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Super and Strong v H-Lindelofness in Hereditary
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Abstract. Let (X, m, H) be a hereditary m-space and « : m — P(X) be a vy-operation
on m. A subset A of X is said to be yH-Lindelof relative to X [1] if for every cover
{Uy : @ € A} of A by m-open sets of X, there exists a countable subset Ay of A such
that A\ U{y(U,) : @ € Ag} € H. In this paper, we define and investigate two kinds of
strong forms of “v H-Lindelof relative to X”.

Key Words and Phrases: hereditary m-space, yH-Lindel6fness, strong yH-Lindel6fness,
super YH-Lindel6fness.

2010 Mathematics Subject Classifications: 54D20, 54D30

1. Introduction

In 1991, Ogata [2] introduced the notions of y-operations and y-open sets
in a topological space and investigated the associated topology 7, and weak sep-
aration axioms v-7; (i = 0,1/2,1,2). In [3], a minimal structure and a mini-
mal space (X, m) are introduced and investigated. In 2011, Noiri [4] defined
an m-y-operation on an m-structure with property B (the generalized topology
in the sense of Lugojan [5]). Csdszar [6] introduced the notion of hereditary
classes as a generalization of ideals. Let (X, m, H) be a hereditary m-space and
v : m — P(X) be an operation on m. A subset A of X is said to be YH-
Lindelof relative to to X (resp. ~-Lindeldf relative to X) [1] if for every cover
{Uq : @ € A} of A by m-open sets of X, there exists a countable subset Ay of A
such that A\ U{y(Uy) : @ € Ag} € H (resp. A CU{y(Uy) : @ € Ap}).

In this paper, we define a subset A of a hereditary m-space (X, m, H) to be
super yH-Lindelof relative to X if for every family {U, : @ € A} of m-open
sets of X such that A\ U{U, : « € A} €H, there exists a countable subset A
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of A such that A C U{y(Uy) : @ € Ag}. Similarly, we define a subset called
strongly yH-Lindelof relative to X and investigate their properties. Also, pa-
pers [7, 8, 9] have introduced some properties related to minimal spaces with
hereditary classes.

2. Preliminaries

Definition 1. A subfamily m of the power set P(X) of a nonempty set X
is called a minimal structure (briefly m-structure) [3] on X if m satisfies the
following conditions:

(1) € m and X € m,

(2) The union of any family of subsets belonging to m belongs to m.

A set X with an m-structure m on X is denoted by (X,m) and is called
an m-space. Each member of m is said to be m-open and the complement of
an m-open set is said to be m-closed. In this paper, the m-structure [3] having
property B is briefly called the m-structure.

Definition 2. Let (X, m) be an m-space and A be a subset of X. The m-closure
mCl(A) and the m-interior mInt(A) of A [10] are defined as follows:

(1) mCl(A) = {FCX:ACF,X\Fem},

(2) mInt(A) =uU{U Cc X : U C A,U € m}.

Lemma 1. [3]. Let (X, m) be an m-space and A be a subset of X.
(1) x € mCI(A) if and only if UN A # O for every U € m(x).
(2) A is m-closed if and only if mCl(A) = A.

Definition 3. A nonempty subfamily H of P(X) is called a hereditary class on
X [6] if it satisfies the following properties: A € H and B C A implies B €
H. A hereditary class H is called an ideal [11], [12] if it satisfies the additional
condition: A € H and B € H implies AU B € H.

A minimal space (X, m) with a hereditary class H on X is called a hereditary
minimal space (briefly hereditary m-space) and is denoted by (X, m,H). The
notion of ideals has been introduced in [11] and [12] and further investigated in
[13].

Definition 4. Let (X, m) be an m-space. Let m~vy : m — P(X) be a function
from m into P(X) such that U C m~y(U) for each U € m. The function m-y
is called an m~y-operation on m [4] and the image m~y(U) is simply denoted by
~(U). In this paper, an m~y-operation is simply called a ~y-operation.
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Definition 5. Let (X, m) be an m-space and v : m — P(X) be a ~y-operation.
A subset A of X is said to be y-open [4] if for each x € A there exists U € m such
that © € U C y(U) C A. The complement of a y-open set is said to be ~y-closed.
The family of all y-open sets of (X, m) is denoted by (X ). The 7-closure of A,
vCl(A), is defined as follows: 7Cl(A) = {F C X : AC F, X\ F € yv(X)}.

Definition 6. Let (X, m,#H) be a hereditary m-space and 7 be a ~y-operation on
m. A subset A of X is said to be yH-Lindeldf relative to X [1] (resp. ~y-Lindeldf
relative to X) if for each cover {U, : @ € A} of A by m-open sets of X, there
exists a countable subset Ay of A such that A\ U{y(Uy,) : @ € A¢} € H (resp.
A CU{y(Uy) : v € Ap}.

Definition 7. Let (X, m,#H) be a hereditary m-space and 7 be a ~y-operation on
m. The space (X, m,H) is said to be yH-Lindeldf [1] (resp. y-Lindeldf) if X is
~vH-Lindeldf relative to X (resp. ~y-Lindeldf relative to X).

3. Super yH-Lindelof spaces

Definition 8. Let (X, m, H) be a hereditary m-space and v be a y-operation on
m.

(1) A subset A of X is said to be super vH-Lindeldf relative to X if for every
family {U, : @ € A} of m-open sets of X such that A\U{U, : « € A} € H, there
exists a countable subset Ay of A such that A C U{y(U,) : @ € Ap}.

(2) (X,m H) is called a super yH-Lindelof space if X is super yH-Lindelof
relative to X.

Remark 1. Let (X, m, H) be a hereditary m-space. If H = {0}, then ”super
~H-Lindelof relative to X” coincides with ”~v-Lindelof relative to X”.

Theorem 1. Let (X, m, H) be a hereditary m-space and 7y be a ~y-operation on
m. For a subset A of X, the following properties are equivalent:

(1) A is super yH-Lindelof relative to X;

(2) for every family {F, : o € A} of m-closed sets of X such that AN (N{Fy :
a € A}) € H, there exists a countable subset Ag of A such that AN (N{[X \
V(X N\ Fo)] € Ag}) =0.

Proof. (1) = (2): Let {F, : @ € A} be any family of m-closed sets of X
such that AN (N{F, : @« € A}) € H. Then, we have A\ (U{X \ F, : o €
AP =A\( X\ {Fa:acA}) =AN(MN{F,:a € A}) € H. Since X \ F, is
m-open for each o € A, by (1) there exists a countable subset Ag of A such that
A CU{y(X \ F,) : a € Ap}. Therefore, we have

ANXA\(Uv(X\ Fa) s a € Ao} = AN (N{[X \ (X \ Fo)] : @ € Ag}) =D
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(2) = (1): Let {U, : @ € A} be any family of m-open sets of X such that
A\W{U, : @ € A} € H. Then {X \ U, : @ € A} is a family of m-closed sets such
that A\U{Uy : 0 € A} = AN (X \ WUy :a € A}) = AN(N{X \ U, : a € A})
and hence AN (N{X \ Uy : a € A}) € H. By (2), there exists a countable subset
Ag of A such that AN (N{[X \ (X \ (X \Ua))] : @« € Ag}) = An(N{[X \
Y(Ua)] : @ € Ag}) = 0. Therefore, AN (X \ U{7(Uy) : @ € Ap}) = 0 and hence
A CcU{~y(U,) : @ € Ag}. This shows that A is super yH-Lindelof relative to X.
<

Corollary 1. Let (X, m, H) be a hereditary m-space and ~ be a ~y-operation on
m. Then, the following properties are equivalent:

(1) (X,m, H) is super vH-Lindeldf;

(2) for every family {Fy : « € A} of m-closed sets of X such that N{F, : a €
A} € H, there exists a countable subset Ao of A such that N{[X \ (X \ Fo)] :
[OAS Ao} = 0.

Definition 9. Let (X, m, H) be a hereditary m-space and v be a y-operation on
m. A subset A of X is said to be Hryg-closed if yCl(A) C U whenever A\ U €
H and U is m-open.

Theorem 2. Let (X, m, H) be a hereditary m-space, v be a y-operation on m
and A, B be subsets of X such that A C B C vCl(A) and A is Hryg-closed. Then
the following properties hold:

(1) if yC1(A) is v-Lindeldf relative to X, then B is super yH-Lindeldf relative
to X,

(2) if B is y-Lindelof relative to X, then A is super yH-Lindeldf relative to
X.

Proof. (1): Suppose that yCl(A) is y-Lindeldf relative to X. Let {U, : aw € A}
be any family of m-open sets of X such that B\ U{U, : a € A} € H. Then
A\ U{Uy : o € A} € H. Since A is Hyg-closed, yCl(A) C U{U, : a € A}.
Since yCl(A) is 7-Lindeldf relative to X, there exists a countable subset Ag
of A such that yCl(A) € U{y(Uy) : @ € Ap}. Since B C ~Cl(A), we have
B c U{v(U,) : « € Ag}. Therefore, B is super yH-Lindeldf relative to X.

(2): Suppose that B is v-Lindelof relative to X. Let {U, : @ € A} be any
family of m-open sets in X such that A\ U{U, : « € A} € H. Since A is Hvg-
closed, yCl(A) C U{U, : @ € A}. Hence, we have B C yvCl(A) C U{U, : o € A}.
Since B is v-Lindelof relative to X, there exists a countable subset Ag of A such
that B C U{y(Ua) : @ € Ap}. Since A C B, A C U{y(Uy,) : @ € Ap}. Therefore,
A is super yH-Lindelof relative to X. <«
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Theorem 3. Let (X, m, H) be a hereditary m-space and vy be a ~y-operation on
m. If subsets A and B of X are super yH-Lindelof relative to X, then AU B is
super YH-Lindeldf relative to X.

Proof. Let {Uy : @ € A} be any family of m-open sets of X such that
(AUB)\ WUy, € A} € H. Then, we have A\ U{U, € A} € H and B\
U{U, € A} € H. Since A and B are super yH-Lindelof relative to X, there exist
countable subsets A4 and Ap of A such that A C U{yCl(U,) : « € As} and
B c U{rCl(U,) : « € Ap}. Hence we have AUB C U{yCl(U,) : « € AyUAR}.
A4 UAp is a countable subset of A. Therefore, A U B is super yH-Lindelof
relative to X. «

Theorem 4. Let (X, m, H) be a hereditary m-space, vy be a ~y-operation on m
and A, B be subsets of X. If A is super yH-Lindeldf relative to X and B is
~v-closed, then AN B is super YH-Lindeldf relative to X.

Proof. Let {U, : a € A} be a family of m-open sets of X such that (AN B)\
U{U, : « € A} € H. Since B is y-closed, X \ B is y-open and for each x € X\ B,
there exists V,; € m such that x € V; C v(V;) € X \ B. Hence {U, : «a €
A}U[W{V, : z € X\ B} is a family of m-open sets of X. (ANB)\U{U, : a € A}
= A\[(X\B)U(UW{U, : a € A})] = A\ [(UW{V, : 2 € X\B}HU(U{U, : a € A})] €
H. Since A is super vH-Lindelof relative to X, there exist countable subset Ag
of A and countable points x1,z2, ..., Zp,... in X \ B such that A C [(U{y(Vy,) :
i=1,2,...,n,..}) U(U{y(Uy) : @ € Ag})]. Since BN ~(V,,) = 0 for each x;
(t=1,2,...n,..), ANB C [U{y(Ua) : @ € Ag}]NB C U{y(Uq) : @ € Ag}.
Therefore, AN B is super vH-Lindelof relative to X. <«

Corollary 2. If a hereditary m-space (X, m, H) is super YH-Lindelof and B is
~v-closed, then B is super yH-Lindeldf relative to X .

Definition 10. A function f : (X,m) — (Y,n) is said to be (v, d)-closed if for
eachy €Y and U € m containing f~1(y), there exists V € n containing y such
that f~1(3(V)) < 7(U).

Definition 11. Let (X, m, H) be a hereditary m-space.

(1) A subset A of X is said to be super H-Lindelof relative to X if for every
family {U, : @ € A} of m-open sets of X such that A\U{U, : @ € A} € H, there
exists a countable subset Ag of A such that A C U{U, : o € Ag}.

(2) (X,m H) is called a super H-Lindeldf space if X is super H- Lindelof
relative to X.
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An m-structure m is said to have countable additive property for an operation
v:m — PX)if y(UW{Vy : a € A}) = U{y(V,) : a« € A} for V, € m and a
countable set A.

Theorem 5. Let f : (X, m) — (Y,n,H) be a (v, d)-closed surjective function such
that m has countable additive property. If f~'(y) is super H-Lindeldf relative
to X for each y € Y and B is §-Lindeléf relative to Y, then f~(B) is super
vf~Y(H)-Lindeléf relative to X.

Proof. Let {U, : a € A} be any family of m-open sets of X such that
FYUB)\ WU, : a € A} € f~Y(H). Then for each y € B, since f~!(y) is super
‘H-Lindeldf relative to X, there exists a countable subset A(y) of A such that
FHy) CU{U, : a € A(y)} = U,. Since Uy is an m-open set of X containing
f~Hy) and f is (7, 6)-closed, there exists an n-open set V, containing y such
that f~1(6(V,)) € v(Uy). Since {V, : y € B} is an n-open cover of B and B
is 0-Lindelof relative to Y, there exists a countable subset By of B such that
B CU{6(Vy) : y € By}. Hence we have

STHB) Cu{f(6(Vy)) : y € Bo} CU{v(Uy) : y € Bo}
CU{y(Ua): a € Aly),y € Bo}.

We obtain f~1(B) C U{y(Uys) : @ € A(y),y € Bo}. This shows that f~(B) is
super v f~1(#H)-Lindelof relative to Y. «

Corollary 3. Let f : (X,m) — (Y,n,H) be a (v,6)-closed surjective function
such that m has a countable additive property. If f='(y) is super H-Lindeldf
relative to X for each y € Y and B is super dH-Lindelof relative to Y, then
F~YB) is super v f~1(H)-Lindeldf relative to X.

Corollary 4. Let f : (X,m) — (Y,n,H) be a (v,0)-closed surjective function
such that m has a countable additive property. If f~(y) is super H-Lindeldf
relative to X for each y € Y and Y is §-Lindeldf, then X is super vf~'(H)-
Lindelof.

4. Strongly yH-Lindelof spaces

Definition 12. Let (X, m, H) be a hereditary m-space and v be a y-operation
on m.

(1) A subset A of X is said to be strongly vH-Lindelof relative to X if for
every family {U, : @ € A} of m-open sets of X such that A\ U{U, : a € A} €
H, there exists a countable subset Ag of A such that A\ U{y(Ua,) : @ € Ap} €
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H.
(2) (X, m, H) is said to be strongly yH-Lindeldf if X is strongly vH-Lindeldf
relative to X.

Theorem 6. Let (X, m, H) be a hereditary m-space and «y be a y-operation on
m. For a subset A of X, the following properties are equivalent:

(1) A is strongly yH-Lindeldf relative to X ;

(2) for every family {F, : o € A} of m-closed sets of X such that AN (N{Fy :
a € A}) € H, there exists a countable subset Aoy of A such that AN (N{[X \
V(X \ Fo)] :a € Ap}) € H.

Proof. (1) = (2): Let {F, : @« € A} be any family of m-closed sets of X such
that AN (N{Fy:a€ A}) € H. Then A\NU{X \ F,:ae€ A})=A\ (X \N{F,:
a€A})=AN(N{F,:a € A}) € H. Since X \ F, is m-open for each a € A
and A is strongly yH-Lindelof relative to X, by (1) there exists a countable
subset Ag of A such that A\ U{v(X \ F,) : @ € Ao} € H. This implies that
AN(OX \7(X\ F)) 0 € Ag}) = A\ (X \ (VX \ (X \ F)] : @ € Ag})) =
A\NU{y(X \ F,) :a € Ap} € H.

(2) = (1): Let {Uy : @ € A} be a family of m-open sets of X such that
A\ U{Uy : a € A} € H. Then {X \ Uy : @ € A} is a family of m-closed sets of
X and also A\ U{Uy :a € A} = AN(X\UW{Uy:ae A}) = AN (M{X \ Uy, :
a € A}) € H. Thus, by (2) there exists a countable subset Ay of A such that
AN(N{X \7(Uy) : @ € Ag}) € H. Therefore, we have A\ U{~y(U,) : « € Ag} =
AN(X\U{y(Uq) : v € Ao}) = AN (N{X \7(Us) : @ € Ag}) € H. This shows
that A is strongly vH-Lindelof relative to X. «

Corollary 5. For a hereditary m-space (X, m, H), the following properties are
equivalent, where v is a y-operation on m:

(1) (X, m, H) is strongly vH-Lindelof;

(2) for every family {Fy : « € A} of m-closed sets of X such that N{F, : a €
A} € H, there exists a countable subset Ag of A such that N{[X \ v(X \ Fu)] :
[OAS Ao} e H.

Theorem 7. Let (X, m, H) be a hereditary m-space, vy be a ~y-operation on m
and A, B be subsets of X such that A is Hyg-closed and A C B C vCI(A). Then
the following properties hold:

(1) if vCl(A) is yH-Lindeldf relative to X, then B is strongly vH-Lindelof
relative to X,

(2) if B is yH-Lindelof relative to X, then A is strongly vH-Lindeldf relative
to X.
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Proof. (1): Suppose that yCl(A) is yH-Lindelof relative to X. Let {U, :
a € A} be any family of m-open sets of X such that B\ U{U, : a € A} € H.
Then A\ U{U, : a € A} € H and U{U, : @ € A} € m. Since A is Hmg-closed,
vCl(A) C U{Uy, : a € A}. Since yCI(A) is yH-Lindelof relative to X, there exists
a countable subset Ag of A such that yCl(A)\U{v(Uy,) : @« € Ap} € H and hence
B\ U{y(Uy) : @ € Ag} € H. Therefore, B is strongly yH-Lindelof relative to X.

(2): Suppose that B is yH-Lindelof relative to X. Let {U, : a € A} be any
family of m-open sets of X such that A\ U{U, : « € A} € H. Since A is Hmg-
closed, we have B C vCl(A) C U{U, : a € A}. Since B is vH-Lindeldf relative
to X, there exists a countable subset Ag of A such that B\ U{y(U,) : @ € Ap} €
H. Since A C B, A\ U{y(Ua) : @ € Ag} € H. Hence, A is strongly yH-Lindelof
relative to X. «

Theorem 8. Let (X, m, H) be an ideal m-space and ~y be a y-operation on m.
If the subsets A and B of X are strongly vH-Lindeldf relative to X, then AU B
is strongly vH-Lindelof relative to X.

Proof. Let {U, : a € A} be any family of m-open sets of X such that
(AUB)\U{Uqy : @« € A} € H. Then A\ U{U, : @« € A} € H and B\ U{U, :
a € A} € H. Since A and B are strongly yH-Lindelof relative to X, there
exist countable subsets A4 and Ap of A and subsets Hy and Hg of H such
that A C U{U, : @« € Aq}U Hy and B C U{U, : a« € Ap}U Hp. Hence we
have (AUB) C U{U, : @« € Ay UAp} U (Ha U Hp). Since H is an ideal, we
have (AU B) \U{U, : « € Ay UAp} € H. This shows that AU B is strongly
~vH-Lindelof relative to X. «

Theorem 9. Let (X, m, H) be a hereditary m-space, v be a ~y-operation on m
and A, B be subsets of X. If A is strongly yH-Lindeldf relative to X and B is
~v-closed, then AN B is strongly yH-Lindeldf relative to X.

Proof. Let {Uy : o € A} be any family of m-open sets of X such that
(ANB)\ WU, : a € A} € H. Since B is y-closed, X \ B is y-open and for
each z € X \ B, there exists V,, € m such that z € V, C ~(V;) C X \ B.
Hence {U, : a € A} U[UW{V, : © € X \ B}] is a family of m-open sets of X.
(ANB)\WUy:ae A = A\ [(X\B)U (UW{Uy:ae A})] = A\ [UW{V, 1z €
X\ B}U (UW{U, : a € A})] € H. Since A is strongly yH-Lindeldf relative to
X, there exist countable subset Ag of A and countable points x1, zo, ..., Ty, ... in
X \ B such that A\ [U{y(V,) :i=1,2,...,n,..} U(U{y(Us) : @« € Ag})] € H.
Since BN~y (Vy,) = 0 for each z; (i = 1,2,...,n), AN B\ [U{y(Ua) : @ € Ag}] €
‘H. Therefore, AN B is strongly yH-Lindel6f relative to X. «
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Corollary 6. If a hereditary m-space (X, m, H) is strongly YH-Lindeldf and B
is y-closed, then B is strongly vH-Lindelof relative to X.

Theorem 10. Let f : (X,m) — (Y,n,H) be a (v,0)-closed surjective function
such that m has a countable additive property. If f='(y) is super H-Lindeldf
relative to X for each y € Y and B is §H-Lindeldf relative to Y, then f~1(B) is
strongly v f~1(H)-Lindeldf relative to X.

Proof. Let {Uy : o € A} be any family of m-open sets of X such that
FHB)\U{Uy : a € A} € f~Y(H). Then for each y € B, since f~(y) is super
‘H-Lindelof relative to X, there exists a countable subset A(y) of A such that
fHy) CU{Us : a € A(y)} = U,. Since Uy is an m-open set of X containing
f7Y(y) and f is (7,0)-closed, there exists an n-open set V; containing y such
that f=1(6(V,)) € v(Uy). Since {V, : y € B} is an n-open cover of B and B
is 0H-Lindelof relative to Y, there exists a countable subset By of B such that
B\ U{6(Vy) : y € By} € H. Therefore, B C U{46(V},) : y € By} U Hp, where
Hjy € H. Hence we have

F7HB) CU{f1(8(Vy)) : y € Bo} U £~ (Ho)
CU{y(Uy) :y € Bo} U f~(Ho)
CU{Y(Uy): € Aly),y € B} U fﬁl(Ho).

We obtain f~1(B) \ U{y(U,) : @ € A(y),y € Bo} € f~*(H). This shows that
f~1(B) is strongly v f~'(H)-Lindelof relative to Y. <«

Corollary 7. Let f : (X,m) — (Y,n,H) be a (v,6)-closed surjective function
such that m has a countable additive property. If f~(y) is super H-Lindeldf
relative to X for each y € Y and B is strongly §H-Lindeldf relative to Y, then
f~Y(B) is strongly vf~Y(H)-Lindeldf relative to X.

Corollary 8. Let f : (X,m) — (Y,n,H) be a (v,d)-closed surjective function
such that m has a countable additive property. If f=(y) is super H-Lindeldf
relative to X for each y €Y and Y is §H-Lindeldf, then X is strongly vf~*(H)-
Lindeldf.

Remark 2. We have the following relationships:

super vH-Lindelof relative to X = strongly yH-Lindelof relative to X

4 4
~-Lindelof relative to X =- vH-Lindelof relative to X.
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Remark 3. The following examples show that ”~-Lindelof relative to X” and
”strongly vH-Lindelof relative to X” are independent of each other. Therefore,
the converse of the above four implications is not necessarily true.

Example 1. Let X = [0,00), m = {X, (a,00) : a > 0} U {0} be an m-structure,
H = Hj the hereditary classes of all finite subsets of X and « be a vy-operation
on m such that v(U) = id(U) = U for each U € m. Then

(1) (X,m,H) is y-Lindelof relative to X. To prove this, let {V, : @ € A} be
any m-open cover of X. Then there exists ag € A with V,, = X, and so
there exists a countable subset Ag of A such that X C U{y(Vy) : « € Ap}.

(2) (X, m,H) is not strongly y-Lindelof relative to X, because X \ U{(a, o0) :
a > 0} = {0} € Hy. But if we consider the increasing sequence {a; : a1 >
0,7 € Z*}, then X \ U{y(a;,0) : i € ZT} = X \ U{(a;,0) : i € ZT} =
X \ (al,oo) = [O, al] §é Hf.

Example 2. Let X =R x RT. For (z,y) € X and r > 0, let

_ [ By(z,y) irsy;
Ne) = { B0 e w0, ot

We take {N,(x,y)} as a basis for the topology on X which is an m-structure
and let H = P(X) be the hereditary classes and v be a y-operation on m such
that y(U) = id(U) = U for each U € m, then

(1) (X, m,H) is not y-Lindeldf relative to X, because {Ni(x,0)} U{Ni(z,y) :
y > 1} is an m-open cover of X. Since (z,0) ¢ {Ni(z,y) : y > 1} and (2,0) €
{Ni1(x,0)} if and only if x = z, the above m-open cover has no countable subcover.
Thus, X 1is not y-Lindeldf.

(2) (X, m,H) is strongly ~v-Lindeldf relative to X, since H = P(X).
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