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Abstract. In this paper, we consider convolution operators, integral operators with
weak singularity, Riesz potentials, in particular, those with kernels K; (x,y) = ‘fcfyl“f%,
acting in special classes of Banach function spaces X (2) and their subspaces X (€2)), and
we prove some representation theorems for the functions from Banach-Sobolev spaces.

We also prove the boundedness of Riesz potential in additive-invariant spaces.
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1. Introduction

In recent years there has been increasing interest towards non-standard func-
tion spaces. The emergence of new function spaces such as Morrey space, grand-
Lebesgue space, etc. naturally requires the development of corresponding theory.
That’s why various problems in such spaces and corresponding Sobolev spaces
generated by these spaces began to be intensively studied (see [1, 2, 3, 6, 7, 8,
9, 11, 12, 13, 14, 15, 16, 17, 18, 19, 20, 21, 22, 23, 24]). In general, the Ba-
nach function spaces are not separable. Therefore, using classical methods for
establishing classical facts in these spaces requires the essential modification of
classical methods and a lot of preparation, concerning correctness of substitu-
tion operator, problems related to the extension operator in such spaces, etc.
To this aim, based on the additive shift operator (T5f) (z) = f (z + ), corre-
sponding separable subspaces X, (2) of these spaces have been introduced, in
which the set of compactly supported infinitely differentiable functions is dense
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(3,6, 7,9, 11, 12, 13, 14, 15, 16]). Corresponding subspaces of grand Lebesgue,
Marcinkiewich, weak type L;’, Morrey spaces are described, for example, in
([8, 9]). In rearrangement-invariant case these subspaces coincide with the set of
absolutely continuous functions, that makes it easier to describe such subspaces.

In the classical case, Riesz potential and Sobolev integral identity (see [4, 5,
22]) play an exceptional role in establishing many properties of functions from
Sobolev class Wf (©) and proving embedding theorems. In [3], under some con-
ditions it is proved that the corresponding embedding operators act compactly
from grand-Lebesgue space to C (ﬁ) or to classical Lebesgue spaces defined on
manifolds. In [6], some generalizations for the convolution operator acting in
rearrangement-invariant Banach function space are established.

In this paper we study convolution operators, integral operators with weak
singularity, Riesz potential, in particular, those with kernels K; (z,y) = ‘ifyﬁ%
acting in special classes of Banach function spaces and their subspaces X (€2), and
representation theorems for functions from Banach-Sobolev spaces. In particular,
boundedness of Riesz potential in additive-invariant spaces is proved.

2. Needful information

In this section, we give notations, concepts and results to be used in the
sequel. We will use the following standard notations: Z, will denote the set of
non-negative integers, |x| = \/x% + .... + 22 will be the norm of z = (21, ..., z,),
m = mes (M) = |M| will stand for the Lebesgue measure of the set M C R"™, 02
will denote the boundary of the domain €, Q = Q99 will be the closure of €.

B, (vo)={x: |z —xo|<r}, B,=B,(0),Q—d={z: 2+ €Q} (V6 € R"),

Q. ={z: dist (z, Q) <e}, (Ve >0).

By [X,Y] ([X] if X =Y) we will denote the space of bounded operators acting
from Banach function space X to Y, ||T'|y y; will be the norm of the operator T'
in [X.Y]. a = (a1,a2,...,a,) will stand for the multiindex with the coordinates
ar € Z4, la| = a1 + ... + ap. For every & = (£1,89,...,&,) we assume £& =
(&8, 657, ..., 89m), a € Zy, Yk =1,n. By d, = Bixi we denote the differentiation
operator and 0% = 071 052...05". flq will be the restriction of the function f to
the set Q; xg will denote the characteristic function of the set E. By Cg° (£2)
we will denote the set of all infinitely differentiable functions, whose supports are
compact subsets of Q, and by C(™ - the class of all domains with m-th order
smooth boundary.

X () will denote a Banach function space on domain €2 C R™ with Lebesgue
measure, and X' () will be its associated space. | f||y will be the norm of
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f € X (2), and the corresponding associated norm will be denoted by ||.|| y,. Unit
balls in Banach function space X (€2) and its associate space will be denoted by
S and ', respectively. X (©2) will be the closure of the set of all simple functions
in X (©2). The set of all functions from X (€2) with absolutely continuous norm
will be denoted by X, (£2).

Many monographs have been dedicated to the theory of Banach function
spaces. We refer the reader, for example, to [1], or [17].

2.1. Convention

Throughout this paper we assume that K = {(ZL‘l, ey Tp) ¢ || < %} C R"
is any cube or K = R", X (K) is a Banach function space defined on K with
Lebesgue measure and the norm || f[| x k) = p (f). For a domain @ C K : QCK,
by X (£2) we mean the space of restrictions of all functions from X (K) to  with
corresponding norm, i.e.

X (@ = {1 e X () Wl = 1 Xlxa < }-

We will mainly consider only the bounded domain case. Depending on circum-
stances, we assume that f € X (Q) is extended by zero to K, or to the whole of
R™, or periodically on R™ considered as a function from X (K), i.e. for a function
f defined on © C K we define the new function f; on R" in a following way:
firstly we continue f by zero to the whole of K, and then periodically to the
whole of R"™ with

1fa (- + k)l x(ry = [1fa Ol xxy = 1l x5 -
If X (K) is a rearrangement-invariant space, it follows that f; (.) and fq (. +y),
(Vy € R™) are equimeasurable functions, consequently we have
1fa ()l x@) = 1fall x@) = 1 fllx@) -
The following theorem holds ([1, 17]).

Theorem 1. a) The inclusions X, (2) C X3 (2) C X (Q) are true.

b) |9 < oo = Lo () C X (Q) C Ly (9Q).

c) Subspaces X, () and Xy, () coincide if and only if for every finite measure
set E the characteristic function xg has an absolutely continuous norm.

Throughout this paper, we will use the Fatou’s following lemma.

Lemma 1 (Fatou, [1] Lemma 1.5). Let X be a Banach function space and f, €
X, (n=1,2,...). If f = f p—a.e. and liminf, o || fn]|y < o0, then f € X and

1l < lim inf |lfally -
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Q40 = {t+0:teQ} means that & + 0 C K. For arbitrary function
f € X () and for arbitrarily small 6 € R" : Q —§ C K, by Tsf we denote the
additive shift operator defined as

@) ={ T e

By X5 (©2) we will denote the subspace of all functions from X () with the
following property:
Property ). ||T5 (f) — fllxx) = 0, 0 = 0, where 6 € R™ is a shift vector.
Let us consider the following property:

VO CK W Q-0 C K, VfeX(Q)=Tsf € X (K), Ifllxue = 1T lxq) -

In the sequel, the spaces with this property will be called the spaces with
additive-invariant norm or the additive-invariant Banach function spaces.

For example, rearrangement-invariant Banach function spaces and Morrey
spaces have this property.

Property 3). VE, = 0 = |x&, | xx) — 0

The Propositions 1-2 below have been proved in [6, 7, 11].

Proposition 1. Let X (K) be an additive-invariant Banach function space and
Q: Q C K be any domain. If Property B) holds, then Xs(2) = X, (Q) =
Xy (Q) = C5° () (the closure is taken in topology of X (£2)).

Proposition 2. Let X (K) be an additive-invariant Banach function space and
Q: QC K be any domain. If Property B) holds, then Vo € Lo, (Q). It follows
that of € X, ().

By ax and Bx we will denote the lower and upper Boyd indices of the space
X, respectively. For more information about Boyd indices we refer the reader to
1, 2, 17].

Theorem 2. ([2/) Let X be a rearrangement-invariant space. For arbitrary p and
q with 1 <g¢q < é < i < p < o0, the following embedding holds: L, C X C L.

Theorem 3. Let X be a rearrangement-invariant Banach function space with
Boyd indices ax, Bx : 0 < ax < Bx < 1. Then singular operator K is bounded
in X: K € [X].

Theorem 2 has the following

Corollary 1. Let X (K) be a rearrangement-invariant Banach function space
with Boyd indices ax, fx : 0 < ax < fBx <1, and Q: Q C K be any bounded
domain. Then Property () holds.
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Proof. Under conditions of this corollary, from Theorem 2 it follows that
0<ax <fx <l=3dpqgel;o0): L, C X CL,.
Let E — (. Taking into account that VE C Q = xg € L,, we have

Ixellx < const|xel, =0
The corollary is proved. «
We will denote the following spaces of functions by W (€2), WX () and

0
W (), respectively:
WEQ) ={feX: feX,VpeZ,: |p|<m},

WX (@) = {f € WX™ : |T5f = fllyxmga) = 0.6 >0},

0 _
W (Q) = C5° () (closure taken in the space Wx'(Q)), with the corre-
sponding norm

[fllwem @) = > 107 Fllxa - (1)

[pI<m

2.2. Convolution operator

By the convolution of the functions f, h defined on Q@ C K, f € L1 (), h €
X (92), we will mean the following relation:

(fxh)(z)= . fa(x —y) ha(y) dy, (2)

denoted as f xg. In the sequel, we suppose that Q+Q ={zty: 2,y € Q} C K.
In this case, for x € (2 the convolution can be defined as follows:

(f*h)(w)—/gf(x—y)h(y)dy-

Let’s state the following well-known classical facts (see, e.g., [4, pp.38-39]).
Let Cy (R™) be the space of functions f : | l|im f (z) = 0 with the supremum
T|—00

norm and B (R") = (Cy(R™))* which can be identified with Banach space of
finite measure with the norm ||du|| = [, |dp|, and the space L' (R™) can be
identified with some subspace of B (R™) by the map f (z) — f (z)dz.

It is well known that Vf,g € L; (R") the convolution (f *g)(.) is defined
a.e. on R™ and belongs to L' (R™). Moreover, the following statement is true:
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Let f € P (R"), 1< p < co. Theng = fp= [y f(z—y)du(y) € L7 (R")
and

lgll, < If1lp l1dull,

i.e. the convolution acts continuously in LP (R™) ([4]).

What can we say if one of the given functions belongs to a Banach function
space? Will the result also belong to the considered Banach space? If the answer
to the latter question is positive, will be the convolution operator bounded?

For f € X, the theorem and lemma below have been proved in [6].

Theorem 4. [6, Th.2.2] Let X be a rearrangement-invariant space, and X' be
an associate space. Then

1f * gl < flx lgllx s feEX, geX.

Moreover, if f € Xg, or g € X;, then the convolution operator is continuous in
Ly (K).

Lemma 2. [6, Lemma 2.1] Let X (K) be a rearrangement-invariant Banach
function space on K and Q) : Q C K be some domain. Then for arbitrary pair
frg € X (Q) the convolution f * g belongs to X and the estimate

1f 9l x @) < Iflxo) 19z, @)
holds.

It should be noted that the assertions of the above theorem and lemma are
true for an additive-invariant spaces. Their proofs are the same as those of
Theorem 2.2 and Lemma 2.1 in [6], respectively.

For example, let’s prove the lemma in additive-invariant case. Let S” be the
unit ball of the associate space X’. Then we have

1% 9llxoy = sup [ fo (F % 9) (2) v (@) dar| = sup | ic [y f (@ = v) g (y) v () dydar| =
(by Fubini’s theorem) = Sgg ‘fK Ji [z —y)v(z)dzg (y) dy‘ <

< fKﬁEE [ fx—y)v(@)de|lg @) dy = [ |F (= v)llx g ) dy =

= flx) Jola@ldy = fllx@ 9l -

Indeed, we only used the relation |[f (. = y)llx = [f ()l x(q) i-e. an additive-
invariance property of the space.

Therefore, the assertions of the above-mentioned theorem and lemma can be
restated as follows.
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Theorem 5. Let X (K) be an additive-invariant Banach function space on K,
Q: QC K be some domain and X' () be an associate space. Then

17 % 9lloe < Il lglxrey - £ €X(Q), g€ X (9).

If fe Xs(Q), org e X; (Q), then the convolution operator is continuous in
Ly (K).

Lemma 3. Let X (K) be an additive-invariant Banach function space on K and
Q: Q C K be some domain. Then for arbitrary pair f,g € X (Q) the convolution
f * g belongs to X () and the estimate

I/ *QHX(Q) < HfHX(Q) ||g||L1(Q)

holds.
Lemma 3 has the following corollary.

Corollary 2. Let X (K) be an additive-invariant Banach function space on K
and Q : Q C K be some domain. Then for arbitrary functions f € L1 (2),g €
X (92) the convolution f * g belongs to X () and the estimate

I/ *QHX(Q) < Hf||L1(Q) HQHX(Q)

holds.

Proof. Tt is clear that X (@), o) = L1 (). Let f € L1 (), {fn} C X :
lim f,, = f in Ly () and || f,][, < C. Moreover, let f,, — f a.e. on Q. Then, by

Lemma 3, we have

1Fn % 9llx(0) < fnllz @ l9llx < Cllgllx -
Taking into account the continuity of the convolution operator in L (£2), without

loss of generality we can assume that f, xg — f*g a.e. on 2. Then from Fatou’s
lemma it follows that f* g € X and

1 # 9l < m [ fa gl < Cllglxo -

The corollary is proved. «
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3. Integral operators

3.1. Riesz potential

Riesz potential and Sobolev integral identity play an exceptional role in the
study of the properties of functions from W)"(€2). Recall that by Sobolev identity
we mean the following relation ([5, 10]):

Z / dy+Z/|x_y‘ 0u(y)dy , Yu e C™ (Q),

|a|=0 |al=

where b, € C (ﬁ) , Ag € Lo (2 x Q) (in general, z # y : A, (x,y) is infinitely
differentiable).

Let Q C R™ be a bounded domain, 0 < a < n, A(z,y) € Lo (2 x Q). The
operator defined as

A(z,y)
|z —y|®

(fiaaf)(x)==jé () dy 3)

is called a Riesz potential.
Let kq (x) = ﬁ, 0 < a < n. Consider the integral operator K, with the

kernel kq (x —y) = ﬁ, ie.

(o) (2) = (ko) (o) = [ “@?@L (4)

alr—y

It is clear that the boundedness of the operator K, implies the boundedness of
the operator R4 . In the sequel, we will use the following well-known equality:

da? ’Bﬂ _
= "0 Yy e R 5
‘Azkrm—ma B vy e (5)

where B; is a unit ball (see, e.g., [5, p.19]). Hence it follows that k. (.) €
L1 (), a € (0,n). So we can apply Corollary 2 in this case to get

Corollary 3. Let X (K) be an additive-invariant Banach function space on K,
Q: Q C K be any domain and o € [0,n). Then the integral operator K, is
bounded in X () and the estimate

1Kagllx @) = If *gllx < lka Oz, @) 19l x@) < Cllgllx@ . Y9 € X () (6)

holds. Consequently, Riesz potential is bounded in X (£2).
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Remark 1. Let R > 0 be some fized positive number and @ C K: Q C Br(0).
Then the constant C can be chosen independent of  C K. In particular, if K is
a cube, then we can take C' = ||kal|p, (-

In the sequel, we are going to study some properties, in particular, compact-

ness of the integral operators generated by the kernels ¢;, . (z) = x”| x‘f ke

.....

the operators defined by

v(x) = (U4, 5w (z) =

— (k—ll)bn 3 /Q(:L’z‘l = Yir) - (T, _yik)u(y) dy ke N,

n
i1, =1 | =yl

on the b.f.s X (2), or on its subspace X (€2). We will also prove some repre-

0
sentation theorems for the functions from W§' (), which play an exceptional
role in getting embedding theorems. We will denote the corresponding integral
operators by ;,. ;. It is clear that the estimate

|’ll)1,1...’Lk ($)| |x"n —= |$|7’Z |;L=‘n—k

= kn—k (l’) )

holds. Hence, by Corollary 3 it follows that the considered integral operators are
bounded in X (£2). Moreover

[(Wiyiw) (2)] < (Kng [u]) (2) ae. = [[(Vir i)l x @) < 1(Knk [u])llxq)

which implies
i) if U C X (Q) = K, _ (|U]) is relatively compact in X (), then ¥;, ; (U)
is also relatively compact in X (), where |U| = {|u|: uw € U}. Consequently,
compactness of the operator K,y in X (Q) implies compactness of the operator
ii) K, rueX,= \I/”Zku € X,.

First let’s prove that the operator K,, 0 < a < n, acts boundedly in X (£2),
ie. X () is an invariant subspace of the operator K,. It should be noted that
we assume that the function from X (£2) is extended by zero outside of 2 and the
given function is identified with this extended function.

Lemma 4. Let X (K) be an additive-invariant space with Property 3) and § :
) C K be any bounded domain in R"™. Then K, € [Xs(Q)], 0 < a < n.
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Proof. Let u € X (Q), v=Kou € X (Q) and § < §y : Q5, C K. Yz € Q we
have

v (2 +0) —v (@) = | fo (ka (x + 6 —y) —ka (x —y)) u(y) dy| =
= f(Q—5) ﬁu(z—i—&) dz — [, ﬁu (y) dy’ =

= o sy e (0 +8) = u ) dy| = [(Ka(Tsu ()] — Ju ()]) ()] =
= o +8) = v () < const | Kallpe ey I1T5 1l = full ey =0 =
= () e X, (Q).

The lemma is proved. <«

Now let’s prove that the operator K,, 0 < o < n, is compact in X (£2).
For this, we will prove that the operator K, can be uniformly approximated by
compact operators.

Consider the general case. Let @ € K C R", ' C R™, X () be a Banach
function space, and k (z,y) be a function defined on €' x 2. Consider the integral
operator K defined as

v (x) —Ku—/gk(x,y)u(y)dy.

Let the kernel k (z,y) have the following properties:

i) k(x,y) is a bounded function, i.e., 3b>0: sup |k(z,y)| <b < oo;
e K,yeN

i) k (z,y) is uniformly continuous with respect to the first variable:

sup  sup |k (z,y) — k(2 9)] <w (r) —0.
r,zeQ Ve "

lx —z| <r

Lemma 5. Let Q C K be any domain, Q' C R™ be an arbitrary bounded mea-
surable subset, and k (x,y) have the properties i)-ii). Then the operator K acts
compactly from X () to C ().

Proof. Let U C X (£2) be a bounded subset. For an arbitrary function u € U,
using Holder’s inequality, we have

v (@) = | fo k (@, 9)u(y) dy| < Jo |k (@,9)u(y)ldy <b [ 1 [uldy <
< bl xr ) lullx(q) » Vo € .

Thus, the range of a bounded set of X (£2) is a bounded set in C' (@)
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If |z — 2| < r, using %) we have

|v<a:>—v<z>s/ch(a:,y)—k(z,ymu(y)\dyg

< < . ' .
<o) [ Julldy <) e lulxe =30

Hence, the operator K transforms a bounded set of X (£2) to an equicontinuous
family in C' (€). From the Arzela-Ascoli theorem it follows that K (U) is a
relatively compact set in C (W) Consequently, K is a compact operator acting
from X (Q) into C ().

The lemma is proved. <«

Corollary 4. Let Q = Q' C K and k (x,y) have the properties i)-ii). Then the
operator K acts compactly from X () into X, (£2).

Proof. As is known, the continuous embedding C' (€2) C X (Q) holds, i.e. if a
sequence converges in C (ﬁ), then it also converges in X (Q).
The corollary is proved. «

Corollary 5. Let Q@ = ' C K and k (z,y) have the properties i)-ii). Then the
operator K acts compactly from X, (Q) into X, (Q).

Consider the operator K,, 0 < a < n. Define the following kernels and
corresponding integral operators. Let ¢ (r) be a smooth monotone function equal
tolifr>1, andtoOier%. Let

r 1
on(r) = (h) » kap (2,y) z _y|a<ph(!x yl)

It is obvious that the kernel k  (x,y) is a bounded and continuous function of

x and y. Consequently, it has the properties i)-i7). Hence it follows that the

integral operators K, act compactly from X (£2), and also from X (), into

X5 ().

Corollary 6. Let X (K) be an additive-invariant space with Property [3). Let
Q: Q C K be any bounded domain in R". Then the estimate

1Ko = Kanllix @y 720

holds. Consequently, K, is a compact operator acting in X ().
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Proof. Let u € X (2). Taking into account the relation

koc(x_y)_kah(x_y):

0, |z —y| > h,
=S lkalz—y) 1 —on(jz—y])| Ska(z—y), & <|z—y/ <h,
ko (x =), |z —y| <%,

by Corollary 4 we have

[1((Ea ~ Kon) w) (@)l x(0) = || ke — kan (@ = 9))u (y) dy[| ) <
< ko () = kan ()HL1 () HUHX(Q = Hk () — Ka,n (')HLl(Bh(O)) HUHX(Q) <
< [ka () = kan (')HLl(Bh(O)) Hu”X(Q)

Hence, by the relation (5) it follows that

1Ko = Kanllix oy ;=2 0,
i.e. the operator K, can be approximated by compact operators. Consequently,
it is a compact operator.
The corollary is proved. <«

Theorem 6. Let X (K) be an additive-invariant space with Property () and
0

Q: Q C K be any bounded domain in R™. Then, for an arbitrary u € W)l(s (Q)
the following representation is true:

Z/ —Yi 8“ y
Q|x_y| 8%

where oy, is an area of the unit sphere in R"™, i.e. oy = o (F (5))71.

Proof. The proof is a modification of the classical one. In case u € C§° (),
0
all argumentations of classical case hold. In general case of Vu € W)l(s (2), we use
the fact that 3{up} C C§° () : limuy = u in W (). Taking into account the
continuity of the operator K; in X (2) and differentiation operator from W3 ()
into X (), we have

which ends the proof. «
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0
Corollary 7. The space W)l(s (Q) can be compactly embedded into X4 (X2).

Proof. This is a direct consequence of Theorem 6 and Corollary 6. <«

Corollary 8. Let X (K) be an additive-invariant Banach function space and the
domain Q : Q C K admit extension of the functions from X (). Then the
assertion of Corollary 6 is true for the space W)l(s ().

0
Proof. Let Q1 : Q C Q1,01 C K and 6 : W)l(s Q) — W)l(s (€1) be an
extension operator. Let U C W)l(s (Q) be any bounded subset. It is clear that

0 0
0 (U) € Wx, () will be a bounded subset of W} (€1). From Corollary 6 it
follows that 6 (U) is compact in X (1), which implies that U = 0U |q is compact
in X5 ().
The corollary is proved. «

To generalize the assertion of Theorem 6, we need the following statement
(see [10, p.174)):

Let v € C° (R") and k € N be a given number. Then the following repre-
sentation formula is true:

— # <$i1 - yi1)li (xzn - yin)i" 8’“1) (y)
U(x) N (]{J — 1)'0’n = /n ‘ZL’ _ y‘n ayz dyv (7)

where i = (i1, ..., 1n).
Indeed, for fixed i : |i| = k the following is true:

9 ()" ()" :k(ﬂfil)li-~-($in)i"'
O |[" |z["

l7l=1

From this it follows that the right-hand side in (7) is equal to

l. .
i1 Yiq ) e (@Tiy —Yin )™ Ok
S S l)u—yfi s O dy =
1. .
Tiy —Yiq ) o (Tip —Yin )™ Hv byth.3.1
= (k=12 =k Jrn (z0 - 1)|m_y|n Y a;?)dy Y2k — Dlogo (2) .

Corollary 9. Let X (K) be an additive-invariant Banach function space with

_ 0
Property 8) and Q : Q C K be any bounded domain. For arbitrary u € Wy (Q),
the representation formula

_ # (mil - yil)li (:Ein - yzn)Z" o™ (y)
v(z) = (m—1)loy, Z /n |z —y|" Ay dy

lil=m
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18 true.

Proof. For k = 1, the assertion has been proved in Theorem 6. In general

0
case, it is a direct consequence of the relation W' (Q) = Cg° (2), boundedness
of the potential-type integral operators and representation formula (7). <

In particular, from this corollary we obtain the following embedding-type
statement.

Corollary 10. Let X (K) be an additive-invariant Banach function space. Then

0
a) the space W' (Q) can be compactly embedded into X (£2);

b) if the domain Q0 : Q C K admits extension of the functions from Wg (Q),
then W (Q) can be compactly embedded into X5 ().

Acknowledgments

This work is supported by the Azerbaijan Science Foundation-Grant No.
AEF-MCG-2023-1(43)-13/05/1-M-05 and Grant No. AEF-MQM-QA-1-2021-4(41)-
8/02/1-M-02.

References

[1] C. Bennett, R. Sharpley, Interpolation of Operators, Academic Press, 1988,
469 p.

[2] D.W. Boyd, Spaces between a pair of reflexive Lebesgue spaces, Proc. Amer.
Math. Soc., 18(2), 1967, 215-219.

[3] B.T. Bilalov, S.R. Sadigova, On the Fredholmness of the Dirichlet problem
for a second-order elliptic equation in grand-Sobolev spaces, Ricerche mat.,
73, 2024, 283-322.

[4] E.M. Stein, Singular operator and differentiability properties of functions,
Moscow, Mir, 1973 (translation into Russian)

[5] S.G. Mikhlin, Linear partial differential equations, Moscow, Visshaya skola,
1977 (in Russian).

[6] B.T. Bilalov, S.R. Sadigova, On local solvability of higher order elliptic
equations in rearrangement invariant spaces, Siberian Mathematical Jour-
nal, 63(3), 2022, 516-530.



[7]

[11]

[12]

Some Remarks on Integral Operators in Banach Function Spaces 203

E.M. Mamedov, On substitution and extension operators in Banach-Sobolev
function spaces, Proceedings of the Institute of Math. and Mech., Nat. Ac.
of Sciences of Azer., 48(1), 2022, 88-103.

R.E. Castillo, H. Rafeiro, An introductory course in Lebesgue spaces,
Springer, 2016.

E.M. Mamedov, N.A. Ismailov, On structural theorems in Banach function
spaces, Trans. Natl. Acad. Sci. Azerb. Ser. Phys.-Tech. Math. Sci. Mathe-
matics, 43(4), 2023, 114-127.

V.A. Solonnikov, N.N. Uraltseva, Sobolev spaces, in: Selected Topics of
Higher Algebra and Analysis, Leningrad, Leningrad Gos. Univ., 1981, 129-
199 (in Russian).

B.T. Bilalov, E.M. Mamedov, Y. Sezer, N.P. Nasibova, Compactness in
Banach function spaces. Poincare and Friedrichs inequalities. (submitted)

B.T. Bilalov, S.R. Sadigova, On solvability in the small of higher order
elliptic equations in grand-Sobolev spaces, Complex Variables and Elliptic
Equations, 66(12), 2021, 2117-2130.

B.T. Bilalov, S.R. Sadigova, Interior Schauder-type estimates for higher-
order elliptic operators in grand-Sobolev spaces, Sahand Communications
in Mathematical Analysis, 1(2), 2021, 129-148.

E.M. Mamedov, S. Cetin, Interior Schauder-type estimates for m-th order
elliptic operators in rearrangement-invariant Sobolev spaces, Turk J Math.,
48(4), 2024, 793-816.

B.T. Bilalov, T.M. Ahmadov, Y. Zeren, S.R. Sadigova, Solution in the Small
and Interior Shauder-type Estimate for the m-th Order Elliptic Operator in
Morrey-Sobolev Spaces, Azerb. J. Math, 12(2), 2022, 190-219.

B.T. Bilalov, S.R. Sadigova, S. Cetin, The concept of a trace and bound-
edness of the trace operator in Banach-Sobolev function spaces, Numerical
Functional Analysis and Optimization, 43(9), 2022, 1069-1094.

B.T. Bilalov, Hardy’s Banach functional classes and methods of boundary
value problems in questions of bases, Baku, Elm, 2022, 272 p. (in Russian).

S.S. Byun, D.K. Palagachev, L.G. Softova, Survey on gradient estimates
for nonlinear elliptic equations in various function spaces, St. Petersburg
Math. J., 31(3), 2020, 401-419 and Algebra Anal., 31(3), 2019, 10-35.



204

[19]

[20]

[21]

[22]

[23]

[24]

E.M. Mamedov, N.P. Nasibova, Y. Sezer

D.K. Palagachev, L.G. Softova, FElliptic Systems in Generalized Morrey
Spaces, Azerb. J. Math., 11(2), 2021, 153-162.

L. Caso, R. D’Ambrosio, L. Softova, Generalized Morrey Spaces over Un-
bounded Domains, Azerb. J. Math., 10(1), 2020, 193-208.

V. Kokilashvili, A. Meskhi, H. Rafeiro, S. Samko, Integral Operators in
Non-Standard Function Spaces, Volume 1: Variable Exponent Lebesgue
and Amalgam Spaces, Springer, 2016.

V. Kokilashvili, A. Meskhi, H. Rafeiro, S. Samko, Integral Operators in
Non-Standard Function Spaces, Volume 2: Variable Exponent Holder,
Morrey—Campanato and Grand Spaces, Springer, 2016.

D. Cruz-Uribe, O.M. Guzman, H. Rafeiro, Weighted Riesz Bounded Vari-
ation Spaces and the Nemytskii operator, Azerb J. Math., 10(2), 2020,
125-139.

R.E. Castillo, H. Rafeiro, E.M. Rojas, Unique Continuation of the Quasi-
linear Elliptic Equation on Lebesgue Spaces Ly, Azerb J. Math., 11(1),
2021, 136-153.

Eminaga M. Mamedov

Department of Algebra and Mathematical Logic, The Ministry of Science and Education of the
Republic of Azerbaijan, Institute of Mathematics and Mechanics, 9, V. Bahabzade Str., Baku,
AZ1141, Azerbaijan

E-mail

: eminm62@gmail.com

Natavan P. Nasibova
Azerbaijan State Oil and Industry University, Baku, Azerbaijan
Western Caspian University, Baku, Azerbaijan

E-mail

: natavan2008@gmail.com; natavan.nasibova@asoiu.edu.az

Yonca Sezer
Department of Mathematics, Yildiz Technical University, Davutpasha Street, Istanbul, 34220,

Turkey

E-mail: ysezerQyildiz.edu.tr

Received 20 December 2023
Accepted 04 March 2024



