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A General Result on (¢, d)-Monotone Sequences
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Abstract. In this paper, a theorem dealing with the |N,p,|, summability factors of
infinite series has been generalized to |A, p,, 5; 7|k summability method by using (¢, d)-
monotone sequences. This new theorem also includes some new results.
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1. Introduction

A sequence (\,) is said to be convex if A%\, > 0 for every positive integer
n, where A2)\, = A(A),) and A\, = A\, — Aps1. A sequence (u,) is said to
be (¢, d)-monotone if and only if p, > 0, u, — 0 ultimately and Apu, > —0p41,
where (J,) is a sequence of non-negative numbers, (¢,) is a positive monotone
increasing sequence and Y ¢nd, < oo (see [15]). Let ) a, be an infinite series
with partial sums (s,,). Let (p,) be a sequence of positive numbers such that

n
Pn:ZpU—M)o as n—o00, (P_yy=p_m=0,m>1).
v=0

The sequence-to-sequence transformation

T
On = Fn %pvsv

defines the sequence (o,) of the ( V, pn) mean of the sequence (s,), generated by
the sequence of coefficients (py,) (see [2]). The series Y a, is said to be summable
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!N,pn’k, k> 1, if (see [1])

00 k—1

P
E <n) lon — on1|F < 0.
n=1

Pn

Let A = (any) be a normal matrix, i.e. a lower triangular matrix of non-zero
diagonal entries. The series > a, is said to be summable |A, p,, 8; 7|k, (K > 1,
v >0 and 3 is a real number), if (see [10])

> (&)B(Wk“%‘—l)‘

An(s) - An—1<3>‘k < o0,
=1 Pn

where

n
:E AppSy, Mm=0,1,...
v=0

If we take 5 = 1, then | A, p,, 5; 7|k summability reduces to | A, pn; v|x summability
method (see [5]). If we take 5 =1 and v = 0, then |A, p,, 8;7|x summability
reduces to |A, pp|r summability method (see [16]).

2. Known Result

In [13], the following theorem dealing with |N,p,|r summability factors of
infinite series has been proved.

Theorem 1. Let (p,) be a sequence of positive numbers such that
P, =0(np,) as n— oo. (1)

Suppose that there exists a sequence of numbers (), which is (¢,0) monotone
with > punAdy, is convergent. If the conditions

> nlA2u,|d, = O(1) as m - o, (2)
n=1

and .
Z%tr’f O(¢m) as m — 3)

1
where t, = mZvav, are satisfied, then the series Y anpin, is summable
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o=
T4
satisfied. But the sequence (u,) does not satisfy the conditions of the theorem
of Mazhar [4] on |C, 1|, summability.

If we take p, = and ¢, = logn, the conditions of Theorem 1 are

Lemma 1. [13] Under the conditions of Theorem 1, we get
non|Apn| =0(1) as n— oco. (4)

Lemma 2. [15] If the sequence (py,) is (¢,8) monotone and ) u,A¢y, converges,
then
Undn =0(1) as n — oo, (5)

Z¢n+1|Aun\ < o0. (6)
n=1

3. Main Result

There are many papers on absolute matrix summability (see [3, 6, 7, 8, 9, 11,
12]). The aim of this paper is to generalize Theorem 1 to |A, py, 5; Y| summa-
bility. Before stating the main theorem, we must first introduce some further
notations. Given a normal matrix A = (ay,), two lower semimatrices A = (ay,)
and A = () are given as follows:

n
Ay = E iy, n,v=0,1,... (7)
1=v
and
dOO = apo = apo, dm} = Qpy — dn—lﬂh n= 17 27 cee (8)

Note that A and A are well-known matrices of series-to-sequence and series-to-
series transformations, respectively. Then, we have

An(s) = Zanvsv = Z Apy Oy (9)
v=0 v=0
and
AAL(S) =)  anpay. (10)
v=0

Now let us prove the following theorem.
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Theorem 2. Let A = (any) be a positive normal matriz such that

ano=1, n=0,1,.., (11)
Up—1p > Gny for n>v41, (12)
Pn
nn — bl 1
o)
‘&n,v-i-l’ =0 (v]|Avanyl) (14)
m+41 P B(vk+k—1)—k+1 P B(vk+k—1)—k
Z <n> ’Av<dm))| =0 <v> as m — o0,
n=v+1 Pn Py
(15)
where Ay (Gny) = Gny — Gnut1- If all conditions of Theorem 1 are satisfied with
the condition (3) replaced by
m B(vk+k—1)—k
Z ( ) tnl® = O(¢m) as m — oo (16)

then the series Y anpy, is summable |A,pn,B;v|k, & > 1, v > 0 and
—B(vk+k—-1)+k>0.

Proof. Let (0,,) denote A-transform of the series Y a,puy. Then, by (7) and
(8), we have

n A
AO, = Z%vav.

v=1

By Abel’s transformation, we get

n—1 N v N n
A . Any oy Ann fin
AO, = ZA”( ” )Zrar—i—nz:lmr
r=
_ ZA ( nvﬂv) 1)tv+ annﬂn(n+ 1)tn
n

v4+1 y
= Z v Av(&nv),uvt'u + Z
v=1 v=1

n—1

&n,erl A,thv

ty, n+1
+ (n v+1,uv+1* +

v=1
= Qn,l + @n,Q + @n,S + @n,4-

Annfintn
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To prove Theorem 2, by Minkowski’s inequality, it is sufficient to show that

> (5) Ouslf <00 for r=1,2.34,
Pn

n=1

First, using Holder’s inequality, we have

mtl ,p N\ Blyk+k-1) . m+1 B(yk+k—1) [n-1 b
Z() O = ( ) S 180 ) 0] 1]
n=2 Pn v=1
_ ( ) <Z|Av<am>||uv|’€|tv|’f)
v=1

X (Zm . |>

m+1 (vk+k—1)—k+1 /n—1
- oy () (Z |Av<am>|ruv|k|tv\’f>
n=2 v=1

Pn
m mtlp N B(yktk—1)—k+1
= oY Il F S () NG
v=1 n=v+1 Dn
mo/p B(vk+k—1)—k
_ omZ(”) PRIAL
v—1 Puv
m-1 v/ p N\ Blktk—1)-k
— o) A\MUIZ(T) 4 ]F
v=1 r=1 r
mo/p B(vk+k—1)—k
n ouan(?‘) it
r=1 r
m—1
= 00) Y [Aplburs + Ol jimlém
v=1

= 0(1) as m— oo,

by virtue of the hypotheses of Theorem 2 and Lemma 2.
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Now, since v|Auy| = O(1/¢,) = O(1), we have

m—+1 P B(vk+k—1) N m41 B(vk+k—1) k
Z <pn> Onal” = O(l)Z( > (Zyamﬂmuvutvo
n=2 n -
m+1 B(yk+k—1) k
= o)) ( ) <va o IIAuvlltv|>
n=2
m+1 B(yk+k—1)
w ()" (2
n=2

n—1 k-1
x (vav(amnmm)

ZU’Av ano) || Apio][to] >

v=1
mAl oo\ Blk+k—1) (-l
- oy (p) <vav<am>|mnv|\tv|’f>
n=2 n v=1

n—1 k-1
X (Z |Av(&nv)‘>
v=1

mtl o p o\ BOkh-1)—k+1 (n=1 )
_ omz() S ol )| At ]

n=2 Pn v=1
m N m+1 P B(vk+k—1)—k+1
- oY vt Y (3 Aol
v=1 n=v+1 Pn
m N P, B(vk+k—1)—k
= oY ol (5)
— Do
m—1 v/ p\POktE=1)—k
~ o Y Anlan) Y (1) "
v=1 r=1 DPr
B(vk+k—1)—k .
¥ oammmZ() 0|
— Pr
m—1 m—1
= 0(1) Z U|A2Mv|¢v + Z |Apyg1]|Pot1 + O)m | Apim | drm
v=1 v=1

= 0(1) as m— oo,

by virtue of the hypotheses of Theorem 2, Lemma 1 and Lemma 2.
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Again using Holder’s inequality and by (14), we get

m+1

P, \ k=1 m+1 P,
—o \Pn s
m+1
m+1
X <Z|A
m+1
= o))
n=2
= o))
v=1
= O(1) as
as in O 1.
Finally, we get
m_ s p N AktR-1)
> () et
n=1 n
= 0(1)
as in O 1.
Therefore, we obtain
mop B(vk+k—1)
Z<p) |On,F=0(1) as
n=1 n

This completes the proof of theorem. <«

Z olltal® 3

n>-
DY

B(yk+k—1) ‘ |
) Z P
DPn

B(vk+k—1) [n—1 k
( ) <Z|Av<am>||uu+l||tv\>
v=1
B(vk+k—1) /n—1
( ) <Z|Av<am>||uu+l|’“|tv|’f
v=1

anv ‘

(yk+k—1)—k+1 /n—1
< > (Z’Av(dnv)|/~bv+l|’tv‘k
v=1

m+1

P
Pn

)

P, R
| Ay (o)

n=v+1 <p

>B('yk+k‘ 1) k

)ﬁ('yk+k1)k+l

n

|Mv+1”t1}’k

m — 00,

Pn B(vk+k—1) . . .
() & i Lt
DPn

P B(vk+k—1)—k
() nlltl*
Pn

m — 00,

n=1

—_

n=

as

m — oo, for r=1,234.
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4. Conclusion

If we take 8 =1, v =0 and ap, = %2, then we get Theorem 1. If we take
B =1, then we get a known result on |A, p,;7|x summability method (see [14]).
Also, if we take 8 = 1 and v = 0, then we get a new theorem involving |A, p, |k
summability. Moreover, if we take 8 = 1, v = 0, apy = %Z and p, = 1 for all
values of n, then we get a theorem of Mazhar [4] on |C, 1|; summability.
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