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On the Fourier Transform of the Convolution of a
Distribution and a Function Belonging to the Space
So(R)

E. Iseni*, B. Bedjeti, V. Manova Erakovikj, Sh. Rexhepi

Abstract. In this paper we consider the Fourier transform of the convolution of a dis-
tribution and a function which is an element of the space Sp(R). Also, we give an
application of the obtained result to the sequences that converge in the same space, and
we give their analytic representation.
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1. Introduction

We will use general notations found in [2,4,5]. We denote with S(R) the space
of all functions of rapid decrease p € C*°(R) for which

ph () = sup [zF ™ (w)‘ < 00, Yk, n € Np.

z€R

The dual space of S(R) is the space of tempered distributions denoted by S’(R).
L. Schwarts has considered the Fourier transform F of distributions in S’. The
space S’ has the important property that the Fourier transform of distribution
in S’ is also distribution in 5.
If p € S, then the Fourier transform of the function ¢ is defined as

F(p,2) = /R ()= dt

and it is an element of S.

*Corresponding author.
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Also, for ¢ € S, the inverse of Fourier transform is defined as

—ztzdt
v =5 [ wio)

and it is an elements of the space S.

For T € ', the Fourier transform and the inverse Fourier transform are
defined by

(F(T),¢) = (T1, F(¢,0)) and (FNT),0) = (T, FL(o,8)), ¢ € S
respectively ([3,8]).

The function ¢ € L?(R) is called a progressive (regressive) function if and

A
only if supp@ C (0, 0] (supp® C [—0,0)), where S/Z\J(z) = F(p, —272).
Lemma 1 ([6]). Let ¢ € L?*(R) be a progressive function. Then the following

conditions are equivalent:

wa+mW”MM+w#ﬂﬂi

z€R

|B(w)] < 00, Vp > 0;

2. sup(1+|z|? )P/? |p(z)| + sup(1 + w?)?/? |G(w)| < oo, Vp > 0.
zeR w>0

Definition 1. i) Let o € L*(R) be a progressive function. Then ¢ € Sy (R) if

and only if condition 1) or condition 2) from Lemma 1 is true.

i) p € S_(R) & p(—x) € SL(R).

iii) So(R) = SL(R) ® S_(R).

The space Sp(R) may be defined as a space of all functions of S(R) with all
its moments zero, i.e. ¢ € So(R) if and only if [ 2™¢(x)dz = 0, ¥m € Ny, or
@™ (0) =0, ¥n € Ny.

It is true that Sp(R) C S(R) is dense and S)(R) ~ S’(R)/P(R), where P(R)
is a space of polynomials and S(R) is space of Lizorkin distributions.

For o € Z* U {0}, the functions

% x>0 (—z)* x<0
3:3‘_:{07 2 <0 andaﬂ:{

define Lizorkin distributions
o0
g —>/ x%p(x)dx
0

¢%/ 2)dz, p(z) € S(R),

Le. (a%,p) = [T a%(x)dz and (2%, ¢) = ff)oo(—x)ago(x)d:c, o(x) € S(R).

and
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Theorem 1 ([1, 7]). Let f € S, ne N, a € R/{0}. Then

1) F(f™,w) = (=iw)"F(f(w));

2) F(f(t—a),w) = e™ F(f(w));

3) F(f(at).w) = LF(f(2)).
Theorem 2 ([1]). Let T € S’. Then

1) F(T™) = (~it)"F(T),

2) F(T)=S8, S™ = F((iw)"T).

Theorem 3 ([3]). If T € D' is an arbitrary distribution, then T = 3222, T},
where each T has compact support and the following two conditions hold:
a) Any compact subset of the real line intersects with supports of only finitely
many supports of Tj.
b) lim > (Ty, ¢) = (T, ¢) forall ¢ € D.
N—o0

2. Main results

Theorem 4. Let T € D' be with compact support and let o € So(R). Then the
Fourier transform of the convolution of the distribution T and the function ¢ is a
function of the space So(R) and equals to the product of their Fourier transforms,
i.€.

F(T* Soaw) = F(va) ’ F(QD,W).

Proof. Since T has compact support, 7' is a tempered distribution and the
convolution T * ¢, for ¢ € Sp(R), is a function of the space S(R). We will prove
that it belongs to the space Sp(R).

Since

FO (T p),w) = F ((iw)" (T * p),w) = F ((iw)" (Ty, p(z — 1)), w) =
= F((Th, (iw)" p(x — 1)) ,w) = (T3, F (( w)" p(x —t),w)) =
= (Tt (iw)"F(p(x — t),w)) = (iw)" (Tt, Fp(x — 1), )>

we have F( (T % ¢),0) = 0, so m(n) (0) = 0 which proves that T * ¢ belongs
to the space Sp(R).

Next, we will prove that for a function ¢ € Sp(R), the Fourier transform of
the convolution of the distribution 7" and the function ¢ belongs to Sy(R), i.e.
F(T % ¢,w) € Sp(R). Firstly, we will prove that if ¢ € Sy(R), then F(p,w) €
So(R). Indeed, since F(™ (F(p,w),w) = FOHD (¢, w), for ¢ € So(R) we have
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F™ (F(p,w),0) = 0, so Fm)(n) (0) = 0, which proves that F'(y,w) belongs
to the space Sp(R). Now, since we already proved that T« ¢ € Sy(R), for ¢ €
So(R) we conclude that F(T * p,w) € Sp(R).

We have

F(T xp,w) = /R(T* ©)(z)e™%dr = /R (T}, o(x — t)) “%du. (1)

Since the integral on the right-hand side of (1) is a Riemann integral, we may
rewrite it in the following form:

N
/ <E7 (P(:C - t)> elwxd.%' = llm (Tta (p(w _ t)) elwxdl',
R N—oo J_ N

for N =1,2,3,...

S UM (T % )dl = [ 1™ [ ATy, ol — 1)) e dadl |
= Jp I Jim_ I (T (@ — ) e dadl = Jim 1 I AT (e — ) e dadl.

The function f(z) = (T}, p(x — t)) €7 is continuous and, by the first mean value
theorem for integrals, it follows that that there exists a point zx € [—N, N]| such
that

N
/lm/ (Ty, p(x — 1)) e dadl = 2N/ I (Ty, p(an — )™ ) dl.
R —N R

Now, we consider the sequences of functions (fx(t)), where

N
fN(t) = 2Ng0(33N — t)elwxz\f — / SO(QC _ t)ewxdx_
-N
We will show that the sequence (fn(t)) is uniformly bounded and equicontinuous.
Since

N ' N
[In@)| = ‘/_N ple —t)e" dr| < /_N p(z = t)[dz <|l¢ll;,

(fn (1)) is a uniformly bounded sequence.

Now, let £ > 0 be a given number and t',¢” € [—N, N| be points such that
|t —t"| < ¢ for some ¢ > 0.

Then

N

|fn(t") = fn()] = ‘ / [p(z —t") — p(x —t')] e““da

—-N
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N
< / et =) ot~ )] .

For a given £ > 0 there exists 6 > 0 such that for all ¢/,¢" € [-N,N]| with
|t" —t'| <6, we have

N
/ lo(z —t") — oz — )| do < e.
-N

Thus, the sequence (fn(t)) is equicontinuous.
Since

lim fn(t) :/ o(x —t)e™®dz,
N—o00

—0o0
the Arzela-Ascoli theorem asserts that the sequence (fy(t)) converges uniformly
on every compact subset of R to the function

/ o(x —t)e™ da.
R

The same is true for every sequence (fx*)(t)). Thus, we have shown that the
sequence (fn(t)) converges to the function

/ o(x —t)e“ dr

—0o0
in F.
Since T' is a continuous linear functional in the space F, the sequence

A&m<nwxwv_wamN>m,

converges to the function

/ m <Tt,/ o(r — t)eilxdx> dl.
R —o0

If we set u = x — t, then

St (i, 2 (o = ey dl = f 1™ lim (T3, fy (1)) dl
— fR m <T}/, zltf 90 u)ezludu> dl
—&W@Lm>&¢umwﬂ [ IF (T, 1) - Fp,1)dl.

(
We conclude that [ I™F(T,1)-F(p,1)dl = 0. This implies that F(T)-F(p) €
So and F(T x p,w) = F(T, ) F(o,w ), which completes the proof. «
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Theorem 5. Let T € D' have compact support and let (pr) be a sequence in
So(R) such that o, — ¢ in Sy. Then the sequence F (T * i, w) converges and it
is element of Sy.

Proof. The proof is similar to that of Theorem 4. Since T * ¢ belongs to the
space Sy, for every k =1,2,3,... , it has a Fourier transform.
Thus,

F(T*gak,w):/(T*gok)(:c)ei“’xdx for k=1,2,3,...
R

We will show that

lim F (T % pp,w) = F (T,w) - klim F (pp,w) =
—00

k—o0
= F<Taw) ’ F(@?‘”)'
We have

k—o0 — 0

lim [ ™ <Tt,/ or(r — t)eilzdx> dl
R

N .
= lim lim lm/ <Tt, o (x —t) emda:> di.
R —-N

k—ooN—00

Now we consider the sequence (fn x(t)), where

fne(t) =2Ngg(zn — t)eiwa

N .
_ / onle — t)e“ dz.

—-N
The sequence (fy,) is uniformly bounded and equicontinuous.
Thus, the sequence

fne(t) =2Ngg(zn — t)eweN
converges to the function

/ op(z — t)e“dx

in E.
Finally, if we take a limit as k — oo, we get

lim [ " F (T« oy, 1) dl = lim 0™ <Tt I on(a — tyelmda > dl
= lim lim [ I™ fiVN (Ty, o1 (N — t) €N dz) di

k—ooN—o00

= ll)n(;lo Jo U™ 5 ATy, or (x — t) €'da) dl = klgrgo JR U™ F(T,1) - F(gw,1)dl = 0.
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So we have lim F' (T  pp,w) = lim F (T,w) - F (pg,w) = F (T,w) - F (p,w).
k—o00 k—o00
The proof is complete. «

Theorem 6. Let Ty, € D' be distributions with compact support, p € So(R) and
lim F (T} * ¢;w) and lim F(Ty,w) - F(p,w) exist. Then
k—o00 k—o00

lim F (T} * ¢;w) = lim F(Ty,w) - F(p,w).
k—o0 k—o0

Proof. Since every T}, has a compact support, for every ¢ € Sp(R) the convo-
lution T *¢ belongs to Sp(R) and hence it has the Fourier transform F (T}, * ¢;w),
which also belongs to the space Sp(R). Thus, from the above lemma, we have

F (T + p;w) = F(Tj,w) - Flp,w).

Since the sequence of the Fourier transforms of Sp(R) converges uniformly on R
to the Fourier transform of Sp(R), by taking limits on both sides we get

lim F (Ty, * ¢;w) = lim F(Ti,w) - F(p,w).
k—o0 k—o0
<
Theorem 7. Let f,g € So. Then [*_ f(t)F(g,t)dt = [* F(f,w)g(w)dw.

Proof. Since f,g € So, we have F(f,w), F(g,t) € So. From Sy C S C LF,
we have f,g € L'. On the other hand, the product of two Sy functions is in L.
Hence the integral ffR ffA | f(t)g(w)e™| dwdt exists and, by Fubini’s theorem,

we get
/R f(t)[/A eg(w) dw)dt = /A g(w)[/R ¢t £ () df]duw.

-R -A —A -R
So,

00 A A R
/ (@) [/ eg(w) dw]dt = lim g(w)[/ e f(t) dt]dw.

oo _A R—oo J_ 4 R

By Schwartz’s inequality and Plancherel transform, we have

A ‘ 2
/_ gt /| @ i

and the right-hand side tends to zero. Hence

A
2 2
< / NGIRE: /| o,

A R A
i [ g [ o dddo= [ gw)p(s.wdo,

R—oo J_»4 R —A

which proves the theorem. <«
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Theorem 8. Let p € Sy. Let g(w) = F(p,w) be the Fourier transform of ¢. Let
A
9(z) be the Cauchy representation of g, z = x + iy. Then

IS e(t)e=dt,  y >0,

- ff)oo o(t)e=dt, y <O0.

Proof. If ¢ € Sy, while S C L1, then ¢, g € Ly, which is defined as
A 1 o
00 = o [ 2w

T omi ) w— 2
exists for y # 0. We have

| FUHBE,w), >0,

2mi(w — 2)

—FYH(-t)e'** w), y<O0.

Using Parseval’s formula and the fact that ¢ € L; and H(t)eitz € Ly, we get

IS e(t)e=dt,  y >0,

— ffoo o(t)e2dt, y<0.
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