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Abstract. We consider the system of Laguerre-Freud equations associated with the
H,-Laguerre-Hahn orthogonal polynomials of class zero. This system is solved in the
symmetric case. There are essentially three canonical cases.
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1. Introduction and preliminary results

The D-Laguerre-Hahn polynomial sequences, where D is the derivative op-
erator, have attracted the interest of researchers from many points of view (see
[1, 2,4, 5, 10] among others). They constitute a very remarkable family of orthog-
onal polynomials taking into consideration most of the monic orthogonal polyno-
mial sequences (MOPS) found in literature. In particular, semiclassical orthogo-
nal polynomials are Laguerre-Hahn MOPS [11]. The concept of D-Laguerre-Hahn
polynomial sequences has been extended to discrete Laguerre-Hahn polynomials
which are related to a divided difference operator. Indeed , the H,-Laguerre-Hahn
polynomial sequences, where H,, is the Hahn’s operator, have been considered by
several authors. Essentially, an algebraic theory was presented in [6, 9]. These
families are extensions of discrete semiclassical polynomials [8, 7].

The D-Laguerre-Hahn polynomial sequences of class zero are completely de-
scribed in [2]. For the difference operator D,,, the D,,-Laguerre-Hahn polynomial
sequences of class zero has been analyzed in [12]. So, the aim of this paper is
to determine the symmetric H,-Laguerre-Hahn forms of class s = 0, through
the study of the differential functional equation fulfilled by these forms and the
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resolution of a nonlinear system satisfied by the coefficients of the three-term
recurrence relation of their sequences of monic orthogonal polynomials.

The structure of the manuscript is as follows. The first section contains
material of preliminary and some results regarding the H,-Laguerre-Hahn forms.
In the second section, the system of Laguerre-Freud equations is built. In the
third section, using this system, we obtain the symmetric sequences which we
look for.

Let P be the vector space of polynomials with coefficients in C and let P’ be
its dual. We denote by (u, f) the action of u € P' on f € P. In particular, we
denote by (u), := (u,z™),n > 0, the moments of u. For instance, for any form
u, any polynomial g and any a € C\{0}, we let Du = v, gu, hqu and z~u be
the forms defined by duality

<u/7f> = _<uaf,>? <guaf> = (uagf>? <h‘au7f> = <u7h&f>?
<x_1u, f> = (u,00f), f €P,
where (hof)(z) = f(az) and (6of)(z) = M

We also define the right-multiplication of a form u by a polynomial h as

(uh)(x) = <u, M> = z”: (Zn:aj(v)j_i>xi , h(z) = Zn:aixi . (D)
=0

z =& i=0  j=i
Next, it is possible to define the product of two forms through
<uv7 f> = <u7 Uf> ) u’ v E Pl? f e ,P

A form wu is called regular if there exists a sequence of polynomials {Sy,}n>0
(deg Sy, < n) such that

<u7 SnSm> = Tn(sn,m y T'm ?é 0, n=>0.

Then, deg S, = n,n > 0 and we can always suppose each S, is monic. In such
a case, the sequence {Sy},>0 is unique. The sequence {Sy},>0 is said to be the
sequence of monic orthogonal polynomials with respect to u. In the sequel, it
will be denoted as MOPS. It is a very well known fact that the sequence {.S,, },>0
satisfies the recurrence relation [3]

Spt2(x) = (T — Brt1)Snt1(x) — Ynr15.(x) , n >0,

Suw)=x—Fo,  Solx)=1, )

with (8p,7n4+1) € Cx C\{0}, n > 0. By convention we set 79 = (u)o. The
form w is called normalized if (u)y = 1.
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We recall that a form w is called symmetric if (u)2,+1 = 0,n > 0. The
conditions (u)2p+1 = 0, > 0 are equivalent to the fact that the corresponding
MOPS {5, }n>0 satisfies the three-term recurrence relation (2) with 3, = 0,n > 0

[3].

Let us introduce the Hahn’s operator [9]

flgz) — f(=)

(Hyf)(x) =

where C := C — ({O}U < U{z eC, "= 1})) . When ¢ — 1, we meet
n>0
again the derivative D.

By duality, we can define H, from P’ to P’ such that

(Hqu, f) = —(u, Hyf) .f € P, ueP .

In particular, this yields (Hqu), = —[n]q(u)p—1,n > 0 with (u)_; = 0 and
[n]q::‘;’(l_—_ll, n>0.

Definition 1. [6] The regular form w is called a Hy-Laguerre-Hahn form when it
is reqular and there exist three polynomials ® (monic) ,\¥ and B, deg(®) =t > 0,
deg(¥) =p > 1, deg(B) =r >0, such that

Hy(Pu) + Yu + Bz~ tu(hgu)) =0. (3)
The corresponding MOPS {Sy,}n>0 is said to be Hy-Laguerre-Hahn.

Remark 1. When B = 0, the form u is H,-semiclassical.

Proposition 1. [6/ We define d = max(t,r). The Hy-Laguerre-Hahn form u
satisfying (3) is of class s = max(d — 2,p — 1) if and only if

[T {(1(H®)(e) + alhg®)(e)| + la(hyB)(c)|
CcEZ(3)

+(u, (0cq © 0:P) + q(0cq¥) + q(hqu)(0o 0 6egB))[} # 0,
where Z(gy = {z € C,®(z) = 0}.

The H,-Laguerre-Hahn character is invariant by shifting. Indeed, the shifted
form 4 = hy—1u, a € C' — {0} satisfies
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with B B B

d(z) = a'®(ax), B(z)=a"'Blazx), ¥(z)=a""'V(azx).
The sequence {S,,(x) = a~"S,(ax)}n>0 is orthogonal with respect to @ and fulfils
(2) with

B - 1
ﬁn_iv ’Yn+1:%;; 7n20

The next result [6] characterizes the elements of the functional equation sat-
isfied by any symmetric H,-Laguerre-Hahn form.

Proposition 2. Let u be a symmetric Hy-Laguerre-Hahn form of class s satis-
fying (3). The following statements hold.

1. When s is odd, then ® and B are odd and V¥ is even.

2. When s is even, then ® and B are even and V¥ is odd.

2. The Laguerre-Freud equations

In this section, we will establish the non-linear system satisfied by 3,, and v,
simply by using the functional equation.

In the sequel, we assume that {S,},~, is a H-Laguerre-Hahn sequence of
class zero satisfying (2) and its corresponding form u satisfying (3) with

O(x) =con® +c1x+co, VY(r)=az+ap,

B(x) =box® +biw+by, a1 #0, |ea|+ |e1]+|col #0. 4
Then, from (3) and (4), we obtain for n > 0
—(Pu, Hy(Sn(€)Sn(a7'6)) (2)) + (Yu, 5 ()Sn (g "))
+(u, B(z™tu(h, u)),Sn(z)Sn( )y =0, (5)
—(Pu, Hy(Snt1(qg€)Sn(6)) (x)) + (Vu, Sp(x) n+1(q L))
+(u, Blau(hgu)), sn<x>sn+1<q 7)) =

Now, let us define for n > 0 and 0 < k <2

Lk k(q) = <u,xk5n(:r)Sn(q_1x)) , 0<k <1,

Ini(q) = (U, 278 (2) Spyr (g 2)) , 0 <k <1,

Kni(q) = (u, 2" Hy (Sn(§)Sn(q7 1)) (2)) , 0< k <2, (©)
Li(q) = (u, 2" Hy (Sp41(¢71€)5n(8)) (2)) , 0 < k < 2,

22

k(@) = (27 u(hgu), 2% Sy (2)Sp(g ™ 2)) , 0 <k <2,
k(@) = <:13_1u(hqu),ka'n(x)Sn+1(q_1x)> ,0<k<2.

3
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If we expand ®, ¥ and B according to (4), we get from (5) and (6)

a1ln,1(q) + aolno(q) + baMy2(q) + b1 My 1(q) + boMy0(q)
—c2Kn2(q) — c1Kn1(q) — coKnolg) =0,

a1Jn,1(q) + aodno0(q) + b2Np2(q) + b1 Np 1(q) + boNn o(q)
—coLn2(q) — c1Ln1(q) — coLno(q) =0.

Lemma 1. [13] We have

Ino(q) = q ™(u,S2) , n>0,
n—1
Loa(@) = a " {Ba+ (1= @)Y B, 82) , n >0,
v=0
Tno@) = a1 =) (DB ) w82 n >0,
v=0

n—1 n
Ina(q) = Q’”’l{%m +(1-4q) [(1 +0) ) w8
v=0 v=0

n—1 v
A=) B Y G| w82 m >0,
v=0 k=0
Kn,O(Q):Ov ’I’LZO,
Kni(q) = ¢ "[2nlg(u, S3) , n >0,
n—1
Kna(a) = g {2n)yB + (1 + ) Y B, 82), n >0,
k=0
Lno(g) = ¢ " [n+1)y(u, 82), n>0,
_ —n—1 . 2
Loa(@) = a7 (D28, ) (w82, n =0,
v=0

Loa(q) =q ' (B3 +m) .

n—1 n
Loa(@) = " {20+ U + 1+ 0 Y w1+ 8
v=0 v=0

n—1 v -1
=)D Boar 3 BeflusS2) n=1, > =0.
v=0 k=0 v=0
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In order to determine {M,, (q)}n>0 and { Ny k(q)}n>0, 0 < k < 2, we need
the following results:

Lemma 2. [13] For n > 0 we have

(u, z"*1S,,) <Z,By> u, 52 (20)
(u, 2"*25,,) <Z%+1+Zﬁ,,2ﬂk> u, S2) . (21)

Lemma 3. [3] We have

Spio(z) = 2" + dppra" ez + .., n>0, (22)
Si(z) =x+do,
with .
==Y By, (23)
v=0
n+1 n
Z%H ZﬁyZﬁHZﬁyZBy (24)
forn > 0.

Lemma 4. [12] For u, v € P and f, g € P, we have

f(uv) = (fu)v + z(ubo f)v, (25)
(wv,00(f9)) = (u, f(vbog)) + (v, g(ubo f)) - (26)
Lemma 5. We have
Mpo(q) =0, n>0, (27)
Moa(q) =1, (28)
Mya(q) =q ™1+ ¢ ){u,Sp) , n>1, (29)
Moz (q) = (¢+1)bo , (30)
My2(9) = ¢ " {(¢*" +q)(Bo + Bn) + (g — Zﬁy} u,52), n>1, (31)

Nool@) =g " Hu,S2), n>0, (32)



40 M. Sghaier, M. Zaatra, M. Mechri

Noa(@) =q¢ " Habo+ (1—q) D> _ B Hu,Sp), n>0, (33)
v=0
Noa2(q) = q 'Bg + (¢ + D], (34)

Noa(9) = HOU+ @y +9la—1DDY B, Y B

V= 0 v=1
l—q ZW’V—H"‘ZBH—IZﬁk-ﬁ-ZﬁQ
(ﬁoﬂl)}(u S > , > I
Proof. From (26), we have
My 0(q) = (u, Sp(z) (hqubo(hy-15n) () + (u, Sn(z)(uboSn)(gz)) , n > 0.

By the orthogonality of {S;,}n>0, we obtain (27).
Taking f(z) = Sy(z) and g(z) = x(h;-15,)(z) in (26), we can deduce that
forn>0

Mn1(q) = (u, Sn() (hqu(hg-15n)) (2)) + (u, quSn (@) (uboSn)(g)) . (36)

Making n = 0 in (36), we get My 1(q) = (u)o = 1.

When n > 1, by (1) and the orthogonality of {S),},>0, we obtain (29).

By virtue of (26), when f(z) = xS,(z) and g(z) = z(h,~1S,)(z), we can
deduce that for n > 0

My, 2(q) = (u, xSn(x)(hqu(hqq Sn)(x)) + (u, qx) Sy (x)(uSy)(qx)) . (37)

Making n = 0 in (37) and taking into account that (u); = Sy, we obtain (30).
When n > 1, by (1), (22) and according to the orthogonality of {S;, }n>0, we
get

Mpa(q) = (7" +¢" ") (u, 2" S (@) + (0" " + ¢")(Bo + dn1) (u, S7) -

Thus, from (20) and (23), we can deduce (31).
From (26), we have

Nio(q) = (U, Spg1(2) (u0Sy) (qz)) + (u, Sn () (hqubohy-1Sn+1)(x)) , > 0.

Hence, by the orthogonality of {S),},>0, we obtain (32).
Taking f(z) = Sn11(¢ '7) and g(z) = xS, (x) in (26), we get for n > 0

Ni1(q) = (u, Sp1 () (uSn ) (qz)) + (w, 25 (x) (hqubohy-1 Sps1)(2)) -
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By (1), (22) and the orthogonality of {5}, },>0, we obtain
Nua(g) = ¢ " Hu, 2" 18, (2)) + a7 (Bo + dn) (u, S7) -

Then, from (20) and (23), we can deduce (33).
For n > 0, by (26), we have

Nn2(q) = (u, q2Sn41(2) (uSn) (q2)) + (u, 285 () (hquhg-1 Sps1) (@) -

41

(38)

When n = 0, from (38) and taking into account that (u)s = 33 + 71, we obtain

(34).

Now, for n > 1, by (1), (22), (38) and taking into account the regularity of the

form u, we get

Np2(q) = ¢ HNu, 2" 28, (@) + ¢ (Bo + dn) (u, " TSy (2))
H "M g1 + B+ ) + ¢ en—1 + Bodn) Hu, SZ) .

Hence, from Lemma 2, (23) and (24), we can deduce (35). <

The following is the main result of this section.

Proposition 3. We have the following system:

Y (Bo) + (HyB)(Bo) =0,

(14> ) Y (05, 2)(By) = ¥(Bn) — (a +¢°") (05, B)(Bo) =

(1 + 70 — [20),) (eaBn + 1) + (a = DI — 1)Bubo
n—1
H@® = Dbe—a1]d B—b1}=0,n>1,
v=0

[a1 + (1 + ¢*)bs — o] = @(Bo) — B(Bo) — (1 — 9)Bo¥(Bo) ,
{ar + (¢*" + b2 — [2n + Ugea}yngr + (1 + {1 — ¢) (a1 + ba)

n—1 n
—ca} Z%H = Z (B,) + ([n+1]g —n—1)co — B(gfo)

v=0 v=0

n—1 v
—¢®boy1 + (1= )f[ca + (¢ — Vaz — (g + 1)ba] D Bus1 Y Br
v=0 k=0
—(ag +b1) Zﬁu — la1 + (g + 1)bo] Zﬁg
v=0 v=0

+abe > B> B}, m>1.
v=0 v=1

(41)

(42)
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Proof. Making n = 0 in (7) and taking the relations (9) — (10), (13) — (15),
(27) — (28) and (30) into account, we can deduce (39). Let n > 1. Then, by
virtue of the relations (9) — (10), (13) — (15), (27), (29) and (31), the equation
(7) becomes

n—1 n—1
{[2n]Bn + 1+ ") > Boea + 2n)ger — {Bn + (1 —q) Zﬂu}al

v=0

—ao = {(¢>" + @)(Bo + Bn) + (g — 1)( Zﬁu}bg —(1+¢*"b1=0.

v=0

But, (03, ®)(8,) = c2(Bn + Bv) + c1 and (03, B)(Bo) = b2(Bn + Ho) + b1. Then, we
can deduce (40).

Let n = 0 in (8). Then, by virtue of (11) — (12), (16) — (18) and (32) — (34)
we get (41).

When n > 1, in view of (11) — (12), (16) — (17), (19), (32) — (33) and (35),
(8) becomes

{2n + 1]gvn41 + (1 +q) Z%+1+Zﬁ +(1 -9 ZBI/—HZBR}CQ

v=0 v=0 VO

ClZ,BV n‘f’lqco_{f)/n—i—l‘i‘(l_Q){l"i_q Z%+1+Zﬁ2

v=0 v=0

+(1—q) Z Bu+1 Z 54 tar — (1 — q)ao Z By — (@ + Dy
v=0 k=0

-1 B> B+ —q2)(2%+1 +Zﬁu+126k+263)
v=0 v=1 v=0 v=0 k=0 v=0
(B3 +11)3b2 — {abo+ (1= q) Y B}br —bo = 0.
v=0

Hence, we can deduce (42). <

3. The symmetric case when s =0

In the sequel, we assume that {S,},>0 is a symmetric H,-Laguerre-Hahn
orthogonal sequence of class zero.
Then, we have

Spt2(®) = 2Sp41(x) — m+1Sn(z) , n >0,
51( ):J}, So(x‘)zl
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By virtue of the Proposition 2, it follows that

Hy(Pu) + u+ Bz 'u?) =0, (44)
with
() = o2’ +co, ¥(x) = arz, B(z) = boa® + by . (45)
In this case the system (39) — (42) becomes
(r2 —c2)m =co—bo, (46)
n—1
{ron+2 — 2n + 1]gc2} 1 + (1 4+ @) {(1 — ¢)(a1 + b2) — c2} ZO%H (47)
= [n+1gco — bo — ¢*bay1, n>1,
with
rn=a1+ (1+¢")ba, n>0. (48)
Let "
Tn:Z'y,,Jrl,nZO. (49)
v=0
Then,
Tn—Tn_1:’yn+1,nZO,T_1:0. (50)
Taking the relations (49) and (50) into account, the system (46) — (47) becomes
(re —c2)To = co —bo , (51)
{ronsa — 2n + g2} (T — Tna) + (1 + {1 — ¢)(a1 + b2) (52)
—co}Tn—1 = [n+ 1gco — bo — ¢*b2Tp, n> 1.
Proposition 4. We have forn > 1
7, — 4l + 1gco + [(ar — c2)[2n + 2]y + [2n + 4]gba]m (53)

(¢ + D{rant2 — [2n + Lge}
Proof. The equation (52) can be written as
{ron+2 = [2n 4 1ge2} T — ¢*{ran — [2n — 1ge2} Ty
= [n+14c0 —bo — ¢*b2Tp, n > 1.
So, we obtain
{rant2 — [2n + 1ge2} T — ¢*"{r2 — 2} Ty
_ zn: {q’%([kz + 1]gc0 — bo — q2b2T0)} ,n>1.
k=1

Taking the relation (51) into account, we obtain (53). <
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Corollary 1. The sequence {Vn42}n>0 is defined by

n+1
V2 = oAl ey L+ a(rare — [0+ 1ge2)co

+[(a1 + bg)qn'HTQ — (q(a1 + bg) +co9 — Tg)qncﬂ’h} .

(54)

Proof. From (50) and Proposition 4, we get for n > 1

(¢ + D{ransa — [2n + 3JgeaH{ron+2 — [2n + 1ge2}ynq2
= {ront2 — [2n + 1ge2Han + 1]g[n + 2]4c0 + [(a1 — c2)[2n + 4]4 + [2n + 6]4b2]71 }
—{ron+a — [2n + 3]gc2 Hanlg[n + 1)gc0 + [(a1 — e2)[2n + 2]4 + [2n + 4]gba]m } -

Then, we can deduce (54) after some straightforward calculations. <«

4. The canonical cases

Before considering different canonical situations, let us proceed to the general
transformation

Sp(x) =a"Sp(az), n>0,

~ Tn+1
Tn+l = a2 , 1 > 0.

The form 4 = h,-1u fulfils
Hy(a '®(az)a) + a' "W (ax)i + a ' Blaz) (z~ (a(hew))) = 0.

Any so-called canonical case will be denoted by 41, .
By (54) and Corollary 1, we get the general situation

n+1
Tnt2 = {T2n+4*[2n+3]ch}{7‘2n+2*[2n+1]q62}{[n + 1}q(rn+2 —ln+ l]qCQ)CO
+[(ar + b2)g" e — (qlar + ba2) + c2 — r2)q" o)}, n >0, (55)

Hy((coz? + co)u) + arzu + (boa?® + bo)(z™1u?) = 0.
Theorem 1. The following canonical cases arise:

1. When ®(x) = 1, we have the following subcases:
(Z) a1 + by 7& 0
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. _ d [+
M =0p 2 )
qn+7'+1

T2 = I - D (D)

q2n+2}{[n + T + 2](1

Hy(@) + 2(2 = p)g et + {2(p — 1)g~7a?
+1—(1+¢(p—1)[r+ 1z ta%) =0.

(7,7,) a) = —b2

&1:%7’?ﬂ+2:%7 TZZO,
Hy(@) — 22t + (222 + 1 —gp)(z714?) = 0.

2. The case where ®(z) = x2, we obtain the canonical case below:

2741

N = TP+
5 2n+27+43
Ynt2 = g0, 20,

p

with (forn >0)

O = [+ 27 + 3y + (" — 1)(1 - ;)[2T+ 1, .

3. When ®(x) = 2 + co, co # 0, we have the following subcases:

(i) glar +b3) +1=0

2 (qn+1_1)(qn+a+l_1)
nr (@nFoFs_1)(g@nFoti_1) » ¥ >0,

Y1 =GP, Yn+2 =4

Hy 20+ 72 H{(1+ )1 = e+ 1], — 27 + 2]}
Ha G = Dfer + 1) — o} @i = 0,

45

+(E=D(In+3lg— "+ 1= (g+ )" )}, n>0,

(56)

(57)

(58)

Hy((«* =1)a) + (¢ = 1) (¢*? = Dra+ {=¢ (¢ = 1) (¢* " = 1)a?

+p(g—=1+4q(g—1)"H¢" ' = 1)) —=1}(="'a?) = 0.

(59)
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(i1) glar +b2) +1#0

~ r+2a+2  (TTI-1)(¢"T22t1—1)

71 = pPq (T T2 F3 1) (T 2T I]) »
- n+7+2_ n+17+2a+2 An
Tn+2 = qn+7+2a+3 & l)A(gnA2n+2 Dt ,n=>0,
Hq((a:2 _ qiT)'EL) _ q727—72a74(q _ 1)71{q2(q27+2a+2 _ 1) (60)
2\/1 27+2a+1 _ ~
1+ = 1)(g D)}i
+{q—27——2a—4(q o 1)—1(% o 1)(q27—+2a+1 _ 1)x2
_r TH2a+1_ _r 1~
. +pq [T + 1]qqq27'Tﬂ+1_11 — q }(.Z' 1’11,2) = 0 5
with (forn >0)
An — qn+27—+2a+3 1= (qn _ 1>(q27+2a+1 _ 1)(% _ 1) ,
Ap = (¢ = 1)(q" = (@ =11~ ).
Proof.
1. In this case, (55) becomes
n+1
Ttz = oA+ grniz + ¢" (a1 + ba)ran}, n >0, (61)
Hy(u) + arzu + (bea? + bo)(z1u?) = 0.
We need to discuss the following situations:
(i) a1 + by # 0. Choosing a?(ai + b)) = %q_T and putting a2y, = p%,

a*by = %(p —1)g™ 7, we get (56) from (51).

(ii) If a1 4+ b2 = 0, then (61) becomes
{ Ytz = L, n >0,
Hy(u) + arzu + (bea? + bo)(z'u?) = 0.
With the choice a?by = 2 and putting 7, = 47, we get (57) from (51).

2. In this case, (55) can be written as

Tn+2 = Trgpya—(2nt3lg Hrznse—Rnt1g)

q2n+1(rgfl){q(a1+b2)+l}’}/1 n Z 0 ’
Hy(2%u) + arzu + (baa® + bo)(z~'u?) = 0.

We choose a such that a=2(ry — 1){q(a; +b2) +1}y1 = ¢~ 272, and putting
27

T 21+ 3l =1 -1, 1 = —pmm, we obtain (58) from (51).
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3. In this case, (55) becomes

n+1
Tn+2 = {7‘2n+4*[2n+3]?;}{r2n+27[2n+1}q}{[n + 1]Q(Tn+2 - [n + 1]q)CO
+¢" (1 + qlay + b)) (r2 — Y}, n >0, (62)

Hy (2 + co)u) + arzu + (boa® + bo)(z~'u®) = 0.

We can consider two subcases:
(i) If 1 + g(a1 + ba) = 0, then (62) becomes

n+1

Ynt2 = ooy U Ua (g2 — [0+ 1lg)co} , n >0,
Hgy(2? + co)u) + arzu + (bea® + bo)(z'u?) = 0.

With the choice a=2¢co = —1 and putting ¥, = p, a1 = (¢ — 1)~ 1(¢® ! - 1),

we obtain the desired result (59) from (51).

1 en 1 +qg(ai + b2 , we choose a such that a " “cg = —¢™" an
(ii) When 1 ( ba) # 0 h h th 2 T and
putting

a2 (14 qlar + b)) (r2 — Dy1 = ¢~ ¥7207 (g — 1)~ H (g7 2+ — 1)[r + 1],
1+ qlar + by) = _w(q )2ttt
1—ry=q 277207 2(g — 1)} (g¥ 205 — 1),

we get (60) from (51). «

Remark 2. 1. If ¢ — 1 in (56), we obtain

=P, duse = B2 20,
{ (@) + 22=plza+ (2(p—1a® +1—p(r + 1)) (x"'a) = 0.
In this case U is the co-dilated of the associated form of order T of Hermite
[2].
2. When q # 1, from (56) we obtain
Fi=pg"(1—q™*1)
Tnt2 = +(1*%)q2"(‘1*7;§£1(1*%)42"”} (= gmm)

1—q"3) — " P21 — ") + (¢ = 1)¢"T" ™)}, n >0,
2-p)(1—q) g i+ {5(p - D1 - q) g
+1— (1+¢*(p—1)[r+ 1} (=" 1u%) =0,

)

(63)
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with v = hmu. When p = 1 and 7 = 0, w is a particular case of
g-polynomials of Al-Salam Carlitz [9].

3. If ¢ — 1 in (57), we get

~ _ n4+1
) 7n+2_n2 ,n >0,

{ 5 =
(@) — 2z + (222 +1—p))(z" @) =0.

N

In this case u is the Laguerre-Hahn form of class zero, analogous to the
classical Hermite’s one [2].

4. When g — 1 in (58), we obtain

- _ e ~ — L
M= T n@rs) 0 nt2 T T @at2ris)@nterts) 0 20,

(@?a) +2[(1 = 1)2r +1) — 7 — 1]z@

+H( = D@27+ 1)a? — FZ7)(z i) = 0.

In this case  is the co-dilates of the associated form of order T of Bessel
of parameter 1 [2].

5. If ¢ = 1 in (59), we get
5 - n+1)(n+a+1
Y1 =P, Tn+2 = (211(+a+)?$)(2n+a3*1) » T 2 O ’
(22 = 1)i) + (@ — 2zii+ (@ — 1)22 + pla — 1) — 1) (z~'a?) = 0.

In this case @ is the Laguerre-Hahn form of class zero, analogous to the
classical Jacobi’s one [2].

6. When q — 1 in (60), we have

~ (74+1)(7+2a+1) ~ _ (n+74+2) (n+7+20+2)
N = P r2a+3)@rt2atD) © 102 = @nt2rt2ats)@nizrt2at3) > P2V

(2% = 1)@) —2[r+a+1+ (L —1)(27 + 20+ 1)]ei

H(E = 127 + 20+ 1)a? + i) o —1)(xta?) = 0.

In this case 4 is the co-dilates of the associated form of order T of Gegen-

bauer [2].
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7. If we put b= q%, (60) reduces to

~ ‘r+1_1 b2 ‘r+1_1
A1 = prqT-H (b2(327+37i§(bgq27+1*)1) )

- 32 n+ +2 (qn+7'+2_1)(b2qn+7+2_1)+A
Tnt2 = 07" AgnAopya .m0,

Hy((2? = g7 7)) — ¢~ 4(0%(q — 1) 7H{b?¢*(¢* 72 = 1)
(14 @) = )P — 1)}ai

a2 0P - 1) - DR - 1)

(64)

2 7+1__ _r 1~
+pq " [r + gy — ¢ T Ha %) =0,
with (forn >0)
— 12, n27+3 _ 1 _ (1 _ 2 2741 _ 1 _
A, =b%q 1—(¢" = 1)(b%q (5 —-1),
An = (@™ = 1)(¢" = (T = 1)1~ 1) .

When p =1 and 7 = 0, 4 is a particular case of Big q-Jacobi polynomials

[9].
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