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Convergence of Iterates of Normal Operators in L?
Spaces
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Abstract. Let (£2,%,m) be a measure space with m being an o-finite positive measure
and let N be a normal operator on L? (Q, X, m). In this note, we study strong and almost
everywhere convergences of the sequences {¢ (N)" f Fren i L? (9,%, m) spaces, where
¢ is a continuous function on the spectrum of N.
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1. Introduction

In this note, we present some results concerning strong and almost everywhere
convergences of iterates of normal operators in L? spaces. For related results see
[1, 2,4, 5,9, 10].

Let X be a complex Banach space and let B (X)) be the algebra of all bounded
linear operators on X. An operator 7' € B (X) is said to be mean ergodic if the
limit

R
lim — Z Tz exists in norm for every x € X.

If T is mean ergodic, then

R
Prao:= lim =Y T'z(z € X)
=1

n—00 N 4

is the projection onto ker (T'— I). The projection Pr will be called mean ergodic
projection associated with T.
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An operator T € B (X) is said to be power bounded if

Cr = sup ||[T"]| < oo.
n>0

A power bounded operator T on a Banach space X is mean ergodic if and only if
X=ker(T—1I)@®ran(T —1I). (1)

Recall also that a power bounded operator on a reflexive Banach space is mean
ergodic [6, Chapter 2].
The following result is an immediate consequence of the identity (1).

Proposition 1. Let T be a power bounded operator on a Banach space X and

assume that
lim HT”Jrlﬂs — T"J:H =0 forallze X.

n—oo
If T is mean ergodic (so if X is reflexive), then T™ — Pr in the strong operator
topology, where Pr is the mean ergodic projection associated with T.

As usual, by o (T') we denote the spectrum of T' € B (X). If T is a power
bounded operator, then, clearly, o (T) C D, where D is an open unit disc in the
complex plane.

There is an operator T with o (T) € D, which is not power bounded. To
see this, let R € B(X) be such that R # 0 and R?> = 0. If T = I + R, then
o(T)={1} and as T™ = I + nR, we have lim,_, [|[T"] = co.

If T is a mean ergodic operator, then by the Principle of Uniform Bounded-
ness, 1" is Cesaro bounded, that is,

sup < 00.

neN

1 n
LT
i3
It follows from the spectral mapping theorem that if 7" is mean ergodic, then

r(T) <1, where r (T) is a spectral radius of 7.
Recall that the Assani matrix

r=(% %)

is Cesaro bounded, but not power bounded.
An operator T' € B (X) is called uniformly mean ergodic if there exists Q €
B (X) such that

N SR .
TLILH;O o ; T' = @ in norm operator topology.

A power bounded operator 1" on a Banach space is uniformly mean ergodic if and
only if ran(T — I) is closed [8].
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2. Normal operators

Let N be a normal operator on a complex Hilbert space H with the spectral
measure F. If N is mean ergodic, then N is a contraction, that is, | N|| = r (N) <
1. If N is a contraction (normal operator is power bounded if and only if it is a
contraction), then by the mean ergodic theorem,

1 n—1 .
lim — ZN% = F {1}z in norm for all x € H.
n—,oo N, =0
Recall that ran(N — I) is closed if and only if 1 is an isolated point of o (N) [3,
Chapter IX]. Hence, a normal operator N is uniformly mean ergodic if and only
if [N|| <1 and 1 is an isolated point of o (N). Under these conditions,

1 i
T}L)IIOIO i ; N'= FE{1} in norm operator topology.

For every bounded Borel function ¢ on o (N), we can define ¢ (N) € B (H)
by

<¢(N)f€,y>=/ ¢ (2)d(E (2)z,y) (z,y € H). (2)
o(N)
As ¢(N)" = ¢(N), ¢ (N) is a normal operator and

1o (NI < l1¢ll o -

The spectral measure Ey of ¢ (N) is defined by
Ey(B)=E (¢~ {B}),

for every Borel subset B of complex plane. It follows that if ||¢[|,, < 1, then
1 n—1
: - [ -1 .
nIL%nZO¢(N) z=FE (¢ ' {1})z innorm for all z € H. (3)
1=

Let C (0 (N)) be the space of all complex continuous functions on o (N) . For
an arbitrary ¢ € C (o (IV)), we put

Fo={z€a(N):¢(z)=1} and £ :={z €0 (N): |¢(2)| = 1} .

Both .7-']?, and 8}’\5, are closed subsets of o (N) and ]-"]Q\S, - 5]‘2\5,.
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Proposition 2. Let N be a normal operator on a Hilbert space H with the
spectral measure E and let ¢ be a continuous function on o (N) with ||¢[|,, < 1.

The sequence {qﬁ (N)k x}k N converges in norm for every x € H if and only if
€

B (EN\F%) =0.

In this case,

o (N z — E(F%)aj in norm for all xz € H.

Proof. By Proposition 1, the sequence {(Z5 (N )k x}k N converges in norm for
€
every x € H if and only if

lim H¢ (NY g — ¢ (N)* a:H ~0.

k—o00

By the identity (2), we can write

lim H¢ (Nl — g (N)’%:HQ

k—oo

= dim [ oM o) dlB () a,)
=0 Jo(N)

= lim |6 () 6 (2) — 11 d(E (2) 2, z)

k—o0 O'(N)\gld\),

+dim [ o ()] (¢ (2) = 17 d(E (2) 2, 7)
en

k—o00

= [ e -1PdE R

gN
= zZ)— 2 Z)xr, ).
- /gﬁ\fﬁw() 12 d(E (2) )

It follows that

lim Hqﬁ(N)k“ z— ¢>(N)ka —Oforallz € H

k—o00

if and only if E (E{\FY) =0.
By (3), we get

gb(N)kat — B (]-"](1\5,) x in norm for every x € H,
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where FE (.7-"](6) is the mean ergodic projection associated with ¢ (V).

For an arbitrary « € H, let u, be the measure defined on the Borel subsets
of o (N) by
pa (B) = (E (B)z,x) = | E(B) x|, (4)

As o (N) = suppE [3, Chapter IX], we have

0 (N) = UgeHSuppfis.
The proof of the following proposition being very easy is omitted.

Lemma 1. Let N be a normal operator on a Hilbert space H with the spectral
measure E and let ¢ € C (o (N)). For an arbitrary x,y € H, the following
assertions hold:

(a) supppiz+y C supppiz U suppiiy.
(b) supppig(nyz S suppd N supppz.
(¢) For a closed subset S of C, we have

{zx € H : suppu, C S} = E(S) H.
Next, we have the following

Theorem 1. Let N be a normal operator on a Hilbert space H and let ¢ €
C (o (N)) be such that ||¢||, < 1. If S := &b = .7-"](\75,7 then there is a subspace F
(not necessarily closed) of H with the following properties:

(i) H=F & F*.

(id)

ZH(]ﬁ(N)na:Hz < oo forallz € F and ¢ (N)y =1y for ally € F*.
n=1

(792) If S is a relatively open subset of o (N), then F is closed.

Proof. For a given x € H, let i, be the measure defined by (4) and let
F:={x e H:suppu, NS =0}.

By Lemma 1 (a), F' is a linear subspace of H. Let us show that ¢ (IV)y = y for
all y € F*+. To see this, let y € F- and assume that the function h € C (o (N))
vanishes in a neighborhood of S. Then, as supph NS = (), by Lemma 1 (b) we
have

supppip(nye NS = 0.
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Consequently, h (N)z € F and therefore (h (N)z,y) = 0 or (x,h(N)"y) =0
for all z € H. Hence, h (N)*y = 0. Since h(N) is a normal operator, we have
h(N)y = 0. Now, assume that h € C (o (N)) vanishes on S. Then there is a
sequence {h,} in C (o (N)) such that each h, vanishes on a neighborhood of S

and
lim ||, — Al = 0.
n—oo
In other words, every closed subset of o (V) is a set of synthesis for C (o (NV))
(see, for instance [7, Section 8.3]). This implies
Tim [ (N) = B (V)| = 0.

Since hy, (N)y = 0 for all n € N, we have h(N)y = 0. Since the function
h(z) :== ¢ (z) — 1 vanishes on S, we have ¢ (N)y = v.
If z € F, then as suppu, NS = 0, we get

sup |o(z)| =0 <1,
ZESUpPply

so that
o (N)" ||* = / |6 (2) " dpg < 67" |||

SUPPHa
Consequently, we have

Z | (N)"z||* < 0o for all z € E.
n=1

If S is an open set, then o (V) \ S is closed and
F={x € H : supppu, C o (N)\S}.
By Lemma 1 (c¢), F = E[o (N)\.S] and therefore F' is closed. «

Let (2,%,m) be a measure space with m being an o-finite positive measure
and let L2 (Q) := L? (Q, X, m) be the usual Lebesgue space.

Corollary 1. Let N be a normal operator on L? () and let ¢ € C (o (N)) be
such that ||¢||,, < 1. If S := 5;{’[ = ]:f\s[. Then:
(a) The limit
nh_{r;o [@(N)" f] (w) exists a.e.,
for every f in a dense subspace of L? (Q).
(b) If S is an open set, then the limit

1i_>m [0 (N)" f] (w) emists a.e.,

for every f in L? ().
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Proof. (a) By Theorem 1, there is a subspace F' of L? () with the following
three properties:
I?=F&F*,

> g (N)" £l < oo for all f € F,
n=1

and
¢(N)h=h forall h e F*.

Now, it suffices to show that

lim [¢(N)" f] (w) =0 a.e. forall f € F.

n—oo

Indeed, if f € F, then as

e e} . )
> [ o 40" 1 dm ) < o

by the Beppo-Levi theorem, the series
D o ()" fl (@)
n=1

converges almost everywhere. It follows that

lim [¢(N)" f](w) =0 a.e.

n—00

(b) follows from (a) since the subspace F' is closed by Theorem 1. <«
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