now for all y € Im L, there exits z € dom (L) such that
DE.x(t) =y (t).
Again Lemma (1) leads us to
z(t) =I5y (t) + at® 1+ bt 2

with (a,b) €2. By the boundary conditions (6), (7) and the resonance condition
(4), we obtain b =0 and

/Oly(s)ds+af‘(a):a (@) ESl 25 /m

1=m—2

1=m—2
which is equivalent to Z B; fo s)ds = Z Bi [y (s)ds

SO Z Bz (fo ds_f()z dS) =0 and ﬁnally Z Tzn: Qﬁzf y =

Conversely, if y satisfies this last condition, then y(t) = D,z (t) = (Lz) (t)
and x (t) = ﬁ I3 (¢t —5)* "y (s) ds, because

x(t) = Igfl (Ig+y) with I;.y € C[0;1] and = (0) =0, Dg,x (1) =y (1) =0.
Also we have

i=m—2

i=m—2 n; 1
> a0 = X 4 [ v = [Cuts)is = pga ),

which completes the proof. «

=m-—2
Remark 1. It is easy to show that 1 — Y. [;n, > 0.
i=1
In fact, for alli=1,2,...m—2, B, >0, n; €10;1[ we have 3;(1 —n;) >0 .
By the condition (4), there exists at least ig € {1,2,...,m — 2} such that 3; # 0
and hence B3, (1 - nio) > 0, which proves that

i=m—2 i=m—2 i=m—2 i=m—2
D Bi—m)= > Bi— Y Bmi=1— Y Bimi>0.
i=1 i=1 i=1 i=1
Lemma 5. We can define two linear continuous projectors P and Q as follows:
1
P:X = X;Px(t)= ——Dy; 'z (0)t*,

I'(a)
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i=m—2 1
1
Q:Y =Y; Qut) = ——— Bi | y(s)ds
1— > Bmy =1 "
=1

The inverse of the operator Lp = Ligom(r)rker p @5 the operator Kp : Im L —
dom (L) Nker P defined by Kpy (t) = ﬁ fg (t—s)* Ly (s)ds and

1
K <|(1l+ —/—— . 10
el < (14 5oy ) Il (10)
Proof. For each x € X, putting Px (t) = ﬁDgﬂ:lx (0)t* L =u(t) we get

P2z (t) = P (Pxz) (t) = Pu(t) = LDg“jlu (0)t*~! = Pz (1),

I'(a)
because Dg‘;lu (t) = ﬁDS‘;lx 0)I'(a) = Dg‘jl:p( ). Thus P? = P. Tt is easy
to see that Im P = ker L, ker P = {l‘ € X; Dg‘jlx = O} . On the other hand,
a—1 1 a—1 a—1
1Pally = NPzl + (105 Pall, = my 105 2 (0] + | DG (0)

= (14 i) 125 01 < (14 s ) Dol

i=m—2
Let ﬁ B, fnll y(s)ds = r. Then, for all y € Y, Q%*y = Q(Qy) =
1- ‘21 Bin; =1
- =m-—2

t=m—
—=mr o @f rds = —=— 2. 5'(1*771'):7“7 so Q° = Q.
1- _Z:l Bim; =1 1- Z:l Bim; =1

Furthermore, we have
1Qully < llylly -

For any x € dom (L) Nker P, by Lemma 1, we can write

KpLx (t) = I§. Dy x (t) = x (t) + at® 1 + b2, t € [0;1],
where a, b are two real constants. As KpLx € dom (L)Nker P, we have b = 0 and
Dg‘jl (a: (t) + ato‘fl) lt=0= Dg‘;lw (0) +al’ (o) = al’ () = 0, which implies that
a =0, therefore KpLr = z.Ify € Im L, we get LKpy (t) = Di Iy (t) =y (1),
which shows that Kp = (Lp)~". We also have

] 19l + 19l »

1
I5Pyllx = 1565yl + [ o+ 9l o < Tlat1)

which completes the proof. «
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Lemma 6. L defined in (8) is a Fredholm operator of index 0.

Proof. For any y € Y, we can write y = (I — Q)y + Qy, where (I — Q)y €
kerQ =ImL and Qy € Im@. Then y € Im L + Im Q. Assume that y € Im L N

i=m—2 i=m—2
Im@. Thus y=ce€and ), /Bifnl‘cds:c<1— > /Bﬂh‘) =0iec=0,
i=1 ! =1

1=m—2

because 1 — Y (;n; # 0. Therefore InL NIm @ = {0}, which proves that

i=1
Y =Im L& Im Q. Finally, as dim Im () = dimker L = 1, L is a Fredholm operator
of index 0. «

2.2. Nonlinear Part

Lemma 7. Assume that B is an open bounded subset in X such that dom (L) N
B # ¢. The operator N defined by (9) is L-compact on B.

Proof. We will apply Lemma 3. The boundness of B implies that there exists
R > 0 such that for all z € B, we have ||z|y = ||z] ., + HD(‘)’IIQUHOO < R. By
the continuity of ¢, and f, there exists d > 0 such that for all x € B, we get
|f (s, (s) ,Dgflsc (s))| < d. Then

QN < |Nz|, <dit,

because

1 g—1

b, /f (s, (s),DS‘jlx (s))ds || = /f (s, (s) ,D(‘;‘jlx (s)) ds < drt,
1

t

Also we have ||(I — Q) Nz|| < |[[Nz||,+|QNz|, <2d?'. Then from (10),
we conclude that

1 1
Kp(I-Q)Nux|, < (14— ) |I-Q)Nz|| <1+ =— |24
I5p (1= Q) Nal, < (14 1 ) 10 - @ Nl < (14 115 )
Then QN (B) and KpgN (B) are bounded.
It remains to prove that KpgN (B) is equicontinuous. Putting 0 <3 <ty <
1, we have

|Kp (I —Q) Nz (ta) — Kp(I — Q) Nz (t1)]
_ b i — ) (1= x (s s—t1 — ) - x(s)ds
- o 0/@2 )= (I — Q) Na (s)d 0/<t1 ) (I~ Q) Na(s)d
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| :fl(tg —$)* ' Na(s)ds — ;fl(tl —5)* ' Na(s)ds + tﬁ(tg —5)* 1 x

XNz (s)ds+QNx (—tﬁ(tg — ) lds + tfl (ty —s)* " ds>
0 0
. ffl(tz —$)* ' Na(s)ds — T(tl —5)* ' Na(s)ds
0 " 0
+ [ (ta—5)* * Na (s )ds—QNx( i )

t1

t1

/ ((tQ —5)* 7 = (h - S)ail) Nz (s)ds

0

IN

+

tO[

/tg—sa YNz (s)

t1

t1

/ (ts — )L — (1 — 5)*~ 1)]Nx()|ds+

0

IN

to
107 ta

/vrﬂwaﬂmw+QNm%‘l

t1

t1

IA

2d71
- T(a+1) (t3 —t7) — 0 as t; —t2 uniformly.
a

t

Similarly, we have D3y 'Kp (I — Q) Nz (t) = I}, (I — Q) Nz = [ (I — Q) Nz (s) ds.
0

Then

|Dg; ' Kp (I — Q) N (ta) — Dy ' Kp (I — Q) Na (t)]

— |[u-QNeds- [1-QNa(s)as
0 0

= /Ng:(s)ds—(tQ—tl)QN5U

t1
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to

< /\N:c (s)|ds + |QNz| (ta — t1)
t1

< 2d77(ty —ty) — 0 as t; — to.

Therefore, Kp (I — Q)N (B) is compact, which shows that N is L-compact on
B. <

3. Existence result
Theorem 2. Suppose that there exist

(H1) a function W : [0;1] x Ry x Ry — R, which is L*— Caratheodory and non
decreasing with respect to the last two variables such that

|f (G y)| Wt |2l [yl)

for all (z;y) € R? and a.e. t € [0;1],

(H2) a real My > 0, such that if we have |D8‘;1m(t)’ > My for all t € [0;1],

then
t

1
5i [0 | [ 7 (s (6) g (s)) s | de 2 0
1

i

i=m—2
i=1
and

(H3) a real My > 0, such that for |a| > M, we get

either
af (s,as® 1 al' (a)) ds < 0 (11)

or
af (s,as®"!,al' (a)) ds > 0. (12)

Then the fractional B.V.Ps (5)- (6)-(7) has at least one solution in dom (L) C
X, provided that

q—

1 1
/\I/ (t,m,m)dt < <F(8a)m + ﬂ) 1 , Jor allm € R4 (13)
0

where B is a real positive constant.
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Proof. Step 1: Let
O ={xedom(L)—kerL: Lz = ANz, \ € [0;1]}.

We will show that it is a bounded set. Note that if x € ; then A # 0, because
Q1 Nker L = ¢, which allows us to write Nx = L%:L" € Im L = ker Q. Then

i=m—2

. t
QNx = Z 51»/ b, /f (s, (s) ,Dg‘glx (s))ds | dt = 0.
' 1

i=1 LB

By the condition (Hz), there exists ty € [0; 1] such that ‘Dg‘jlx (to)| < Mo. It’s
clear that 4 (nglx( ) = D0+m( ), SO
Dgflx (t) = Dg- Yo (to) + fD0+x (s)ds
to
t T
= DS“II:L‘ (to) + )\tf b, <ff (s,2(s) ,Dg“jlfn (s)) ds> dr.
0

1
Then

|DST e (t)] < | DS (to)| +

t T
+ /(bq /f(s,x(s),Dg‘jl:):(s))ds dr| < Mo+ ||[Nz|| - (14)

Furthermore, we can write

r=I—-P)x+Pr =KpL(I—-P)z+ Px
:KPL$+P:L‘.

Then

lzllx < [KpLz|x + HP:cHx-
By using (14), we obtain |Pz (t)| = ﬁ |DST e (0)| 7 < s yD z(0)] <

g (Mo + [Nz|.) and |DT Pa ()] = (DG » (0)] < My + | Na.. . Then

IPely < (14 iy ) (o + [1¥el).

In view of (10), we have || KpLz| y < (1 + v a_H ) | Lz || o (1 + ﬁ) | Nz||
which gives

lollx < (14 1) Mo+ (24 oy ) IVl (15)
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It is easy to see that

INz (1)) = |9 (/f(sym(s),D&lx(s))ds) (16)
t 1 q—1
= || f(s,2(s), D' (s)) ds
1

1

q—1
/‘f(s’f(s)aDngll“(S)Hds) .

0

AN
~

According to conditions (H;) and (13), we obtain

j\f(saw(s),DS“le(s))\ds < /1
0 0
1
/

U (s, |2 (s)]

Dg‘jlx (s)|)ds  (17)

IN

W (s, lellx » 1zl x ) ds

1

(S el )"

IN

By using (16) and (17) we get

1 q-—1
NVl < ( 17 a0 ,Dgalsc(s))ds) < By 4 5.
0

Substituting this result in (15) , we conclude that
e} I
lellx < (1+ my) Mo+ (2+ rsity) (B2 llelly +8).

hence
(1 n ﬁ) Mo + (2 n —F(ﬁl)) 3
1— (2 + 1“(?431)) % ,

where 1 — <2+F&T1)) % =1- %) >0. As1l<a<2, wehave
0 <T'(a) < 1. Consequently 0 < 2al'(a) +a+1 < 7 and 8a > 8. Thus O, is

bounded.

2]l x <
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Step 2: Let
Q={rekerL: Nxe€lmL}.

For all x € Q there exists a real constant a such that x (t) = at®" !, t € [0;1]

and as Nz € Im L, we have
QNz = 0.

In view of (Hg) there exists ¢; € [0;1] satisfying ‘Dg‘jlx (tl)‘ = |al' (a)| < My,
iela| < ( %y, which yields

[zl x = lal +[al’ (@) = |a[ (1 + T (a)) <

Then 9 is bounded.
Step 3: Assume that the condition (H3) — (11) holds. Let

Qs={zeckerL: \Jx+ (1—-X)QNz =0, € [0;1]},

where J is the isomorphism defined by J : KerL — Im @ such that J (ata_l) =
a.

For x = at®™! € Q3, we have
AMz+(1-=XN)QNx =

—2

=a+—F— — Z Bl/gbq /f s,as 1 a al' (a)) ds | dt =0. (18)

i=m—2

1- Z 5#71 =1 Uk

i=1

If A =0, we get QNz = 0. So by the condition (H2) there exists t2 € [0;1] such
that ‘Dg‘flx (t2)| = |al ()| < My. So |a| < £ ) and hence

My
Py (7).

In the case A # 0, multiplying both sides of (18) by ¢, (a) and in view of the
condition (Hs) — (11), we get

[zl x = lal +[al* (@) = |a (1 + T (a)) <

-2

S T i
—Xa?|a|?? = — g”: — Z Bl/qﬁq /af s,as® ' al (@) ds | dt > 0,
1— i=1

which contradicts (11). Then |a| < Mj, which shows that Q3 is bounded.



Existence Result for Nonlocal Boundary Value Problem 27
If (H3) — 12 holds, we prove by the same method that
Qs ={zekerL:-AJx+ (1—X)QNz=0,\€[0;1]}

is a bounded set. It remains to check that all conditions of Theorem 1 are
fulfilled. Let €2 be a bounded open set containing 23 U (2o U Q3. As Oy, s, Q5
are bounded sets, we have

1) Lz # ANz for all (z,\) € [dom(L) \ ker L N 9] x (0;1);

2) QNz # 0 for all x € ker L N OS..

3) Without loss of generality, assume that (Hz) — (11 ) holds and define the
operator

F(z,A\) =AJz+ (1 -A)QNz.

As Q3 is bounded, F'(A,z) # 0 for all (x,\) € (ker LN 9Q) x (0;1). Thus, by the

homotopy property of degree, we have

deg(QNker 1, 2 Nker L,0) = deg(F(.,0), Q2 Nker L,0)
= deg(F(.,1),Q2Nker L,0)
= deg(J,Q2Nker L, 0)
# 0.

Consequently, the equation Lx = Nz has at least one solution in dom(L) C X.
Namely, BVPs ( 5)-( 6)-(7 ) has at least one solution in the space X. <
4. Example

Consider the following fractional differential boundary value problem with
p-Laplacian

4 (Dhu)] = by | W (sinut + Dlutn - 2) ¢+ 1] e o
w(0) =0 = Dy (1);
Diu(1) = ADgu (2) + EDgu (2) + §D & u (3).
(19)
and f(t.uw) =

Ol

_ 5. — _ 1 — 1. _ 2 _ 3 —
Wherea_1751—zaﬁ2—§ —67771—57772—77773—
1

7 22; ) Pp [F(4) (sinu+v) (t + ] Then, we have

|f (tuv)| =

. [FQZ smu+v—2)(t+1)”
()

i
= 2p(2p—1)

2
4

p=l ol
(t+1)> |(sinu + v — 2)]
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< p < (%
— 2p(2P—1)

p—1
< e (ML D) T Gl ol 427 = (el o)

It’s clear that W : [0;1] x4+ X4 —4,

—

N—

p—1
i+ 1>) (Isina] + [o] + 27"

—

»&\Cﬂ
—

p (T )
U (t,z,y) = 2p(2p_1)< 84 (t+1)) (z+y+2P"

is an L'—Caratheodory function, non decreasing with respect to each of the
variables = and y, and

1 F(é) p—1 11 1
f@(t,m,m)dt:%( - > 2m+2)P7 [(t+1)P dt
0 0
r(s)\P !
= 7D < (84)> (2m +2)7 1 2

:509“””y%§C@WHDY3

Let My = 5. If we have D0+u

> 5 for all s € [0;1], then sinu(s)+

t)
1
(smu 0+u(s)—2> > #é)(s—i—l).
As ¢,, ¢, are nondecreasmg, p,g > 1,0 < % < 1 for all s € [0;1] and
1
€ ]0;1[ (i =1,2,3), we have ¢, [Fgg) (s+1) (sinu( )+D0+u( )—2)} >

D0+u()—2 > 2, S0

(%) e
5 (s+1) , which leads us to

/12p(2§_1)¢p [F?S) (s+1) (sinu( )+D0+u( 5) — )] ds >

ot () () 12

Then
t

/2p(2f1)¢’p [F?)(z}l) (s+1) (sinu( §) + DA u(s) - )

<5 (H0) () )

ds <
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5 () (5,

< (2 _11)q1 F15}) <_ (12_t>ql> :

SO

[+

/t;;% [Fg(g*) (s+1) <sinu( $) + Diyu (s )-2)
1

1
U
»
N——
QU
~
IN

Which proves that

ZB f bq <f2pqﬁp[ 32)8+1 (smu( )+D0+u( ))])ds <0 (ie #0),
because 51 > 0 for i =1,2,3.
1
Now, if we assume that Dy, u(t) < —5 for all ¢ € [0; 1], we similarly get

7 Fg) (s+1) <sinu(s) + Déu(s) - 2) <

sinw (s )+D0+u( s)—

(i
-3 Sg) (s+1).
Consequently

57— Pp [Fgé)s <Sinu( )+ Do+“( 5) — 2)} < 3 (3;%) o4 1)>zo—1

and
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p—1
= 1 <3F (i)) ((t—i—l)p—Qp).

2 (20 — 1) 16

Multiplying by (-1) we find
| r()
p I . 1
/ 1) ! 32" <Sm“(5) +Dgeu(s) - 2>] ds >

1
p—1
> 1 <3F (i)) (2}7 _ (t 4 1)17)

v (20 —1) \” 16
(- (%))
1

st ()
G NS

Then

Pq (j 2P (25_ 1)% [F?gl) (s+1) <sinu(8) + D§+U(S) — 2)] d3>
1
> > _31)q_1 Fl(é) (1 ; t>q—1 |
[ ([ 820w (smr =) s

1
> 3 F(z)% L=, q>0
T (r—1)Tt 16 ¢\ 2 '

v

S0,

Therefore

1

E/Bi /d)q (j 2%% [F?)(é)s‘i‘l <Sinu(s)—|—D(§l‘+u(s)>]) ds >0 (i.e. £0).

Ul
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Set My = —%~. For all a € such that |a| > M;

i)
o (sastar (7)) -

6@ _» [F &) (smast ar (3) ~2) (54

P A D 1
p—1
_ 1 p T (1) o 5
_Ialp‘22p(2p1)< g (T | o |a(simasttal{7)=2)]
If a> -2 7vvehavea>0andsinasi+aI‘(%)_22_1_i_ap(g)_2>

r(3)
—-14+4—-2=1 > 0. Then af <s,asi,af(%)) > 0. If a < —ﬁ, we get
4

ot

a < 0 and sinas%+af(g) -2 < 1+aF(%) <1—-4-2= -5 <0, thus
af (s, asi,aF (%)) > 0. The problem (19) satisfies all conditions of theorem 2,

therefore it admits at least one solution in C't [0, 1].

5. Conclusion

In the present work, we considered a class of fractional differential equations
with multi-point boundary conditions at resonance with p-Laplacian operator.
Using the J.Mawhin’s aid of coincidence degree theory, we obtained existence
results for solutions of BVP (1). An illustrative example was presented to test
the applicability of the main results. BVPs of fractional differential equations
at resonance with p-Laplacian are widely discussed in recent years but by using
other methodology. However, there is still more work to be done in the future on
this important problem. For example, establishing the uniqueness of solutions.
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