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Some Knopp’s Core Type Theorems Via Ideals
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Abstract. In this paper, we characterize the matrix class (Z. Ny, Z. N loo)mg, where
7. is the space of all ideal convergent sequences and [, denotes the space of all bounded
sequences. We use this class to establish some core theorems analogous to Knopp’s core
theorem.
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1. Introduction

Let C, R, N denote the set of all complex, real and natural numbers, re-
spectively, and T = (tnk)ffk:l be an infinite matrix of complex entries ¢,;. By
Tn = (Tn(n)) we denote the T-transform of the sequence n = ()72, where
Tn(n) = >k tnknk, provided that the series on the right-hand side converges for
each n € N. For any two sequence spaces X’ and Y, we write (X, )) for a class of
matrices 7 such that Tn € ) for n € X. If in addition lim 77 = lim7, then we
denote such a class by (X,))req. Let I and ¢ denote the spaces of all bounded
and convergent sequences, respectively. The matrix 7 is said to be regular, i.e.
T € (¢, ¢)reg if Ty € ¢ for n € ¢ with lim 77 = lim#. The necessary and sufficient
conditions (cf. Cook [5] ) for T to be regular are:

Lemma 1. T € (¢, ¢)req if and only if the following conditions hold:
(i) 171] = supy Sy ltnk] < o0
(i) limy, t,, = 0, for each k;

(iii) Timp 32ty = 1.
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The Knopp core or IC—core of a real bounded sequence 1 = (1), is defined
to be the closed interval [¢(n), L£(n)], where ¢(n) = liminfn; L£(n) = limsupn.
The well-known Knopp’s core theorem states that (cf. Knopp [21], Maddox
[28]): In order that £(Tn) < L(n) for every real bounded sequence 7, it is
necessary and sufficient that 7 should be regular and lim, ), | t,r |= 1. Note
that L£(7n) < L(n) means K — core{Tn} C K — core{n}. Shcherbakov [36] has

shown that for every bounded complex sequence 7,

€ —eoreln) = () K6lo).
ze C
where
Ky(z) ={weC:|w—z| <limsup |n —z |} .
k

The concept of K—core has been extended to the statistical core [18] and
Z—core [8] for a complex number sequence 7).

Let S # @. Recall that a non-empty class Z C 25 of subsets of S is called ideal
if (i) 0 € Z, (ii) D1UDy € T for D1,D2 € Z, (iii) D1 € 3, Dy C Dy = Dy € Z. An
ideal 7 is called non-trivial if Z # @, S ¢ Z, and is called admissible if {s} € Z, for
each s € S. A non-empty class F C 2° of subsets of S is called Filter if (i) (} ¢ F,
(i) D1 NDy € F for Dy, Dy € F, (iii) D1 € F, Dy 2Dy = Dy € F. Let T be a
non-trivial ideal in S. Then the filter F (Z) = {M =S\ U : U € T} is called the
filter associated with the ideal Z. The concepts of Z and Z*—convergence have
been introduced and studied by Kostyrko et al. [23]. Throughout the paper, Z
will be a non-trivial admissible ideal in N.

2. Preliminaries

Definition 1. A real sequence n = (ny) is said to be T—convergent to & € R if
{k:|nk—&| > ¢, for every e >0} € Z, and we write T — limy n, = £. We denote
the set of all IT—convergent sequences by Z..

Definition 2. A real sequence n = (nx) is said to be T*—convergent to £ € R if
there is a set M = N\U = {m;};°, € F(Z) such that lim; n,,, = £. In this case,
we write T" — limn, = £ and we denote the set of all T*—convergent sequences
by I*.

Remark 1. (a) ¢ CZ.

(b) Ir C I, and equality hold if and only if T satisfy (AP) condition [23], i.e.
if for every sequence (A,) of pairwise disjoint sets from I there are sets
B, C N, n € N such that the symmetric difference A,AB,, is finite for
every n and U,B, € L.
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(c) IfT =15 = {Z/l CN:6(U) = lim, w = 0}, where |.| denotes the
cardinality of the enclosed set, then T—convergence coincide with the sta-
tistical convergence due to [13], and we denote the set of all statistically
convergent sequences by st.

(d) If n € Z., then n need not be bounded. For example, let U be any infinite
set such that U € I and let n = () be defined as

|k it keU,
k=0 , otherwise .

Then n is L convergent to zero but not bounded.
In [23], [8] and [24], the concepts of statistical bounded, statistical clus-
ter point and statistical limit superior and inferior [17] have been extended to

Z—bounded, Z—cluster point and Z—limit superior and inferior of a real sequence
1 = (nk) and some related properties have been proved.

Definition 3. A sequence n = (ny) is said to be T—bounded if there is a number
t > 0 such that {k : |ni| >t} € T.

Definition 4. A number £ is said to be Z— cluster point of a sequence n = (ny) if
the set {k : |n — &| < €} ¢ T for each € > 0 and we denote the set of all T— cluster
points by I (I'y) .

Definition 5. The concept of Z—Ilimit superior and inferior of a real sequence
n = (k) is defined as

supB, ,if B, # 2,

I—limsupn:{ o B, = o
’ [/ )

infC, ,ifC,# @,

Iliminfn:{ - ifC = o
) /. 9

where

By={geR:{k:n>g}¢Z} andCh={geR:{k:my<g} ¢Z}.

Remark 2. (a) If 7 = Z;, then we have statistical bounded, statistical cluster
point and statistical limit superior and inferior.

(b) If n € los orn € I, then n is T—bounded.

(¢) If n is T— bounded, then T—Ilimit superior and inferior are finite.
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Lemma 2. (i) (see [8]) For every real sequence n = (ny)

liminfn <7 —liminfn <Z — limsupn < limsup 7.

(i1) (see [8]) The T—bounded sequence n is I—convergent if and only if T —
liminfn =Z — limsupn.

(iii) (see [24]) Let n € lo. Then

Z —limsupn =maxZ (I')), Z—liminfn=minZ (T)).

Remark 3. From (i) and (iii) of Lemma 2, we can say that: If n € lo, then
n is IT—convergent if and only if T (T'y) = {}.

Demirci [8] defined Z—core of a complex sequence 7 as follows.

Definition 6. Let n be an T— bounded sequence and let for each z € C

Bn(z):{wE(C:|w—z\§I—limsup|17k—z|}.
k

Then
Z—core{n} = ﬂ By (2).

zeC
Remark 4. For any ZT—bounded real sequence n, we have
(a) I—core{n} = [Z — liminfn,Z — limsupn].

(b) From Lemma 2 (i) and the definition of K—core, we have T — core{n} C
K — core{n}.

(¢) From Lemma 2 (iii), we have I (I'y) C Z — core{n}.

More generalizations and applications of statistical convergence and recent
works on ideal convergence can be found in ([1], [2], [3], [4], [6], [7], [10] [14], [15],
[16], [31], [34]) and ([9] , [11], [12], [19], [20], [26], [29], [32], [33], [35]).

Analogous to the Knopp core theorem, the sufficient conditions for

K —core{Tn} C T — core{n}

were obtained in [8] for every bounded complex sequence 7; and the necessary
and sufficient conditions were given in [25].
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In [27] and [30], the necessary and sufficient conditions have been obtained
for T to yield
st — core{Tn} C K — core{n},

and moreover
st — core{Tn} C st — core{n}.

We generalize these results to establish necessary and sufficient conditions to
prove some core theorems.

3. Some matrix classes involving the space Z. and core theorems

We state the following results with slight modifications of some matrix trans-
formation involving the space Z. due to Kolk [22].

Lemma 3. Let Z be an admissible ideal satisfying (AP) condition. Then T €
(Zc N o, c)reg if and only if

(i) T € (c;0)
(ii) limy, > pcqy [tak| = 0, for every U € T.

reg’

Lemma 4. Let Z be an admissible ideal satisfying (AP) condition. Then T €
(¢,Z.N loo)mg if and only if
(i) [ITI < oo;
there exists N' = {n;} such that N € F (Z) and

(11) T —limt,, =limt,;; =0, (k € N);
n (2

(ZZZ) I - limn Zk tnk = hmz Zk tnik =1.

We need the following lemma which is an Z—analogue of the results of Simons
[37] (Corollary 12, Theorem 11).

Lemma 5. Let Z be an admissible ideal satisfying (AP) condition. If | T <
oo and there exists N' = {n;} such that N € F(I) and T — limsup,, t,; =
limsup; t,,; = 0, then there exists y € loo such that ||y|| <1 and

lim sup tn, kY = limsup tnkl s
oo e D

i.€.
I—limsu t —Z—limsu t .
- p Ek nkYk - p Ek ’ nk|
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To prove our theorems we need first to characterize the matrix class (Z. N oo, Ze N loo)

Theorem 1. Let Z be an admissible ideal satisfying (AP) condition. Then T €
(ZcNloo, Ze N lw)reg if and only if

(1.1) T € (6, ZcNloo)yey s
(1.2) there exists N = {n;} such that N € F(I) and lim; ) ;o [tnk] = I—
limy, > 0y cpq [tnk| = 0, for every U € T.

Proof. Let T € (ZoNlso,Zc ﬂloo)mg
Since ¢ C Z., we have T € (¢,Zc N loo)reg-
Let U4 C N be such that @ # U € 7 and let n € I be defined by

and Z — limnp = 7 — lim 7Ty = &, say.

1 it kel,
=00 , otherwise.

Then Z —limn = 0 and so Z — lim 77 = 0. Hence T satisfies the conditions
in Lemma 5 and so we have Z— lim,, ) ;. o, [tnk| = 0, whenever U € T.

Conversely. Suppose that (1.1) and (1.2) hold and n € Z.Nls with Z—limn =
ELetU={k:|n—& >c} el fore>0. We have

Z—-1limTn=7-lim (Ztnk (nk_g)“‘fztnk) .
k

k
Using Lemma 4, we have

I—ann:I—nénZtnk(nk—g)Jrg. (1)
k

Since

Ztnk (nk _5) + Ztnk (nk _g)‘

keu kgl

Ztnk (nk _5)‘ =
k

<l = €I tarl + €I T

kel
Since || 7| < oo by condition (1.1), applying condition (1.2), we have

T—lmy s (i —€) = 0.
k

Hence (1) implies that

Z—-limTn=¢§=17—limn,

ie. T € (ZeNloo, Ze Nlso) which completes the proof. «

reg’

reg *
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Theorem 2. Let Z be an admissible ideal that satisfies (AP) condition. If | T|| <
o0, then for every n € Il
Z —core{Tn} C K — core{n} (2)
if and only if the following conditions hold:
(2.1) T € (¢,Zc. Nlso)

reg;
(2.2) T —1imy, Y pcp |tur] = 1, whenever D € F (I) and N\D is finite.

Proof. Suppose that (2) holds and 71 € ¢ is such that limy n; = £. Then

Z — core{Tn} C K —core{n} = {£}.

Since Tn € Iy for n € I, from Lemma 2 (iii), we have 77 has at least one
Z—cluster point. From Remark 4 (c), we have

@ #IL (') €I —core{Tn} C K — core{n} = {£}.

Hence from Remark 3, 77 is Z—convergent to &, i.e. T € (¢,Z. N loo)mg.
Let D € F (Z) be such that N\D is finite and define the sequence n = (1) by

|1 if keD,
"= 0 , otherwise.

Then lim 7, = 1 and hence we have

@ # 1 —core{Tn} C K — core{n} = {1}.

Therefore, 1 is the only cluster point of 7. Hence by Remark 3, we have
Z —1lim Tn = 1. Since Z is admissible ideal satisfying (AP) condition, by Lemma
5, we have

Z — lim g |tnk| = 1, whenever D € F (Z) and N\D is finite.
n
keD

Conversely, let conditions (2.1) and (2.2) hold and w € Z — core{Tn}. Then
for any z € C, we have

| w—z|<Z—limsup | 2 — Tn(n) |
n

=7 —limsup | z — t
- p‘ Zk:nknk‘
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<7 —limsu tne(z — +7Z —limsup | z || 1 — t .

Using condition (2.2), we have

Ztnk(z = 1)

k

Let o =limsupy, | z —n, | and U ={k:| z—ng |> a+ ¢} for ¢ > 0. Then U
is a finite set and hence U € Z, so we have

|Ztnkz(2_77k)‘§52p|2_nk|z|tnk|+(a+5)2|tnk|'
p

kel kU

| w—z|<Z—limsup
n

: (3)

Therefore, by conditions (2.1), (2.2) and Remark 5 (a), we obtain

7 — limsu tok(z — <a-+e.
np!zk:nk( k) |

Hence (3) implies that
w—z|<a+e,

and since ¢ is arbitrary,

| w—z|<a=limsup | z —n |,
k

i.e. we K;(z). Hence w € K — core{n}, and so
Z — core{Tn} C K — core{n}.
This completes the proof of the theorem. <«
Remark 5. (a) If 7 —lim, Y, cp |tnk| = 1 whenever N\D is finite, then

7— limz ltnk| = 0, for any finite set U.
" kel

(b) We can not replace condition (2.2) by

T- limz ltnk| = 1, whenever D € F(I). (4)
" keD

Consider the following example.
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Example 1. Let T be an admissible ideal that satisfies (AP) condition and let
H = {hi};=; be any infinite set in Z. Define T = (tni) as

P 1 ,n¢H, k=min{h;} >n,
"f T 0, otherwise.

Then
Z ¢ _ 1 1 ¢ Ha
p "E 0, otherwise.

It is easy to see that T is not reqular but T € (¢, Z.Nlsg)reg. Further, for any
set D € F(Z) such that N\D is finite we have

Z —lim > bl = 1.
keD

So for any n € le, we have
T — core{Tn} C K — core{n}.

Now, let M =N\H. Then M € F(I) and we have
Z toe =0, V n.
keM

Hence

T~ lim Z \tn| = 0.
keM

Further, for any n € l, €.9. n=(1,1,---), we have K — core{n} = {1} and

Zt . 1 , N ¢ /H,

- k1= g , otherwise.
Hence we have I — core{Tn} = K — core{n} = {1}.
Therefore, we see that (2.2) holds but (4) does not hold.

Theorem 3. Let Z be an admissible ideal that satisfies (AP) condition. If | T|| <
0o, then for every n € lo

Z —core{Tn} CZ— core{n} (5)

if and only if the following conditions hold:
(3.1) T € (Ze Nloo, Le N log)reg;
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(3.2) T —1im, Y pcp |tnr] = 1, whenever D € F(I).

Proof. Suppose that (5) holds and let n € Z. N ¢ be such that Z —limn = &.
Then

I —core{Tn} CI—core{n}={¢}.
Since ||T]| < oo implies Tn € {ly for n € ly, from Remark 4 (a), we have
I —core{Tn} # @. Hence T — core{Tn} = {{},ie. T € (Lo Nlog, Le N log)reg-

Let D C N be such that D € F(Z) and let xp be the characteristic function
of D defined as

1 . ifdeD
xo(d) _{ 0 , otherwise.
Then
Z — core{xp} = {1}.

Since || T]| < oo implies Txp € lo for xp € loo, from Lemma 2 (iii) it follows
that 7 xp has at least one Z—cluster point. Therefore, Z — core{T xp} # 0.
Also Z — core{T xp} = {1}, since Z — core{T xp} € Z — core{xp} = {1}, hence
Z —lim T xp = 1. Using Lemma 5, we have

Z — lim Z |tnk| = 1, whenever D € F(I).
" keD

Conversely. Let w € Z — core{Tn}. We proceed along the same lines as in
Theorem 2. Then we arrive at

| w— 2z |< a,where a =7 — limsup | z — 1, |, for any z € C,
k

by using conditions (3.1), (3.2) and Remark 6. So w € By(z). Hence w €
T — core{n}, i.e.

T — core{Tn} C I — core{n}.
This completes the proof. <«
Remark 6. If Z —1lim, Y ;. p |tnk| =1 for any D € F(Z), then

Z — lim sup Z |tnk| = 0, wheneverd € I .
" keu
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