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The Absence of Positive Global Periodic Solution
of a Second-Order Semi Linear Parabolic Equation
With Time-Periodic Coefficients
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Abstract. Second order semilinear parabolic equation % = div(A(z,t)Vu) + h(z,t,u)

with time-periodic coefficients is considered in domain €2 X (—oo, +00), where 2 is the
exterior of a compact set in R”. Depending on the behavior of the function h(zx,t,u)
at infinity, the conditions are found under which the positive periodic solution does not
exist,.
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1. Introduction

Denote R™ = [0;+c0), Bp = {z : |z| < R}, B = {z : |z| > R},
Sgr = {.CE : ]a;| = R} R BRl,RQ = {CE "R < ]w\ < RQ}, Q?l’RQ = BRl,Rg X (O,T),
oo = B x (0,T), Qr = Q x (0,T), Q = Q x (—00; +00), where Q is the
exterior of a compact set D in R} containing the origin.
Consider the equation

?;Z = div(A(x,t)Vu) + h(x,t,u) (1)
in the cylinder @), where n > 3, A(x,t) = (aij(w,t))z.:l, h(z,t,u) : Qx(—00,400) %

R* — R, a;;j(x,t) are bounded, measurable, T- periodic in ¢ functions, and there
exist constants vy, 5 > 0 such that

v |67 < (A€, €) < mléf? (2)
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for every (z,t) € Q,¢ = (&1,...,&,) € R™. Here Vu = <%7.'.78?P11)7 AVu =

n
<Z Wi g ; ) , (A&m) = 22 ag&my, € = (§18n), 1 = (M1 n),
/ 3,7=1
div(AVu) = 3 5 (aw (x, t) )
i,j=1

We will study the existence of a global positive solution of equation (1). The
matters of existence and non-existence of global solutions for different classes of
differential equations and inequalities play an important role both in theory and
applications, that is why they have always been a cause for constant interest
of mathematicians. Interest in such problems arose after Fujita’s popular paper
[16]. After this work, many authors began to investigate the question of existence
of global solutions for various types of equations with nonlinearities of various
types.

A lot of works have been dedicated to these matters (see [1,2,8,11,13,17,21,22,
23,25,26,28]). For useful reviews of such works, we refer the readers to the article
[24], the monograph [27], and the book [30].

In particular, the existence of solutions to the periodic parabolic equations
has also been a study object for many researchers (see [10,14,15,18,19,20,29,31]).
One of the earliest works dedicated to periodic parabolic equations was Seidman’s
[31], which treated the existence of non-trivial periodic solution for the following
problem:

g:: = Au+ ao(z,t) [ul?, (z,t) € Q' x (0,+00),u/g0 = 0, (%)

with ¢ = 0, where ag(z,t) is a periodic in ¢ function and Q' C R™ is a bounded
domain. Since then, many authors have considered the problem (*) for ¢ > 0.
Beltramo and Hess [10] studied the problem (*) for ¢ = 1 and showed that
for specially chosen ag(z,t) it may have non-trivial periodic solutions. Esteban
[14, 15] proved that, for every ¢ > 1 when n < 2, and for 1 < ¢ < "5 when
n > 2 the problem (*) has positive periodic solutions for any kind of ag (x t) > 0.
He also proved that, for n > 2, ¢ > Z—fg this problem has no positive periodic
solution. In 2004, Quittner [29] proved, with some restrictions on ag(x,t), that
this problem has positive solutions for 1 < ¢ < ZJF%

In [4], the equation (1) has been considered in ) with nonlinearity h(x,t,u) =
ao(z,t) |u|?, and it was proved that if ag(x,t) > c|z|?, then there is no positive
solution for 24+ 0 4+ (2 —n)(¢ — 1) > 0. In [5], the equation (1) has been again
considered in @ and it was proved that if ag(z,t) > c|z|” In®|z|, then there is
no positive solution for 2 + o 4+ (2 —n)(¢ — 1) > 0, s € (—o0,+00) and for
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240+ (2—-n)(g—1)=0,s>—1. In [6], the equation (1) was considered with
a weight, and in [7] a system of such equations was considered.

In the present article, the nonlinearity has a more general form. It is the kind
of nonlinearity that was considered in [12], where the existence of non-negative
solutions of the equation Au + h(x,u) = 0 in Q with the condition u/5q > 0 was
discussed. In this paper, we obtain similar results for parabolic equations with
time-periodic coefficients.

2. Main result and its proof

Before giving a definition for solution, we consider the following function
space:

Wy (Qr) =

+oo
- {u(m,t—i—T) = u(z,t),u(z,t) € Wy (Qr), > \k\/ﬂ]uk(x)\de < oo},

k=—o00

where

e 2
ug(z) = T/o u(x,t) exp {—z‘k;t} dt.

The norm in this space is defined as follows:

+oo
2 o 2 2 2
Il gy = Nl oy + 1900y + D 1M [ un(o)? o

k=—o00

01,1/2
By W,  (Qr) we mean a completion of C%*°(Q7) with respect to the norm

1,172 where CO’OO(QT) is a set of infinitely differentiable functions on

|| : HW2 (QT) )
@, which are T periodic in ¢ and vanish in the vicinity of 9€2.

A solution of equation (1) is defined as a function

u(x,t) € W21 };f(QT) () Loo,ioc(Q1) satisfying the corresponding integral identity
k=400
27 Z zk/ ug(x)p—r(z)dr + / (A(z,t)Vu, Vo)dxdt = / h(x,t,u)pdxdt
k=—co 7% Q Q
01,1/2
for each function ¢(x,t) € W,
Denote

Lou = div(A(z,t)Vu) — %
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Consider the linear equation
Lou+ P(z,t)u =0 in Q?’Oo, (3)

where
P(x,t +T) = P(x,t), P(x,1) € Loo1oe(Q1™).

The following two lemmas are true (see [3]).

Lemma 1. There exists a constant Cy > 0 depending on n,vy,vs and not de-
pending on R such that, if P(x,t) > Sy then equation (3) has no positive super

- ‘37'27

solution in Q}Tz’oo.

Note that if a;;(x,t) = d;;, then Cy = (”772)2 (see [9]).

Lemma 2. Let n > 3 and u(z,t) € W;’liéz( ?’OO) be a continuous and nonneg-

ative function in Q?’OO such that Lou < 0 in Q?’Oo and u(x,t) > 0 on Sr. Then
u(@,t) > Bo o[>, (z,1) € QF™, Bo = const > 0.

In this article, the nonlinearity has a more general form, namely, we assume
that h(z,t,u) > h(z,u) > 0 for all (z,t) € Q and h: Q x R — R* is a function
satisfying the following assumption:

(H):

a) for any x € BY

iz(a:, s1) S fz(az, )

— )

S1 52

if s1 > s9 >0,
b) for any 7 > 0,

lim inf Az, 7 |z)*") |2[" > Co,
|z| =400

if b) fails, we assume that
bl) there exists o1 € (0, 1) such that for any 7 > 0

lim infﬁ(a:,T \33|27n) |z|" (In |z])7* > 0,
|z|—+o0

or

b2) there exists v > 1 such that for any 7 > 0, > 0

lim inf A(z, 7 2> (In |z])®) |z (o |z) = > 0,
|z|—+o0
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and
b3) there exists oo > 0 such that for any 7 > 0

7 2—n o2
RGP (nfa]) )

|| =400 7 |z]7" (In|z|)72

> ().

The main result is the following theorem.

Theorem 1. Let n > 3 and A(z,t) satisfy the condition (2). Then under the
assumption (H) equation (1) has no positive solution in Q.

Proof. Let equation (1) have a positive solution u(x,t) > 0. Then for u(z,t)
in Q?’OO all the conditions of Lemma 2 are satisfied, and, consequently, u(x,t) >
Bolx|?>~™, where R is such that D C Br(0).

First, consider the cases (H) — a),b)

Consider the function w By Lemma 2 and (H) — a), b) for large |z| we
obtain
h(z,t,u) S h(x,u) - h(z, Bo |z*™™) _ ifz(m,ﬁo 227 _
w7 ouw T Bylefm je*  Bolal™"
1 1- 9_ Co+e 1 Co+e
= ——h(z,Bolz|”") 2" > — >
22 o (, Bo |«[*") || B P |2

Using this inequality, we get

X

0= Lou+ h(z,t,u) > Lou +
And this contradicts the assertion of Lemma 1.
Let b) not be fulfilled, but b1) and also b3) be fulfilled. Again, suppose
that u(z,t) is a positive solution to equation (1). Then, by Lemma 2, u(z,t) >
Bolx|?>~™. Using bl1), for large |z| we get

h(z,u)

h(x,t
MUZLOU+7U>
u

0= L0u+h($,t,U) = L0u+

h(z, Bo |z|*™ el " In"" |z
T i WO s A
Bo || Bo |z|

C
= LOU+

—U.
ja* I [z
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Consider the equation

Lou + u=01in Q?O’OO, (4)

j[* In” [

where Ry > e.

Now let us show that the equation (4) has a positive solution v(x,t) in Q?O’Oo.
To do this, consider the following problem in Q?O’Oo:
C
Lov+ ——— v =0, 5
O P e |2 (5)
Vjgj=ry = 1, U‘MZR:O, v(xz, t+T) =v(x,t). (6)

It is known the that problem (5), (6) has solutions vgr(z,t). Let’s prove that

0 < wg < 1. First let’s prove that vg < 1. Consider the function ¥ (z,t) =
(vg —1)T = 1rr11%3u>}<%{1)pL —1,0}. Taking the test function ¢ (z,t) in the definition
QY

of the solution, we obtain

2Z§;WL

ka¢_kdx + / (AV’UR, V’UR)d.CI}dt =

Ro,R sup py
C
= ———wg(vg — 1)dzdt.
/supmb ‘5U|21nal 2]

It is easy to show that the first term on the left-hand side is equal to zero.
Then, using (2) and Hardy’s inequalities, we obtain

C
2 \Vog|? dedt + —————wpdzdt <
27 o1
sup py suppy || In”" ||

g/ Cj@mﬁga/ IVog|* dedt.

2
up py |$\ In7* \93| sup py

Take € such that C7 < v1. As a result, we get

(V1 — Cl)/ |V1)R‘2 dxdt + / %deaﬂdt <0.
sup py uppy 2|7 In7* [z]

S

Since all integrals in this inequality are positive, this is possible only if sup pi) = 0.
This means that it really is vg < 1. Similarly, we can show that vg > 0.

Since 0 < wgr <1 for each R and vg is a solution to problem (5),(6), in each
compact set, the sequence of functions vg is Holder continuous and uniformly
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bounded. Then, by the Arzela theorem, in each compact set, the sequence of
functions vg converges uniformly to some function v(z,t), which is a positive
solution of equation (3) in QRO’

Let v(z,t) be a positive solution of equation (3). In the definition of the
solution, we take a test function ¢(z,t) such that 0 < p(x,t) = ¢(x) € C*,

|Ve|* < P |2, e(x) = 0 for |z| < Ro, |z| > 2p and ¢(x) = 1 for 2Ry < |z| < p.
Then we get the following integral equality:
C
———vpdrdt = AV, V)dxdt. 7
/Q?O‘% !$|21n01 || 4 /ng&p( 2 (7)

Given that v(z,t) > Bo|z|*", we estimate the left-hand side of (7) from
below, and the right-hand side from above:

2—n P d
c / — Y _dxdt > Cy Bolel " g = / -
Qg0 JaP o @i Ja o ony T

=C3In 7 p? > CO3ln! p—CsIn'~ 1 2R, =

‘ 2Ry

In'~7' 2R
= 03 lnl_al 1% <1 — rLll_U'1pO> Z 04 lnl_al P (8)

dv Oy
/Ro (AVv, Vp)dxdt = /Ro - Z a;j(x,t) 8 O, dxdt+

7,j7=1

- v Oy
<
T /QP,Q,J > (@ 5 axld vdt

T =1

1 1

2 2

< C5 + Cp / IVo|? dedt / Vol dz | <
Qu:%r p<l|z|<2p

1 1

2 1 2
< Cs+ Cr / |VU\2 dxdt / —dx <

Q2 p<lzl<2p |2]

< Cs+ C’zsﬂn%2 (/

Qp,2p

T

D=

|Vol|? d:cdt) : (9)

Using the Caccioppoli and Harnack inequalities, we estimate the last integral

as follows: . )
2 2 2
Vo> dedt | < Cy Cdudt] <
pT72ﬂ Qp/ 2,3p p
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1
. 2 2
min v n—2 .
< Cho </ Vo (2)dardt> =Cpp 2 min v.
, 2,3
Q= P Qpl #5e

Taking into account (8) and (9) in (7), we get

CyIn'=1 p < Cs5 + C11p" 2 min v.

p/2,3p

1
min v > —p? "(CyIn*T1 p — C5) > Crap* " In'71 p.
;/2»39 011

This means that for large |z|
v(z,t) > Crg |z[* " In' =7 2] . (10)

Taking into account (10) and taking the test function as in (7), we obtain

2—nmqy . 1—0q
C/ Y dedt> C/ Crolal” " ol ) e
Q e

02 Jaf 1% Ja o7

P 11—201 d
=C3 /2R % > Cha 1n2(1—01)p_ (11)
0

Similar to the way we got (10), using (11), we get

v(z,t) > O |27 20— || . (12)
Then by induction we will have that for any k£ € N

v(z,t) > Cg 2> P00 g (13)

Since there is kg € N such that k(1 —o1) > o9 for k > ko, from (13) it follows
that

v(z,t) > Cyp |z " In%2 || . (14)

Let vgr(z,t) be a solution to problem (3), (4). Since u(z,t) is a super solution
of equation (3), it is easy to see that

Wg(x,t) = u(x,t) — Cigvg(x,t)

satisfies the inequality
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where Cig = %ﬁaig u(z,t), Wg(z,t) > 0 for |x| = Ry, Wr(z,t) <0 for |z] = R

and Wg(x,t+T) = W(x,t).

Just as we have shown that 0 < vg < 1, we can also easily show that Wr > 0
for any R. This means u(z,t) > Cigvg(z,t). If we pass to the limit as R — +o0,
we get u(z,t) > Cigv(x,t). Then it follows from (14) that for large |z|

w(zx,t) > Cig |z)* " 1In" |z| . (15)

Since u(z,t) is a positive solution of equation (1), then taking into account
(15) and b3), we obtain

h
0 = Lou + h(z,t,u) = Lou + uZL0u+Mu>
U

h(z,t,u)
u

h(z,Cis |a* " In" |z|) 1 h(z,Cig|z* " In% |z))

> Lou + > Lou+ —
Cig |z[* 7" In%? |z| lz>  Ciglz| " In% |z|
Co+e¢
ZLO + 0 2
||

So, u(x,t) is a positive solution to the inequality

C
%u+;ﬁjﬁ§OinQ$m.
X

And this contradicts Lemma 1.

Let b1) not be fulfilled, but 52) and b3) be fulfilled.

If u(x,t) is a positive solution to equation (1), then again using Lemma 2 and
taking o = 0, b2) we obtain

h(z,t,u) .

0= Lou + h(z,t,u) = Lou + u > Lou + >

h(x,u)

~ 2—n —n -1
P bolel 7) 5 pou ool s p g P

> Lou + — — > —s
Bo l[*~" Bo l[*" jf* In ]

)

where 8 = BC—O. Hence,

Lou+ —5—u <
jz|* In ||

Consider the following equation:

Lov + %v =0 in ?0’00, (16)
" In ||
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where Ry > e

Similar to the previous case, this equation has a positive solution v(z,t) and
u(z,t) > Crgv(z,t).

We get a lower estimate for v(z,t) with large |z|.

Taking the test function ¢(z) as in the previous case, from the definition of
the solution we obtain

/ ﬂdwdt < Chg + Coop™ ?minv. (17)
Q Q4?

o2 |:U|21n]:v| £:20

Switching to polar coordinates, from here we can write the following:

P 7’”_37717»(1)) 021 022 3 1
T ) e < 220 L 220 (0) g3 plnp, 18
/2R0 oy 5t mevpt T ey (18)
where by m,(v) we denote m,(v) = ‘i?j v. Also denote
P =3m, (v
o - [} P,
2Ro nr
Then (18) can be written in the following form:
Co1 | O
fp) < —=+—=f(p)plnp.
g g
From here 51 o
/ 21
-2 - ~2 19
fo) Coz plup” 7 Coy plnp = 19)
We multiply each side of (19) by the function
e_Cizzf p-cllﬁp = e_Cimlnlnp = (lnp)_cizz,
As a result, we have
s C _ s\
(Femp) s~ Cranpy i) o (20)

This means that the function

is non-decreasing. Then for p > Ry

flp) = Ogl > (lnp)cim <f(R1) - O;) (1nR1)‘c%,
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where R; is such that f(R;) — % > 0.
Using all this, from (18) we obtain the following inequality:

C. C C: B
T me)p" 2 (o) 2 5+ Cag(inp) Pz,

c __B_
where Co3 = (f(R1) — “2) (InR;) ™ %22,
As a result, we have

B8
mp(v) > Coup?"(In p) s,

Hence, by Harnack’s inequality
_B_
v(z,t) > Cog 2> (In |z|) C22.

Since u(z,t) > Cigv(z,t), for large |z| we obtain the following estimate for
u(z,t):
B
u(z,t) > Cos |z*™" (In |z]) P22 (21)

Taking the test function ¢(z) as before, and using the estimate (19) and b2),
from the definition of the solution of equation (1) we obtain

/ h(z,t,u)pdr < Cy + Cop™ 2 min u(z, t). (22)
Rg,2p p,2p
Qr Q7

Let’s estimate the left-hand side from below:

/ h(z,t,u)pdzdt > / Mz, v) udzdt >
Rg,2p 2Rq,p u
QT QT

7 2—n =
h $,025 ‘.%" (ln]x\)cm

Z/21% B
R e

udxdt >

- B
= / — (x,czs " (ln!x)%) dzdt >
QT 0P

B
>Cop [ el el >
2Ro<|z|<p

p

P -n L’}’*1 n—1 =
> Oy r "(lnr)C2 " " dr = Cog(lnr) 22
2 2Ry

Ro
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By By By
= Cyg(In p) T2z — Cyg(In(2R0)) 22 > Chg(In p) T2z,

As a result, from (22) we obtain

By
Co7(In p) 022 < Cp+ Cop™™ mlnu(ac t).
Qg

Hence, by Harnack’s inequality, we obtain
2—n 2
u(z,t) = Cog |z[”" (In[z]) 2. (23)
Doing the same, but this time using estimate (23), we get the following estimate:

2—n ﬁ
u(z,t) > Cog |x| (In |x|) @22

As a result, due to mathematical induction, we will have

JeR
Coo

u(z,t) > Cag 2> (Inz]) e

where k is an arbitrary positive integer.

Since v > 1, there exists kg such that % > o9 for k > kg .
Then it is obvious that

u(z,t) > Cso ||~ (In |z])72 (24)

for large |x|. Then using (24) and b3) we get the following:

F h
0= Lou+h(z,t,u) > Lou + h(z,u) = Lou + (x’u)u >
h (m Co |z In \1’|®> Co+e
> Lou + = = > Lou + 0
Cso |z|* " In |x|7? 22

Thus, we have obtained that there exists € > 0 such that u(z,t) is a super solution
of the equation

Co
Lou+ 2550 0,

This contradicts Lemma 1. The proof of the theorem is finished.
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Example 1. Consider the equation

% = div(A(z, t)Vu) + ap(x, t) |u]?

in Q, where ¢ > 1, ag(x,t) is a T— periodic function in t and ao(x,t) >

ag |z|*n? |z|, s > —2. Here h(z,u) = ag |z|*In’ |z||u|? and it is clear that the
condition a) is satisfied. Then for any T > 0

iz(x, - |x’2—n) |x’n > aOTq ’x‘s+(2—n)q+n lna |x’ >C ‘x’s+2+(2—n)(q—1) lne ‘$| )

From this, it is clear that at 24+ s+ (2—n)(¢—1) > 0,0 € R or2+s+ (2 —
n)(q—1) = 0,0 > 0 condition b) is satisfied and therefore a positive solution does
not exist.

Let now 2+ s+ (2—n)(¢g—1) = 0,—1 < 0 < 0. First consider the case
—1 <0 <0. Let’s check that in this case, bl), b3) are fulfilled. Since —1 < 6 <0,
there exists o1 € (0,1) such that o1 + 60 > 0. Then for any T > 0

Az, 7 |2>™) |z|" In% |z > C |2 1ot 5] = 1o H0 |2

This means that bl) is fulfilled.
Since q > 1, there exists such o9 > 0 that o9(q — 1) > 1. Then

h(z, 7 |2[*" In™ |])

> CIn?2 @ D+0 |4,
7le] " % x| T

Due to the fact o9(q — 146 > 0, it is clear that b3) is fulfilled. Hence, there are
no positive solutions in this case either.

Let at last 0 = —1. Since q > 1, there exists v > 1 such that ¢ — v > 0. Then
for any >0, a >0, h(z,T ‘:Bg_”’ In® |z]) |z In=7F! > C ™) |z| > 0. This
means that in this case, b2) is fulfilled. Similar to the previous one, it can be
shown that b3) is also fulfilled. So again, there are no positive solutions either.
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