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Maximal-simultaneous Approximation Properties
of Faber Series in Weighted Bergman Space

D.M. Israfilov*, Kh. Otarov

Abstract. In this work, maximal-simultaneous approximation properties of generalized
Faber series in weighted Bergman space, defined on bounded continuums of the complex
plane, are studied. The error of this approximation in dependence of the best approxi-
mation number and the parameters of considered canonical domains is estimated.
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1. Introduction

Let 9t be a bounded continuum with more than one point in the complex
plane C, MM:=C\9M be its connected complement, and D := {w : |w| < 1}. By
w = ¢ (z) we denote the Riemann conformal mapping of MM onto D° := C\D
with the normalization ¢ (00) = 00, ¢ (00) > 0. Let also z = (w) be the inverse
mapping of .

For an arbitrary fixed number R > 1 we set

Lr:={z:|¢(z)|=R}, Mg :=intLr:={z:2€Mand |p(z)| < R} UM.

Let g be an analytic function in 9¢, and g (co0) > 0. Then, the generalized
Faber polynomials F, (z,9), k = 0,1,2, ..., for M can be defined as the coefficients
of the series expansion

wg EZ}(%)LI/JZW) = BB o s 1. (1)

k=0
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It is also known that this series converges uniformly and absolutely on the com-
pact subsets of Dx M.

If we differentiate the series (1) m + 1 times, m € N:={0,1,2,3,...}, with
respect to the variable z, then we have the series representation

(mo+ Dlwg ()] v/ (w) g~ " () )

[W(w) =2 e Wb

which also converges uniformly and absolutely on the compact subsets of Dx
M.

Let G C C be a simply connected bounded domain and w be a weight function
defined on G. Then we can define the Bergman space AP (G,w), 1 < p < oo, of
analytic functions f in G, equipped with the norm

1/p

Ty / FEPwEdoz)| < oo,

G

where do(z) = dxdy is the 2-dimensional Lebesgue measure on G. When w (2) =
1, we denote AP (G) := AP (G,1) and A (G) := A'(G). Note that AP (G,w),
1 < p < o0, is a Banach space.

As is known, Faber polynomials and their different generalizations in the ap-
proximation theory have been used for construction of approximation aggregates
(see, for example, [25, 26, 11, 3, 12, 13, 14, 15, 16, 2, 1, 4, 18, 20, 17, 21, 22, 27]).
These polynomials can be also used for solution of different boundary value and
basicity problems on domains of the complex plane (see, for example, [7, 8, 24]).
Note that fundamental properties of these polynomials have been studied in detail
in the monographs [25, 26, 11].

Now let G be a bounded simply connected domain with quasiconformal bound-
ary L. Without loss of generality, we assume that 0 € G. Since L is quasicon-
formal, by definition there exists a quasiconformal homeomorphism of C onto
itself that maps a circle onto L. Moreower, there exists (see, for example, [3, pp.
107-109]) a canonical quasiconformal reflection y = y({) across the boundary L,
which is differentiable almost everywhere on C, except possibly at the points of
L, and for any small fixed 6 > 0 satisfies the relations

el +|ue| < e o<icl<1/8; i CEL (3)
vl + [y < el 12178 or f <6

for some positive constants ¢; = ¢; (), i = 1,2.
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If f is analytic and bounded in G, then the integral representation:
1 [ (Foy)(Q)u,(C)
e = ff o (Q), ze ()
mIC=

holds, proved by V. I. Belyi in [6] (see also [3, pp. 103-113]). This formula
plays an important role in proving direct theorems of approximation theory in
the uniform norm in domains with a quasiconformal boundary. Considering only
canonical reflections, Batchaev [5] proved that this representation is true also in
the space A (G).

The integral representation (4) is also very useful for investigation of approxi-
mation problems in the weighted and nonweighted Bergman spaces (see, for exam-
ple, [5, 9, 12, 14]). In particular, in [12] maximal convergence (not simultaneous)

properties of partial sums Sy, (f) := Y ax (f) F}, (2) of the series " a (f) F}, (2),
k=0 k=0

produced by the integral representation (4), were investigated and corresponding
approximation errors were estimated. In other words, for a given f € A? (My),
R > 1, the error of approximation |f — S,(f)| in the Bergman space A2 (9M), in
dependence of the best approximation number

E,(f,Mp) := piel}[fn 1f = Dl a2(omp) -

where II,, is the class of algebraic polynomials of degree at most n and the pa-
rameters n, MM and R was estimated. Similar results for generalized Faber series
were obtained in [14].

In the classical Smirnov classes of analytic functions, maximal approximation
problems in the uniform norm were investigated in the monogaphs [28, 25, 11, 26].
Let us emphasize that in all of these studies, only maximal convergence problems
were considered. On the other hand, some works treated simultaneous approx-
imation problems in the real line and in the complex plane (see, for example,
[26, 10, 3, 23]), i.e., convergence of the derivatives of series constructed using the
given function to the derivatives of function. But, as far as we know, there are no
studies investigating both problems, maximal and simultaneous approximation
problems, at the same time in the weighted Bergman spaces.

2. Description of results

In this work, we first define a new set of weight functions w, and then the
corresponding weighted Bergman space A2 (Mp,w).
Let G be a simply connected bounded domain in C.
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Definition 1. Let g be an analytic function in G*, g (00) > 0, and for some fized
constant Ry € (1, 00)

// o) do (= // (2)|2do (2) < 0. (5)
Gry\G Gry\G
We define a weight function w as follows:
w(z)=1(goy) ()| 7*, z€G.
By W2(G) we denote the set all of weight functions w defined above.
Lemma 1. If f € A2(Mg,w), w € W2(MR), R > 1, then f € A(Mg).

Proof. Let y = yr(2) be a canonical quasiconformal reflection across the level
line Lr = 0MpR, R < Ry. Using (3) and (5), for any sufficiently small fixed § > 0
we get

/ (goyr) (=) do (2)
m

= // 9 (Iwn),

/|9 |‘yR !dU
ame,

=[] @Fw. Lo+ / o OF [, o2

Mp, Mg Mz,
2
< // )2 do ( >+c4//y<yR>z\ dor (=) < oo,
Mpy Mg mcRO

where ¢4 = max {[g (z)| : z € 9)(%0}. Hence, by Holder’s inequality,

/ 1 () do (2)
Mg
2

2
Mp Mr

2

IN
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Let f € A2(Mp,w), w € W2(Mg), R > 1. Since the level line Ly is a
quasiconformal curve and y,(z) is a canonical quasiconformal reflection across
L, by Lemma 1 we have f € A(9Mpr) and then

(f o yr)(C) (Yr)_(C)

which, by substituting { = ¥(w), can be rewritten as

_1 :
= ] Uon) G ), @)l e

|lw|>R

Ly G ou) (6) ), B @I g ) )
= ﬂ// ) i)~z 7 D

|lw|>R

Hence, for the m-th, m € N, order derivatives of (6) and (7) we have

£ (z)
(m (foyg) C)
_ _(ml / / 0 (0 (®)
) / / foyn) %W O 4 gl @)
lw|>R (w)] [ (w) — 2] |

Now, considering the expansion (2) in (8), we have the series representation

FE) ~ S an () E T (2,9), 2€Mp, meN, 9)
k=m+1

for Vf € A%2(9Mp,w) with the coefficients

foyr) yr)_ [ (w)] ' (w)
= // ]wk“ do (w), k=m+1, m+2,... .

|lw|>R

As follows from Theorem 1 proved in [14], if f € A2(Mg,w), w € W2(Mpg),
then in the case of m = 0 the generalized Faber series (9) converges uniformly
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to f on any compact subset of 9 p. Hence, by the Weierstrass theorem on the
uniform convergence of derivative series, we have

o0

FE = S an(HEM™ (2,9), z€M meN
k=m-+1

uniformly on any compact subset of 9iz. Now we denote

Ru(z, f™, g)

n

= M)~ 3 an(HEY (z,9)

k=m-+1
= Zak(f)Flim—’—l)(Z?g)a anazefm-
k=n+1

In this work, for a given f € A%(Mpr,w) and a fixed m € N, maximal-
simultaneous approximation properties of partial sums of the derivative Faber

series
o

S a(HEM (29), nzm,
k=n+1

in the space A?(9M) are studied. Namely, the error of approximation ‘Rn(z, flm) g)|
in the Bergman spaces A%(9M), in dependence of the best approximation number
E,(f,Mp,w) := piergn | f —p||A2(§mR7w), and the parameters n, m, 9 and R is
estimated.

As can be seen, we intend to investigate, unlike previous studies, both maxi-
mal and simulataneous approximation problems at the same time.

Now we state our main results.

Theorem 1. Let 9 C C be a bounded continuum with more than one point and
with connected complement, and Fy, (z,g) be its k-th generalized Faber polynomial.
If f € A2(Mg, w), where w € W2(Mg), R > 1, then for given m € N and
r € (1, R) there exists a constant ¢(R,9,m,r,w) > 0 such that for every n > m+1
the inequality

< c(M R
AQ(DJ?)_C( ’ ,m,r,w) (n+1_m)|

HR (2, f0) w)’ Eu(f,Mp,w) (n+ 1)! (r)nﬂ
o R

holds.



134 D.M. Israfilov, Kh. Otarov

In the case, of w = 1we have the estimate

(f,Mg) (n+1)! (;)n—i-l7

E,
< c(M,R,m,r)

HR”(Z’f(m))’A%m) - (n+1—m)!

which improves the estimate

< m?‘R’ M
A2(9m) < m,7) vn+1(n—m)!

En(f,Mg) (n +1)! (;)n—i-l 7

.1

proved in [19].
In the case of m = 0, we have

Corollary 1. Under the conditions of Theorem 1, there exists a constant ¢(R,M,r,w) >
0 such that for every n € N the inequality

r

n+1
|Ra(z £l azamy < (LR, 7.0) En(f, M,w) ()

holds.

Corollary 1 was proved in [14, Theorem 3].
If m =0 and w = 1, then we have

Corollary 2. Under the conditions of Theorem 1, there exists a constant ¢(R, ) >
0 such that for every n € N the inequality

E,(f, M
IR )y < el Ry 200

holds.
This corollary was proved in [12, Theorem 4].

Theorem 2. For the given numbers R > 1 and m € N, under the conditions of
Theorem 1 the inequality

lim { En(f(m),m,W)/En(f,mR,W) < 1/R

n—oo

holds.

As can be seen, the upper limit of the quantity T\’/En(f(m), M, w)/En(f, M, w)
can be estimated independently of m.
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3. Auxiliary results

We will use the following area theorem, due to Lebedev and Milin, which can
be found in [26, p. 170].
Theorem A. Let an analytic function w = Q(z) on a bounded continuum M
with connected complement be given. Suppose that the expansion of the composite
function w= Q¢ (t)] in a ring 1 < |t| < p has the form

QW)= at! + 3 b/, 1< |t] <p.
=0 =0

Then the area of the Riemann surface, onto which the function w = Q(z)
maps the continuum M, is given by the formula

o oo
S=m | dlail*=> ilbl*] >0,
j=1 j=1
which implies that
[o¢] (o]
2 2
D i< Tilagl?
j=1 J=1

The following lemma was proved in [14, Lemma 2].

Lemma 2. Let f € A2(Mg), R > 1, and Y be a quasiconformal reflection across
the level line Ly of the continuum 9. Then

(Foua) (Q) (wa) (O 112t )

1— k%

where kr = (Kr — 1) /(Kr + 1) and Kg is a quasiconformality coefficient of the
level line L.

Lemma 3. Let Fy (-,9), k =0,1,2,..., be the generalized Faber polynomials for
the continuum M, and 1 < r < R, R > 1. Then for given m € N there ezists a
constant c(r, M, m, R) such that

= HFémH)("g)‘;(m)<c(9ﬁ,R,m,r)[(n+1)!]2(r

2n
— > m.
RR% S el —m) R) mEm

k=n+1
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Proof. Tt is well known that if Fy (z,9), k = 0,1, 2, ..., is the generalized Faber
polynomial of order k£ for the continuum 91, then

Fy(z,9) = [¢ (2)]" 9 () + Ex(z,9), = €M, (10)

where Fj(z,g) is analytic in €, Ejy(oc0,g) = 0, and in some neighborhood of co
its power series representation contains negative powers only. In particular, for
the first and second derivatives of (10) we have

Fy(z,9) = k[«ﬁ(Z)] ¢ (2)9(2) + 9 (2) [0 (2)]" + Ey(z,9)
ko ()] A1z, 9) + 9 (2) [ (2)]* + Ei(2, 9)
= ke ()] Az, 9)
B (2) = ( —1) [ (2)]* I(Z)A( ,9) + k()] Al(z,9)
+h[p () Y (2)g (2) +g ()[@(2)]k+Eg(zag)
= tk(k—1)[p ()" As(z,9) + g (2) [¢ (2)]* + Ep (2, 9)
= k(k—1)[p(2)]" " Aa(2, 9),

respectively. Using the substitution z = ¢ (w) in these equalities, we have

Filo(w),g) = kw'™'Ay[p(w),g],

Fy [ (w)] = k(k—1)uw A (w,g),
where A; (w,g), i = 1,2, are analytic functions in D and hence F,; [ (w), g]

and F,: [t (w), g] have a pole of order at most k — 1 and k — 2, respectively, in

0o. Generalizing this operation for higher derivatives, we see that the function
(m
F, ) [ (w),g], k=m, (m+1),.. can be written as

Flgm) W (w) 79] = k(k - 1) (k - 2) U (k —m+ 1)wk_mAm (wag)v (11)

where A, (w, g) is analytic in D°, with pole of order at most k —m at co. There-

(m
fore, the function F) ) [ (w), g] has the series representation

F™ [ (w)] e Zgag )w9+z;b§- ) Jw (12)
j= j=

with the coefficients bg-m), 7=1,2,.., and agm), 7=0,1,2,...., k — m, where the
(m)

J

m 1 k—mAm ,g)d
ol >:,/w wjff 9) Y =012, k—m, (13)

coefficients « can be defined as
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for some r > 1 and estimated by the inequalities

’agm)‘ S rk—m—jc5(7«7g)’(,m7g)7 .7 = 07 17 27 k - m. (14)

Now denote Q(z) := F,gm) (z,9). From Theorem A it follows that the area of the

Riemann surface, onto which the function F,gm) (z,9) maps the continuum 9,
can be estimated by the formula

BN 2 |2
s=n(gt) [ Zald [ - i) =0
i=1 i=1
and hence by (14)

| 2 —m

Estimating the last sum by

k—m

k_m . .
D i) =k =m) Yy (/%) <es(r)(k—m)/r?,
j=1

j=1
we have

2
v = ”(Ugf'my) M (r, D, g)e(r) (k — m)r**m=Y

Koo\ e
< er(r,Mm, g) <(/~:—m)'> (k —m) p2km=h),

On the other hand, the area of the Riemann surface, onto which the function
w = F lgm)(z, g) maps the continuum 91, can be also calculated with the help of
the formula
2

Az()

5= //‘F/Emﬂ)(wg)fdwdy: |F 0 ()]
m

Hence, after simple computations we have
+1
kR2k

2

A2 (M)

k=n+1



138 D.M. Israfilov, Kh. Otarov

2
0o k! ke — 2(k—m—1)
cr(r,Mm, g) Z ((kfm)!> S

<
< 2k
k=n+1 W

T KO\ ry2k

< q(r,ﬁﬁ,m,g)m Z <(k:—m)'> <E>

k=n+1

e(r, R, Mm, g) [(n + 1)) (L)
[(n+1—m)? ’S

<

Remark 1. In particular, when m =0, g =1 and M :=D, we have

- F(
3 H Mlazomy = © 1
kR*  ~ RZ— 1R
k=n-+1

2

which shows that the inequalities proved in Lemma 3 are precise in the sense that
the degree n in the factor 1/R?" cannot be increased even in the case of M :=D.

4. Proofs of main results

Proof of Theorem 1 Let f € A?(Mg,w), w € W2 (Mg), R > 1 and P} be
its best approximation polynomial in the norm ||| g2y, o) » 1-€-;

1f = Pillazmpw) = En(f, Mg, w).

Then for every z € 9 and n > m + 1 we have

‘Rn(za f(m))w)’

= [f™E = 3 aWE™ o)) =] X ar(DE" (2.0)
k=m+1 k=n+1

1 (f = B2) o yn [P(w)] &' (w) (yz)_[(w)] & plm+D) (o)
™ // g [Y(w)]

|w|>R

By Holder’s inequality
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2

(f = F7) o yn ()] &' (w) (yz), [ (w)]
<J/ S]] )
|w|>R
oo (m+1) P 2
// ZW do (w) =: I - I.
lw|>R k=n+1
By Lemma 2
(f = P2) o [b(w)] ¥ (w) () [p(w)] |
= //R pTeD) )
B [(f = B) 0y (©) (y).. () 2d
a 4/ 9(¢) 70
1F = PPz om0
- 1— k% '
For I we have
00 F(erl) 2, 2 00 F(m+1) (Z,g) 2
I = kak-i—(lg) do (w) = Z ‘k Lk R2k ‘
lw|>R k=n+1 k=n+1
Then

(m+1)
2 ”f—P*HZz s ‘Fk (279)
(m) nllA2(Mp,w) Z

‘ 2

Now, by integrating both sides of this inequality over 9t and applying Lemma
3 we have

TR

A2(90)

. - (m+1) (. ‘2
1f = Pl 2 o) 3 HF’f (~9) A2(9)
- 1—k% kR2k

k=n+1
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cs(MR, r,m, g)E2(f, Mg, w) [(n + 1)1]? ( r )Qn

[(n+1—7n)!]2 R

which implies that

< c(M,R,r,m, g)En(f, Mp,w) (n+ 1)! (r >n+1

HRH(Z’f(m)’w)’A%m) - (n+1—m)! R

<
Proof of Theorem 2.Since E,(f(™ M w) < HRn(z,f(m),w)HAZ(m), by

Theorem 1 we have

En(f(m)v mv (.U) S

(R, Mrm, g)En(f, Mp,w) (n+ 1)! o\l
(n+1—m)! (R) ’

or

En(f(m)a mv W)/En(f, SUIR,CU)

IA

¢(R, M,r,m,g) (n+1)! <£)n+1
(n+1—m)! R
r\n+l
< cRMrm gm(n+1) (3)
Taking here the (n + 1)-th order root of both sides and passing to the limit

as n — 0o, we get

o "/ (£, M)/ B (f, M) < 5.

Since r > 1 is arbitrary, now passing to the limit as » — 1 we obtain the desired
inequality

— 1
nh—%lo "N En (M) M, w)/En(f, Me,w) < T
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