Azerbaijan Journal of Mathematics

V. 14, No 2, 2024, July

ISSN  2218-6816
https://doi.org/10.59849/2218-6816.2024.2.46

Positive Integer Powers of the Kronecker Sum of
Two Tridiagonal Toeplitz Matrices

Y. Mezzar*, K. Belghaba

Abstract. In this article, we give an explicit expression for calculating the arbitrary
positive integer powers of the Kronecker sum of two tridiagonal Toeplitz matrices.
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1. Introduction

Let a tridiagonal Toeplitz matrix T' of size n be given as:

where a # 0 and ¢ # 0. We denote the matrix M, the Kronecker sum of two
tridiagonal Toeplitz matrices 77 and T, given by (1), by

M =T, dT5. (2)

We find this type of matrices in a wide variety of applications, such as dis-
cretization problems of two-dimensional differential equations, including those
arising from the two-dimensional Poisson problem [2, 4]. We need to calculate
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the positive integer powers of this type of matrices for solving corresponding dif-
ference equations. Salkuyeh in [8] and Rimas in [5, 6, 7] gave an explicit expres-
sion for arbitrary positive integer powers of many types of tridiagonal Toeplitz
matrices.

In this paper, we present an expression for the positive integer powers of ma-
trix M given by (2) of arbitrary orders.

This paper is organized as follows. We start with the definitions and prop-
erties we need in our research in Section 2. In Section 3, an expression for the
positive integer powers of the Kronecker sum of two tridiagonal Toeplitz matrices
is derived. We give two numerical examples in Section 4.

2. Preliminaries

First, we mention the following definitions and lemma that we will be using
in this paper.

Definition 1 (Kronecker product). [1, 4/ Let A and B be two matrices in R™*",
Then the n? x n® matriz

allB algB alnB
A © B = ag.lB GQ?B G/Q‘TLB (3)
GnlB anQB e annB

is the Kronecker product of A and B.

Definition 2 (Kronecker sum). [4/ Let A and B be two matrices in R"*". We
denote by A ® B the Kronecker sum of A and B defined as

A®B=(A®I)+ (I®B),

where A ® B is a matriz of order n?, and I denotes the identity matriz of order
n.

Property 1. [9, 10] Consider the matrices A, B,C and D with compatible sizes.
e (A® B)™' = A7' ® B!, where A and B are invertible matrices,

e (0A)® (BB) =af(A® B), for any scalars a and (3,

e (AB)® (CD)=(A®C)(B® D), (the mized product rule).

Theorem 2. [}/ Suppose for n € N that A and B are two matrices in R™"*"
with eigenpairs (Ai,u;),i = 1,...,n and (uj,v5),5 = 1,...,n, respectively. And
M = A®B. Then (A\i+pj,u;®vj) is an eigenpair of the matriz M, i,j = 1,...,n.
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3. Main results

Let T1 and 75 be two tridiagonal Toeplitz matrices given by

b1 a1 by ao
ca b ar c2 by a
T = el ;o Iy = e el T ,
cr b c2 by a
a b c2 by

moreover, (A, u;) and (uj,vj) be the eigenpairs of T and T3, respectively, such
as [2, 8]:

3 lim
(%)2 sin
! n+1
2 .
<6—1>§ sm< 2im )
c1 i “ n+l
Ai = b1 4+ 2a1,/ — cos , U = e\ . 3im ,i=1,2..n, (4)
al n+1 (a—l) sin
1 n+1
<0—1>§sin nim
@ n+1
and
() sn (2
£2) % gin
a2 n+1
<C )3 . ( 2§ >
£2 )" ¢in
02 j a2 n+1
pj = bz + 2az,/ — cos y Uj = o\ . 3jm ,i=12.,n (5
as n+1 (;) sin
2 n+1
() (22)
a2 n+1

ie., Tiu; = A\u; and Thv; = pjv;, moreover, the matrices 77 and T3 are diago-
nalizable, such that U = (uy ug, ... uy,) and V = (v; v, ... v,) diagonalize T}
and T5, respectively, i.e.,

U'U =D, , V'LV = Dy,
where D = diag(A1 A2 ... A) and Do = diag(p1 p2 ... fin), otherwise
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T, =UDU' |, T,=VDyv~ 1. (6)
Lemma 1. If T and Ty are two matrices of the form (6) and M = Ty ®Ts, then
M = SDS™1,
with S=U®V and D = D1 ® Ds.

Proof. See [3]. «

Now it is easy to compute M™ via the formula SD™S~!, where m is a positive
integer, because M is diagonalizable, and D™ is simply a diagonal matrix [3].
Hence, it is enough to find an explicit expression for S~!. Let

and

Then we have: U = DiU and V = D,V, where U = (41 g, ... Up) and V=

(Ty Ta, ... Tn).

Lemma 2. [8] Suppose U and V are defined as above. Then

i S A
n+1 n+1
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Therefore we have:

Sl=UeV)!
=Ulev
= (D10) '@ (DV) 1,
= (U'D Y e (V7IDyh,

= (o) e ().

2
~ (%) @bhe @Dy,
= R0 e VIB @ DY,

Theorem 3. Let M =11 © 15 be the Kronecker sum of two tridiagonal Toeplitz
matrices defined in (1) and

Z11 ... Zin
Z g Mm = : c . i . s
an Znn
where m is a positive integer. Then
i~
4 c1 2 " . kjm . ikm ~
Zii=— [ — VY (M + D)™ VDs ;
W 1) (al) ;( kI + Da)™ sin <n—|—1 sin ] 23
1—7 s—t
st 4 a) 2 (@) 2 v
= | — — A mX
“ij (n+1)2 \ay as P l:1( k)

. ikm . slm . kjm . ltm
X sin sin sin sin ;
n+1 n+1 n+1 n-+1

k l
where)\k—b1+2a1\/cl/alcos( 7T1> Gndﬂl—b2+2a2\/62/a2008< il )

n+1

Proof.

™ =S5DmS
4 g ¥ ™ — ~
= m(U@ V)(Dy @ Do)™(U @ V) (D' @ D).
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Now by replacing U, V, U, and V in the last equation and a bit of math, the
desired formula is achieved. <«

Remark 1. If M is a non-singular matriz (i.e., all the eigenvalues of M are
non-zero), then Theorem & can also be used for the negative integer m. We get
the inverse of the matrix M in the special case m = —1.

Example 1. Let

T =

0.2, p3 =04 .

0.5 0.1
0.2 05 0.1

4. Examples

0

0 02 05

Here, we have a; = 0.1, by = 0.5, ¢ = 0.2 and ay = —0.1, by = 0.5, co = —0.2.
By using (4) and (5), we have \y = 0.3, Ay = 0.5, A3 = 0.7 and 1 = 0, pa =

If M =T & T; is given as

0.7
—0.2
0

0.2
M = 0

o O o o

—0.1
0.7
—0.2
0

0.2

0

0
0
0

;o Ir =

0.2 -0.1
-0.2 0.2
0 —0.2

0 01 0 0
-0.1 0 0.1 0
0.7 0 0 01
0 07 -01 0

0 -02 07 -01
0.2 0 -02 07
0 02 0 0

0 0 0.2 0

0 0 0 02

and m = 10, then from the formula (3) we have

t—j+s—t—2 3

st 9
2z = 2

0.2601
—0.4111

0.3172

0.4111

MO = | _o.6343
0.4746

0.3172

—0.4746

0.3412

3

k=1 1=1
where i,7,8,t =1,2,3. We find:

—0.2056
0.4187
—0.4111
—0.3172
0.6484
—0.6343
—0.2373
0.4877
—0.4746

0.0793
—0.2056
0.2601
0.1186
—0.3172
0.4111
0.0853
—0.2373
0.3172

0.2056
—0.3172
0.2373
0.4187
—0.6484
0.4877
0.4111
—0.6343
0.4746

50 Ot sin (7 ) s

—0.1586
0.3242
—0.3172
—0.3242
0.6626
—0.6484
—0.3172
0.6484
—0.6343

0.0593
—0.1586
0.2056
0.1219
—0.3242
0.4187
0.1186
—0.3172
0.4111

sl

0
—0.1
0.2

— oo oo

-0.1
0.7
—0.2

0.0793
—0.1186
0.0853
0.2056
—0.3172
0.2373
0.2601
—0.4111
0.3172

—oococoo

—0.0593
0.1219
—0.1186
—0.1586
0.3242
—0.3172
—0.2056
0.4187
—0.4111

o (55 ()

0.0213
—0.0593
0.0793
0.0593
—0.1586
0.2056
0.0793
—0.2056
0.2601
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Example 2. Let

2 -1 0 2 -1 0
h=1-1 2 -1 ;o T=|(-2 2 -1
0 -1 2 0o -2 2

Here, we have a; = —1, by =2, ¢ = —1 and as = —1, b = 2, co = —2. By
using (4) and (5), we have A\ = 0.5858, Ay = 2, A3 = 3.4142 and p1 =0, pz =
2, M3 = 4.

If M =T, & T is given as

4 -1 0 -1 0 O O 0 O

-2 4 -1 0 -1 0 0 0 O

0o -2 4 0 0 -1 0 0 O

-1 0 0 4 -1 0 -1 0 O

M = 0 -1 0 -2 4 -1 0 -1 0
o 0 -1 0 -2 4 0 0 -1

o 0 0-1 0 0 4 -1 0

o 0o o 0 -1 0 -2 4 -1

o o0 o0 o o0 -1 0 -2 4

and the eigenvalues of M given as \; + pj, 1,7 =1,2,3, are non-zero, then the
matriz M is non-singular.

For m = —1, from the formula (3) we have
Anlink 7 z ki it
st IRT . SiLT . g . T\
z; =2 2 kgl g /\k+,ulsm< 1 >sm<4>sm<4> sm<4>,

where ©,7,s,t =1,2,3. We find:

0.3643 0.1446 0.0482 0.1681 0.1176 0.0483 0.0727 0.0613 0.0274
0.2892 0.4608 0.1446 0.2353 0.2647 0.1176 0.1225 0.1275 0.0613
0.1929 0.2892 0.3643 0.1933 0.2353 0.1681 0.1096 0.1225 0.0727
0.1681 0.1176 0.0483 0.4370 0.2059 0.0756 0.1681 0.1176 0.0483
M1 =10.2353 0.2647 0.1176 0.4118 0.5882 0.2059 0.2353 0.2647 0.1176
0.1933 0.2353 0.1681 0.3025 0.4118 0.4370 0.1933 0.2353 0.1681
0.0727 0.0613 0.0274 0.1681 0.1176 0.0483 0.3643 0.1446 0.0482
0.1225 0.1275 0.0613 0.2353 0.2647 0.1176 0.2892 0.4608 0.1446
0.1096 0.1225 0.0727 0.1933 0.2353 0.1681 0.1929 0.2892 0.3643
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