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Some Inequalities-Equalities Concerning
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Abstract. Continuous generalized fusion frame theory was recently introduced by Rahimi
et al. [14]. Several equalities and inequalities have been obtained for frame, fusion gen-
eralized fusion frame, among others. In the present paper, we continue and extend these
results to obtain some important identities and inequalities in the case of continuous gen-
eralized fusion frame, Parseval continuous generalized fusion frame, A-tight continuous
generalized fusion frame. Moreover, we obtain some new inequalities for the alternate
dual continuous generalized fusion frame. Finally, we obtain frame operator of a pair of
Bessel continuous generalized fusion mapping and we derive some results about resolution
of identity.
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1. Introduction

Frames are among the most intensively studied and best understood of all
classes of overcomplete bases: one can represent each element in the vector space
via a frame. In last few decades this notion has attracted much attention because
of its practical applications in many areas such as coding and communications,
filter bank theory, and widely used in signal and image processing, among others.

Recently, several generalizations of frames in Hilbert spaces have been pro-
posed. For instance: Fusion frame, g-frame, K-frame, b-frame, for more details
see [1, 12, 14, 15].

More recently, Zaghami Farfar et al. [17] combined two types of frames which
lead to a new concept in the theory of frames < generalized fusion frame >>.
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One of the most important inequalities and useful identities was found by
Balan et al. [2] as follows:

Theorem 1. [3] Let {f;}icr be a Parceval frame for H. Then
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This is particulary used in the study of signal processing. Inspired by Theorem
1, Zhu and Wu [18] generalized this inequality to an alternate dual frame.

Theorem 2. [18] Let { fi}icr be a frame for H and {g;}icr be an alternate dual
frame of {fi}icr.- Then for any J € I and f € H we have
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Later on, this inequality (1) has motivated a large number of authors such as
Jian-Zhen Li et al. [11] and X.H. Yang et al. [16] for various other inequalities
related to this inequality, we refer the readers to [2, 3, 4, 5, 9, 10, 17].

Motivated by the aforementioned works, we aim to extend and improve iden-
tities and inequalities in the case of continuous generalized fusion frame, Parseval
continuous generalized fusion frame, A-tight continuous generalized fusion frame
and continuous generalized fusion pairs.

2. Preliminaries

2.1. Background

Throughout this paper, we adopt the following notations: H will be a Hilbert
space, B(H) the algebra of all bounded linear operators on H, Idy the identity
operator on H, and H the collection of all closed subspaces of H. Also, u is a
positive measure and (X, p) is a measure space. 7y is the orthogonal projection
from H onto a closed subspace V. C H, and w : X — [0,4+00) will be a
measurable mapping such that w # 0 a.e..

Lemma 1. [13] Let U € H be self-adjoint and T = aU? + bU + cldy such that
a,b,c € R. Then the following hold:

i) If a > 0, then

dac — b2
inf (Tf, f)> ——.
Hfllz1< 19 da
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it) If a <0, then

4ac — b?
sup (T'f, f) < ——.
Ifl=1 da

Lemma 2. [3] If Th,T> are operators on H satisfying Ty + To = Idy, then
T1+T2 :T12—|-T22

Lemma 3. [18] Let T1, T be two linear bounded operators on H satisfying Ty +
Ty = Idy. Then Ty + 17Ty =T5 — T5T5.

Lemma 4. [8] Let V C H be a closed subspace and T be a linear bounded operator
on H. Then

T = my T Ty
If T is unitary, i.e., T*T = TT* = Idy, then
FWT = T7Tv.

The following definition is a generalized continuous version of fusion frames
proposed and defined by Faroughi and Ahmadi [7]:

Definition 1. (see [7]) Let ¥ : X — H be such that for each f € H the mapping
T Tp)(f) is measurable (i.e., is weakly measurable) and let {Ky}zex be a
collection of Hilbert spaces. For each x € X, suppose that A, € B(F(x),Ky) and
put

A={A, € B(F(z),K;): z € X}.
Then (A, F,w) is a continuous g-fusion frame for H if there exist 0 < A < B < 00
such that for oll f € H
Al < [ P @IAme(Pdutz) < BIFI,
1

where Tp(yy is the orthogonal projection of H onto the subspace F(x).

Furthermore, (A,F,w) is called a tight continuous g-fusion frame for # if
A = B, and Parseval if A = B = 1, and (A, F,w) is called a Bessel continuous
g-fusion frame for H if the right inequality holds.

Let K = @.exK, and L?(X,K) be a collection of all measurable functions
¢ : X — K such that for each z € X ¢(z) € K, and

[ le@Paue) < o
X
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The synthesis operator is defined weakly as follows (for more details refer to [7]):
Trn: L*(X,K) = H,
Trale)f) = [ w@Nspl@).h)du(a),

where ¢ € L?(X,K) and h € H. It is obvious that Tw A is linear and by [7,
Remark 1.6], Tx A is a bounded linear operator. Its adjoint, which is called
analysis operator, is

Tpa: H— L*(X,K),
Ten = w()AHTR)-

Assume that

SeA(f) =Te ATp A(f) = /X W ()T (o) M NaTp) (fdp(z), [ €M

Then Sw A is a bounded, positive, self-adjoint and invertible operator and we

have
B lidy < Sply < A7 Vidy,.

So we have the following reconstruction formula for any f € H,
£ = [ PN ST du(a) 2)

— /X W2(2)Sg i) Ao oy (F)dpi().

3. Inequalities-equalities for Parseval continuous generalized
fusion frame

Let (A, F,w) be a continuous g-fusion frame for 4 with bounds A and B. De-
note its canonical dual continuous g-fusion frame by A := <S§1AF($), Amﬂp(w)S}?}A, w) .

Hence for each f € H the reconstruction formula (2) may be written in the form
F= [ P@rrwARamp (i) = [ oH@)mpe Riemee (Nn)
where F(z) := 1‘?1/\F(3c), Ay = Ay (2)SE? - Thus we obtain

(Seaf. )= /X (@) 1Ae ) (P dp(z). (3)
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For any X; C X, we denote X{ = X \ X7, and we define the following operators:

¥ f = / Dp ke, (Ddu),  f e,

M= [ w@)mpe NAap@) (Fdu(@), | €H.

X1

Obviously, Sp.a = ./\/lXA + ./\/lF A and ./\/lF e /\/lifch are self-adjoint operators.

It is easy to check that Sif )\ is a bounded, linear and positive operator. Again,
we have

S+ Spy = Idy.

Theorem 3. Let f € H. Then

[ @@ a1, s (Dhduta) — ISEATP

~ XC
— [ P Eamp (D) Aerr (D)duta) — ISF P
1
Proof. For any f € H, we have

/X W2 (@) (Ram iy () Aap(ay () dpa() — 1S £
= (SEF f) = ISp A FIIP
= (SpLf, f> ((Sp)*Sphfi f)
<<IdH P Sp L f) = (5 L) (Idw — Sph ) fo f)
= ((Sph)*f ><<SX1>* iF ).

This completes the proof. «

Furthermore, if we suppose that (A, F,w) is a Parseval continuous generalized
fusion frame, then we can easily obtain the same equality presented in [13] as
follows:

Theorem 4. Assume that (A, F,w) is a Parseval continuous generalized fusion

frame for H. Then for X1 C X and f € H, the following holds:

/ 2@ 1Ny (HIPdp(a) = || | w? (@) 7 pe) AN p@) (Fdp(@)]?
X1 X3



Some Inequalities-Equalities Concerning Continuous Generalized Fusion Frames 165
= [ P@ITr (DPdute) - [ @mre Mm@
Moreover,
J @M D) | [ P @mro i amri (Nu@IP = G171

Proof. Since (A,F,w) is a Parseval continuous generalized fusion frame for

‘H, and by using the fact that Sf?(IA and Sli(ll are commuting, for each f € H, we
have

/ 2(2) | A ey ()2 dp) — | / )Ty A Aa i () dia(2)
X1

= {(Se.h + (S ))ff>
= ((Idy — SFA+( e )0

By lemma 1 for a =1, b= —1 and ¢ = 1, the result follows. <«

Corollary 1. Let (A, F,w) be a Parseval continuous generalized fusion frame for
H. Then we have

I < / )Ty A A e (£ (@) Pdu )]
- / A2 A (Ddu(@)? < 21512,

\V)

IR [ @@ame ()Pdue)
~ I, @A AT (Ddu@) < AP
Proof. Observe that
(SE1)2 + (Sph)? = (Spy)? + (Sp)?
= 2(Spl)? — 2Sphy + Idy.

Applying Lemma 1, we get

xc
(Swa)® + (Sph)* =
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Since S’P{(k - (S’ﬁflA)Q >0 and
X XT X X
(SpL)% 4 (Sph)? = 2(Sph)? — 255 + Idy
= Idy + 25 — 2(Sg i) + 4((Sply)” — Sia)s

we have

(S31)% + (Spi)? < Tdy + 255 — 2S84 )%

Applying again Lemma 1, we get
X X7
(S]?,lA)2 + (S]_:‘,IA)2 <

Thus

Next, observe that

XC
Spa— (Sp)? = Sph— (dy — Sp})’

= (Spi)? = Sply + Tdy.
Since Sglj\ - (S})ﬂ(b\)2 > 0 implies
%Id?-t < Sph 4 (Sph)? < Tdy,
by Lemma 1, for each f € H, we get
(S = (SE WIS 1) = (Spaf. 1) = (Sph)* )
= | @lAme(Ddu@) < | [ ot @rmeem A (Fduta)
i

X1

The proof is completed. «

Corollary 2. Let (A, F,w) be a Parseval continuous generalized fusion frame for
H. Then

0 < Sphy — (Spi)? < < Tdy.

e e
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Proof. Since Sif SFA =S¢ ASX and SFA, Siflj\ are positive, self-adjoint

operators, it follows that SfflASF '\ is also positive and self-adjoint. Hence, we
have . .
X i X [\2
0< SF,lASF,lA = SF,lA - (SF,lA) .
Applying Lemma 1, we obtain

Spi — (Sph)? < S Tdy

»JM'—‘

This completes the proof. «

Since Sy z (resp. Sg IA) is a positive operator in B(H), there exists a unique
1 _1
positive square root Sg , (resp. Sg 3 ) which commutes with every operator which

commutes with Sg A (resp. Sg %/\) Therefore, for each f € H we have
_1 _1 1
f=SpASFASEAS = wQ(x)S ﬁ\wp(l,)A AT p(a) FAfd,u( )
X1

and thus, by Lemma 4, we have

!W”%Aw%%ﬁ,uAAW@FMWHf>

:Af%) 2

2

_1 _1
This means that (Sg 3 F(7), AeTp(2)Sp 3, w) is a Parseval continuous generalized
fusion frame. Hence we have the following theorem:

Theorem 5. Let (A, F,w) be a Parseval continuous generalized fusion frame for
H. Then

L 2 ()| Aaeirey () |2dpa() — | SpASE4 12

= [ P @Tr () Pate) 1S5RS

1 1
Proof. Assume that x5 := ApTp(;) Sy} and V(z) = SI%’AF(JZ). Then by the

1 1
previous result that (Sg 3 F'(7), AuTp(2)Sg 3, w) is a Parseval continuous general-
ized fusion frame, and Corollary 4, we get
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2

/ w?(x) HXMV(x)fHQdM H/ 2)Xa Xa Ty (z) fdp()
X1

2

[ @ v I duta) +

1

. W (T) Ty () o Xa TV () fdpi(2)

1

Moreover, we have

/X W) Ty ()Xo Xa TV () f ()

_ 2

— [ @) (umvin) ey o fduta)

_1 * _1
= /X wQ(x) (AxﬂF(x)SFj\WV(:L‘)> Azﬂ'F(x)SA ZTFV(I)fd/L(x)
1

1
Now, replacing f by Sg 4 f, we complete the proof. <
Corollary 3. Let (A, F,w) be a Parseval continuous generalized fusion frame for
H. Then
0< Sphy — SphSpaSph < SFA
Proof. In the proof of Theorem 5, we have

_ 1 _ 1
/X W (@) Ty () XoXa T (o) fdii(2) = S5 5Sm ASp 4 .
1

By Corollary 1, we get

>~ =

2
05 [ P i)~ ( [ @mmiume fd) <
1 1
Therefore, we have
0< 5.2 (le _5X1 61 SX1>S
= OpA (PR A F,APF,APF A | PF,

This completes the proof. «
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Corollary 4. Suppose that (A, F,w) is a continuous generalized fusion frame for
H with continuous g-fusion frame operator Sg a. If X1 € X and f € H, then we

SV BN

have

/ W) [ Da o) (F)IPdp() — (1S
X1

Proof. By Theorems 5 and 4, we can write

_l XC

[ @ () dnte) + s s |
X1

1 )2 1 2
= | @@ | Seis duCr)+-u/ W ()T ) XX T ) S Sl ()

1 ¢
30 .2 2 3

> 2 \SEaf| = (Sealih)

> 2 [lseh]| 1

This completes the proof. «
Theorem 6. Let (A, F,w) be a continuous generalized fusion frame for H. Then

for X1 C X .and for each f € H, we have
[ P@lemr (Dl ~ [ o @)|amp M) Pdu(o)
[ @) a1 Ptz) - /ﬁWW&W@MﬁN%W%

1

where
L f = 2 AZA d
F7Af " ( )TrF(x) T xﬂ-F(z)f /,L(IL‘)
1
Proof. Assume that Sg j is a continuous generalized fusion frame for (A, F,w)
By the definition of SF A, it is clear that Mi;‘(lA + MXlA = Sp.a. It follows that
S AMX + Sg A/\/l A = Idy. Hence, by applying Lemma 2 to the operators

St AMXA and SRAMF,A, we get
2
SeaMih = SehAMih = (SehMih ) - (SeaMph)
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Thus, for each f,g € H, we obtain
<SE,11xM§,1Af ) g> - <SE,1AM§,1ASE,1AM§N, g>
= <SE,1AM§,1CAJ£79> - <SE,1AM§§\SE,1AM§§J,9> -
Letting g = Sv A f, we get
(MELLF) = (SeAMElS Meaf) = (Mph T, f) = (SehMphf. Mg f).

Finally, by (3), we complete the proof. «

Notice that (\%A, F,w) is a Parseval continuous generalized fusion frame if
(A,F,w) is a A-tight continuous generalized fusion frame for H.

Corollary 5. Let (A, F,w) be a \-tight continuous generalized fusion frame for
H. Then for X1 C X and f € H, the following hold:

A2
0< /\/X W (@) || ATy f | 2dp() — H/ Fa)y M AT () fdp(@)||* < Z\IfH?,
1

HfH2 < H/ Mo Aoy fdp() |Pdp(z)|®

_ AZA FRANTIP
H )T p (@) Np AaT () fdp()[]* < 5 I FI17,

32
QWWsyAw<mm@@N%L-w/ PN Aar o Fla() P
1
< X |1

Next we discuss equality for tight continuous generalized fusion frames. First,
we define two operators S117 A 5’% A as follows:

SFA H—H, SFAf = /Xamwz(m)ﬂF(x)A;AzﬂF(ax)(f)dﬂ(x)a feH,
Sga: H—H, Spnf = /X(l—ax)wQ(fC)TrF(wAiAﬂF(z)(f)du(fc), feH,

where (A, F,w) is a Bessel continuous generalized fusion frame for H and {a; :
x € X} €1°°(X) such that [*°(X) = {{a, : * € X} : sup ey |az| < oo}
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Proposition 1. Let (A, F,w) be a continuous g-fusion frame for H with bound
B. Then Sll;‘A and S%‘ A are bounded linear operators and

(Sha)f = /X T0®(2)Tp () NN amo (F)dpla), € H,
(S20)°f = /X (1= @) (@) Ao harry (F)du(z),  f €M,
Proof. For f € H and X7 C X, we have

H/X aow? ()T p (o) AN TRy (f)dp(2)

= sup
g€ ||gll=1

</X amwz('x)ﬂF(x)A;AwﬂF(w)(f)du(x)ag>‘

= sup
g€H,||gll=1

/X (@) (Aatr o) oG Aoy 9) da(2)
1

< s ([ w0 Ao (O dumf ([ @ adsmee @ auto)’

" geH,|g|=1
< BM,||f]],

where M, = sup,cy |a;z| and a, is the conjugate of a,. This implies that S}L’A

is well-defined and Hs; A fH < BM,(||f||. Therefore, SL , is a bounded linear
operator. Now let us compute its adjoint

(7852 @) = (Shatos) = ([ ass@)amrio fiuta). o)
= (1. [ @@ o)dn(e) ) duta).
Similarly, we can show that 5%7 A is a bounded linear operator and its adjoint is
(537 = [ (1= @@ Ahsmr) (F)dula), | €.
This completes the proof. «

Theorem 7. Let (A,F,w) be a A-tight continuous generalized fusion frame for
H. Then for f € H and {a, : z € X} €1°(X), we have

A / 0200 (@) [ Am ey () Pdplz) — | / (1 — ) (@) oy Ao gy () dp()|?
X X
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= [ (=@ @) A (DIPdn(e) = | [ ass(@)min Axdemro)(£)duta)

where @y s the conjugate of a.

Proof. Since (A, F,w) is a A-tight continuous generalized fusion frame for H,
by Proposition 1, SPL’ A and 5%7 A are well defined. In particular, for each f € H,
we have

Shof+SEAf = / oy N A ) (F)dpa().

So )\*15'11; + /\*15’1%7/\ = Idy. Now if we suppose that ()1 = )ﬁlSllryA and Qo =
)\*15’%, then we have

Q1+ Q3Q2=Q1+ (Ig — Q1) Iy — Q1)
=Q1+ (g —QF) (In — Q1)
=Q1+ 1y —Q1—- Q7 + Qi1
=1y — Q]+ Q1¢
= Q3+ Q11
and thus
ASE A+ (SEA) SE A =ASg A+ (Ska) Sha-
Hence for h € H, we get
) 2
)\/X a0’ () |7 r) (R)]|” du(a) + ”/X (1—ag) vQ(x)WF(x)(h)du(m)
= (ASh AR + ((SB.4)" SE AR, R)
((ASka+ (S24)"SEA) hoh)
<()\SFA + (Ska) Sk ) hih)
(A(S3.4) 1ok} + ((Ska)" Shahih)
- <h, SF,Ah> + HSF,AhHQ .

This completes the proof. «

Furthermore, by Theorems 4 and 5, we immediately obtain the following
result.
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Corollary 6. Let (A,F,w) be a \-tight continuous generalized fusion frame for
H. Then for f € H and {a, : x € X} € [*°(X), we have

A / a2 (@) | Ay () Pda(2) — | / (1 — ) (@) oy N Ay (£ i) |2
X X
) / (1 — 4o (@) Ampge) () | 2dpu(z)
X

Il | e @)me s (du(e)l? = I

w

4. Inequalities-equalities for continuous generalized fusion pairs
By Lemma 1, we have
”F(:c)SL:,lA = 7TF(ﬂﬁ)51*:,1/\”51;}[\1?(@7
which implies that
—1 _ ~1
SEATF(z) = 7Ts;}AF(x)SF,AWF(HC)'
Moreover, (2) also can be rewritten as
f= / ws N () SEATF(@) A8 M) Sp a NeTp(w) fdu(z),  f € H.

Now, we introduce the following definition.

Definition 2. Let V = (A, F,w) be a continuous generalized fusion frame with
bounds A, B and Sy A be a frame operator. We consider also W = (I', G, v) as
a Bessel continuous generalized fusion mapping. We say that W is an alternate
dual of V if we have

;= / ()7 TS Aoy fdu(s),  fEH. (4)

Proposition 2. The alternate dual of continuous generalized fusion frame of V
1 a continuous generalized fusion frame.

Proof. By (4), for each f € H, we get
12 = / (@) () (M TSy Aa oy o £ ()
X

< / () () (SE Aoy f T f i)
X
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:/Xw( ()| Sy Aam ey I Ta ey fllda(z)

1/2 1/2
< ( / W(CU)Q\SE,lAAﬂF<x>fH2du(x)> ( / V(w)QHFﬂG(@szdu(x))
X X

1/2
< ISs4IVB ( /. v<x>2||rm<z>f||2) |
where B is the upper bound of V. «

Theorem 8. Assume that (A, F,w) is a continuous g-fusion frame for H with
the continuous g-fusion frame operator Sy, W = (I', G, v) is an alternate dual

continuous g-fusion frame of V = (A, F,w). Then for any X1 C X and for each
feH,

| wl@ (o)A e . ey ) dta)
1
— [ w@(o)SehAamro f Fain du(z)
1
Proof. For each X1 C X, let us consider a bounded linear operator Trg AT as
follows:

2

/X (@)U ()T T S Aar ) F i)

2
[ e @)mowriSeA A fdu(o)
1

TeaarS = | w@)w(@)memlaSe A AaTr fdu(@), €.

1

It is clear that Teu FGAT T 7}% ar = Id3. Applying Lemma 3, we have
| @l @){SehAsmr . Eamara fduo)
1
= /X w(z)v(z) <‘5'1<:71AA:67TF(x)f7 FxWG(x)f>d:u(x) < FG, Arfv G Arf>
1
< GAFf7f> <( E%AF) GAFf7f>

2

/X w(@ ) ()7 (@) e Sp A AT () fdp(x)
1
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X X

_<( FGAF) f7f> < FGAFf’ FGAFf>
~(f, / (@) () TS g A Aa ey Fp())

2
H/ (@) S A NaTp (o) fdpu(x)
X3

— [l @) Cama . SehAumr £)duta)

This completes the proof. «

2
| c@m@mowriS A fdu(o)

In the case of Parseval fusion frame, the previous equality can have a special
form as follows:

Corollary 7. Let (A,F,w) be a Parseval continuous g-fusion frame for H with
the continuous g-fusion frame operator Sy a = idy, and (I, G,v) be an alternate
dual continuous g-fusion frame of (A, F,w). Then for any X1 C X and for each
fEH,

/X W@ (@) {Aamp (@), Lama) (@)=l | @@y (@)mewTehamsm fdpu(z )|?
2

— [ w@(e)amr) Tama ()dua)-| [ wla(@)raum i fdu(z)

5. Frame operator of a pair of Bessel continuous generalized
fusion mappings

Now, let us consider two Bessel continuous generalized fusion mappings: V =

(A,F,w) with Bessel bound By and W = (I, G, v) with Bessel bound By. We
define the operator

Sraar(f) = /X (@) (@) AT amg (Hdu(z),  f € H.

For all f, g € H, we have

(Secarf,g) = /X (@ ()Tt o ey 9) ().
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Furthermore, by using Cauchy-Schwartz inequality, we have

|(Sra.arf,9)] (5)
1/2 1/2
< ([ @it Panw) ([ A@lsmela)
From (5), it follows that
[(Sr.arf, 9)| < vV Biv Ballgll|l f]-
Hence, Srg.ar is a bounded operator and we have
|Sraarl < VBiv Ba.
From (5), we obtain
1/2
Isecars] < VB ( [ A@lAmrmelau)) (6)

and L2
1(Sra.ar)*fll < /B </X W2($)\|Fx7fc(x)f\|2dﬂ($)> ‘

Moreover, from the adjointability of the operator Srg ar, we get

(Seaarfs g) = /X (@ () f ) T Aa Ty 9) ().

Hence, Sik?GAF = SGFTA-
Theorem 9. The following assertions are equivalent:
(i) Sra,ar is bounded below;

(ii) There exists K € B(H) such that {T;}.ex is a resolution of identity, where

T, = w(w)l/(l‘)Kﬂp(m)A;F;pﬂGW), z e X.

If one of the above conditions is satisfied, then W is a continuous generalized
fusion frame.
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Proof. (i) = (i1) It is obvious.
(i) = (i) If (i7) holds, then for f,g € H, we have
(KSraarf,9) = (Sraarf, K*g) = /XW(QJ)V(x) (f, (Kmp@Milamaw)” 9) du(z)
=(f,9),

which implies that I3y = KSrg ar. Thus Spg.ar is bounded below.
Now, if Sra,ar is bounded below, from (6) it follows that G is a continuous
fusion frame. So

f=w@v(@)Knpe A lemq@ fdu(z), = e X.

Hence
f=K ( / w(w)u(x)wF@)A:rm@fdu(x)) L reX.
This completes the proof. «

Corollary 8. The following assertions are equivalent:
i) Svg Ar is an invertible operator;

it) There exists K € B(H) invertible such that {T,}.ex 1is a resolution of
identity, where

Ty = w(@)v(z) Knpa A lemgm), €X

is a resolution of identity.

If one of the above conditions is satisfied, then V and W are continuous general-
1zed fusion frames.

Theorem 10. Assume that there exist A\ < 1 and Ay > —1 such that

Hf— [ slaw @A amar(fduta)

< M S]]+ Az

Y

/X (@) oy AT () (2)

for all f € H. Then W is a continuous generalized fusion frame and

1-M)\2 1 ) ) ,
—_ < .
<1+A2> B 1= /X“ (@) ITomeo fIdu(z),  feH
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Proof. Since Spgarf = [y w(@)v(@)Tpe) AT e (f)du(z), we have

| f — Sraarfll < MfI+ A2l|Sra.arfll-

Since
If = Sraarfll = I fl = Srcarfll ],
Ml 4 A2l|SraarfIl = I fI] = [[Sra.ar f]]
and thus
1—X\
> .
| Sra.arfll > 1 +>\2HfH

Hence we obtain

/ 2@ Farmaen flPu@) = (2220) Lyge
Xw z)|Pamq(a) w(x) > 7N B .

This completes the proof. «

In particular, if we take Ao = 0, then in this case we have obviously a stronger
result.

Corollary 9. Assume that there exists A € [0,1) such that

Hf_/Xw(-f)V(«T)WF(x)A;PwWG(I)(f)dlu(x) <Afl, feH )

Then V and W are continuous generalized fusion frames and the following esti-
mates hold:

32
[ P @Iramoe fPaute) = SR,
(1=

[ @ fPduta) = SR

for all f € H.
Proof. Under the assumption (7), for each f € H, we have

If = Sraarfll = [[(In = Sraar)™fll < (I — Sea.ar)"| L]l
< AlA-

Hence applying Theorem 10, we get the result. «



Some Inequalities-Equalities Concerning Continuous Generalized Fusion Frames 179

6. Conclusion

In this paper, we have established some equalities and inequalities for con-
tinuous generalized fusion frame, Parseval continuous generalized fusion frame,
alternate dual continuous generalized fusion frame, which generalize some re-
markable and existing results which have been obtained before.
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