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Existence and Continuous Dependence of
Nonlocal Final Value Problem With Caputo-Hadamard
Derivative
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Abstract. In this paper, we demonstrate the existence of a global solution to the
problems with the final condition containing the Caputo-Hadamard derivative of or-
der p € (0,1). In particular, the uniqueness of the solution is proven when the source
function satisfies the Lipschitz condition. To obtain these results, we employ topological
degree theory in conjunction with the condensation condition of the operator, which cor-
responds to a measure of noncompactness. A few examples are provided to demonstrate
the utility of this approach.
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1. Introduction

Fraction calculations appeared very early; until now, they have been con-
stantly developing because of their applicability in practice. Anomalous dynamic
phenomena occur in physics, chemical biology, and even optimal control, among
other fields (see [4, 2,5, 7, 1, 3, 6] and references therein). The theory of fractional
calculus developed brilliantly through the contributions of many mathematicians,
including Oldham and Spanier (1974), Samko, Kilbas and Marichev (1993), Pod-
lubny (1999), etc. Many practical applications and several different fractional
derivatives, such as Riemann-Liouville fractional derivative, Caputo fractional
derivative [8, 9], Riesz fractional derivative [9], and Hadamard, Hadamard-Type
fractional derivative [5, 7, 10] and their properties, have been introduced.
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The Caputo-Hadamard derivative with kernel was introduced in recent years,
and it has piqued the interest of some mathematicians [14, 13, 12, 11]. Intending
to contribute to the enrichment of this field, we are interested in partial differential
equations containing Caputo-Hadamard derivatives with fractional order.

Let X be a Banach space with the norm |- |, and J = [a,T]. We denote by
C(J, X) the Banach space of continuous functions from J into X with the norm
Jull = supe fu(®).

In this paper, we first consider the equation containing the fractional Caputo-
Hadamard derivative of order g € (0, 1):

GDIL_u(t) = f(t,u(t)), ae. teJ, W
where £ € X, f:(a,T] x X — X and g : C(J, X) — X are the given functions
satisfying the following conditions:
1
(f): f is Lr1-Caratheodory, that is,
(f1): f(t,.) : X — X is continuous for a.e. ¢t € (a,T) and for z € X, the
function f(.,z): J — X is measurable;

(f2): there exist p; € [0,q) and B € Li(t], R4 ) such that
[f(t,w)] < (jw[ +1) Bi(t) a.eon J,

for all w € X;
(9):
(i): either
(41): g is Lipscitz with a constant K, € [0,1) or
(i2): g is compact.
(ii): there exists ¢y > 0 such that

lg(w)] < eg(|lul| + 1) for all w € C(J, X).

Next, we consider the problem of finding u = u(t, ) satisfying

C DL w(t) = Lu ,u(t)), a.e. )
{HD _u(t) = Lu(t) + F(t,u(t)) telJ @)

w(T) = —g(u) + &r,

where L is a bounded linear operator from X to X, F : J x X — X and
g:C(J,X) — X satisfy the conditions (g) and

(F):

(i): F(t,.) : X — X is continuous for a.e. t € (a,T) and for x € X, the
function F(.,x) : J — X is measurable and
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(ii): there exists 8 € LY ((a,T),Ry) for some v > —¢q such that
| F(t,w)| < BE)(Jw| + 1),

for a.e. t € (a,T), for all w € X, where
()

<1n (l_))>_7h(.) s

with [[ul|peo((ep),x) = If{C > 0: |u(t)| < C, ae. t € (c,b)}

Several articles related to this study are listed below. Ma-Li [15] established
some of the fundamental properties of Hadamard-type fractional operators, such
as semigroup and reciprocal properties. The authors propose well-posed condi-
tions for HTFDEs of fractional order p € (0,1):

LM ((e,b), X) = {d € LM (e b), X) : (m b> () e I2((e, b),X)} . and

9

IR L1 ((ep),x) = ‘

D, () = g(t,)
u(a) = uq.

Gohar et al. in [11], investigated the fractional differential equation of Caputo-
Hadamard

D0 ult) = f(t,u(b)),

with the initial condition lim;_,,+ u(t) = u, € R. They used Ascoli’s theorem to
prove the existence of the local solution. When f satisfies the Lipschitz condition,
the authors achieve the uniqueness of the solution.

In [12], Li et al. studied the explosion and global existence of solutions to the
space-time fractional diffusion equation

gDs+u(t,x) + (=A)u(t,z) = |u(t,z)|", e RN t>a>0
u(t,r) = ug(z), x €R",

where p € (0,1),0< o < 1.
Allow us to share a few technical remarks and contributions to our work.

e The solution and source function f take values in the general Banach space
X rather than the set of real numbers R. This is useful when applied to
problems.
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e The final condition depends on the given source function g. In the particular
case of g = 0, we obtain the well-known results.

e Using the Lebesgue-dominated convergence theorem to determine
limygy, [ 1 ®i(s)ds, we frequently have difficulty locating the upper-bounded
integrable function of the family {®:(s)}ier. We solve this problem by
demonstrating that the family { [, ®(s)ds}ier is bounded and deriving a
convergent subsequence.

These issues have not yet been researched, as far as we know. The method used
is the theory of topological degree for condensing mapping to prove the existence
of its fixed points.

The remainder of this paper is structured as follows. The following section
goes over the definitions of the Hadamard integral and Hadamard derivative, as
well as the properties that will be used later. Section 3 discusses the existence of
solutions to the Caputo-Hadamard fractional differential equations (1) and (2).
The final section contains illustrative examples of applications to problems with
final non-local conditions.

2. Preliminaries

Denote by b(Y') (resp., cc(Y), ccb(Y')) the family of all nonempty and bounded
(resp., convex and closed, convex-closed and bounded) subsets of Banach space
Y. Throughout this article, without explanation, X is a Banach space with norm
|.| and the order generated by the cone P, that is, P € cc(X), yvP C P for
all ¥ > 0 (we do not require that P N (—P) = {0}, and in particular, we can
choose P =Y), and we write z <; y iff y — x € P. We always consider P to
be the normal cone in the Banach space X, that is, there exists A" > 0 such
that # <y y implies |z| < N|y| Vu,v € P. Let 0 < a < T, J = [a,T]. Denote
P={ueC(J,X):u(t) € PVt e J}. Then P is a normal cone in C(J, X) and
wewrite u < v iff v(t) —u(t) € P for all t € J. We define J, = [¢,T] for ¢ € [a,T)
and C(J.,X) = {u : J. = X| uis continuous}. Then C(J., X) is the Banach
space with the norm ||lullc(s. x) = supsey, [u(t)[. In addition, it is clear that
lulle(r.,x)y < lulleex) = l|ull for all uw € C(I, X). The characteristic function of
A C J is denoted by x4.

2.1. Caputo-Hadamard fractional derivative

Let u: J — X and ¢ < d. In this article, we use the concept of the integral
of uw in terms of the Bochner integral, and we already know that u is Bochner
integrable on (¢, d) if and only if fcd lu(s)|ds < oo.
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Definition 1. Let g € (0,00), a < b < 00, ¢ > 0. The right Hadamard-type frac-
tional integral HDb__qf and the right Hadamard-type fractional derivative HDg_f
of order q, are defined by

b S\ g—
uD,Uf(t) = F(lq)/t é (ln ;) 1 f(s)ds, (a<t<b)

and

Dy £(t) = (=0)" (uD, ") (¢

)
- (&) =g [ 30 o i<

respectively, where n = [g| + 1 and § = t%.

Lemma 1. [16, Page 116, Property 2.28] Let ¢ > 0 and x € L*((a,b), X) for
some p € [1,00]. We have

(HDg_ (HD;_q) x) (t) = a(1).

Lemma 2. [16, Page 117, Lemma 2.35] Let 0 < a < b < o0 and ¢ > 0. If
z e JL(L*((a,b), X)) for some p € [1,00], then

uD, (D _x)(t) = 2(1),

where J,- (L*((a,b), X)) = {HDbiqw 1 € LM((a, b),X)}.

Definition 2. The Caputo-Hadamard derivative of f with order ¢ > 0 is defined
by

n—1 ¢k k
GDL S0 =n DY [f(t) - (w) ] ,

k=0
where n = [p| + 1. In particular, if 0 <p <1 and f € C(J, X), then

GDP_f(t) =n DP_[f(t) — f(b)].

2.2. Fixed point index

A map o : b(X) — X is called a measure noncompactness (in short, M.N.C.)
if a(co(w)) = a(w) for all w € b(X). An operator T : X — X is said to be
condensing to « (in short, a-condensing) if w € b(X) with a(w) < o(T(w)).
Then w is relative compact in X ([17, see Definition 2.1.1]).
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Let G C X and € > 0. A subset L of F is said to be enet of Gif G C |J {y €
xeL
E : ||z —y| < €}. If L is finite, then L is called a finite e-net. We use the M.N.C.

a defined by a(G) = inf{e > 0 : G has a finite e-net}.

Let D be an open subset of the Banach space Y, D € b(Y), 0 € Q, and
P € ce(Y) with QN P # (. Assume that T : DN P :— P is a continuous and
a-condensing operator. If x # T'(x) for all z € 9D N P, then the fixed point index
ip(T, D) of T is well defined. The useful properties of this topological degree are
shown in [18, Theorem 2.1]. We need the following results, which were proved in
[19].

Proposition 1. [19, Proposition 2.4] Let D > 0 be an open bounded subset of Y
and P € cc(Y) with DN P # (. Assume that T : DN P :— P is a continuous
and a-condensing operator. Then we have the following properties:

(V)]
1. if pu # T(u) for all (u,p) € (0D N P) x [1,00), then ip(T,D) = 1.

2. if there is ug € P\{0} satisfying u # T'(u) + pug for all (u,p) € (0D N P) X
[0,00), then ip(T,D) = 0.

Proposition 2. [18, Theorem 2.1] Assume that P € cc(X), D is an open subset
of Y, and T : DN P — P is a continuous and a-condensing operator such that
u# T(u) for allu € 0D N P. Then,

()]
1. Fix(T) # 0 if ip(T, D) # 0, where Fix(T) := {z : T(z) = z};

2. if D = D1 U Dy, where D1, Dy CY with D1 N Dy = 0, such that u # T(u)
forw e (0D1 U0D2) N P, then

ip(T, D) =ip(T, D1) +ip(T, D).

We use the above result in the following form:

Lemma 3. [20, Consequences of Theorem 4.1] Let {¢,,} be a sequence in LP(J,R)
(p > 1) such that

[(i)]
1. ¢n(s) (O (resp., /0), a.e. s€ J;

1
2. there exists ¢ > 0 such that ([, |¢n(s)|Pds)? < c for alln € N.

Then ( |¢n(s)|pds)% — 0, as n — oo.
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3. Main results

3.1. Integral formulations

The set of the absolutely continuous functions from J into X is denoted by
AC(J, X).

Proposition 3. Assume that (C1) and (C2) hold. A function u € AC(J,X) is
an integral solution of Problem (1) (resp., (2)) iff u satisfies

{u(t) = —g(u) + & +u DL f(t,u(t), a.e. teJ, )
u(T) = —g(u) + &r,
(resp.,
{u(t) = —g(u) + & +n DL Lu(t) +5 DL F(tu(t), ae. te @
u(T) = —g(u) +&r. )

Proof. We consider equation (2), and the remaining equation is argued sim-
ilarly. Suppose that u € C(J, X) satisfiying (4). Obviously, for ¢ € [a,T), we
have

’HD;gu(t)’ < 00 and
(Hp;ﬂf(t, u(t))’ < .
Therefore, functions s — 1 (In %)p_l Lu(s) and s — I (In %)p_l]:(s,u(s)) are

Bochner integrable on [t, T7.
From (4), it follows that

u(t) —uw(T) =g D2 Lu(t) +5 D2 F (L, ult)).
By using Lemma 1, we obtain
gDl _[u(t) — u(T)] = Lu(t) + F(t,u(t)).

Thus, u is a solution of (2).
Reversely, if u € AC(J, X) satisfies (2), then there exists ¢ € L(J, X) such

that u(t) = u(T) — j;T o(s)ds. Hence, u(t) — u(T) =g Dq%¢(s) with ¢(s) =
~I'(¢g)s (In %)ﬂlﬂ ¢(s). Thus, u(.) —u(T) € Ji_(L'(J, X)). Applying Lemma 2,
uDL. (HD;Z) [u(t) — u(T)] = u(t) — u(T). It implies (4). <«

From the above results, we have the following definitions:
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Definition 3. A function u € C(J, X) is said to be an integral solution to Prob-

lem (1) (resp., (2)) if it satisfies the following conditions:

(i) w(T) = —g(u) + &r,

(i) w(t) = —g(w) +&r +u D f(t,u(t) t € [a,T)
(resp., u(t) = —g(u) + &+ D2 Lu(t) +5 DI F(t,u(t)) t € [a,T)).

3.2. Boundedness settings
We define the following operators to establish the existence of a solution to

problem (1):
UFT:C(J,X)—C(J,X),ueC(J,X),

Uu)(t) = —g(u) +&r, t€J;
F(u)(t) =n DL f(t,u(t)) fora<t<T;
T(u) = U(u) + F(u).

Then, the problem (1) has a solulion if and only if Fix(T) # ()
To prove the existence of a solution to problem (2), we consider the following

and F(u)(T) = 0;

operators:
U,F,G:C(J,X) = C(J,X),
Uu)(t) = —g(u) +&r, t€J;
F(u)(t) =g Dyl Lu(t) +g D2 F(t,u(t)) fora <t <T; and F(u)(T)=0;

G(u) = U(u) 4+ F(u).
The problem (2) has a solulion if and only if G has a fixed point in C(J, X)

Proposition 4. Let a < b <T. We have the following assertions

(i) If the condition (f) holds, then
D2 f(tu(t)| < Cr(b— )T (Jullew,x) + 1)

forallu e C(J,X) and a <t < b, where Cl:%”ﬁl”ml X

(ii) If the condition (F) is true, then
gD Lu(t)] < Co(b — 1) [lulloerx);

|a DA F (t,u()] < Ca(b — )T (L + ullewx),

forallu e C(J,X),a <t <b, here Cy = aq%ﬁl), Cy = ”BHZﬂy’X) F{q(lfyj)l).
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(iii) If the conditions (f)-(F) are true, then

|F(u)llex) < CLT —a)T™ (Jullowx) +1)

()
IF(w)llcx) < Co(T —

a)|lullcex) + Co(T — a)™ (ullex) +1) (6)
for allw e C(J,X); and the operators F and F are compact.
Proof. (i): Using Holder’s inequality, we have

_ +1) (b1 -1
gD, f(tu(t)| < (Hunc({i’(b;’;() )/t g<ln§)q Bi(s)ds

1—
< (HuHC(J,X) +1) 18| /b 1 (1n S)q—l T s &
- I'(q) L7 (J,X) ;. \ s t ’

(7)
Using variable substitution z = In 7, we obtain
b L 1-p1 1—
1 1 1— p1
/ (hl )g o ds < %(b — t)qul. (8)
t \S 13 al(q —p1)t=P

From (7) and (8), we get (i).
(ii): Denote by ||.|[+ the norm defined on the Banach space of the linear operators
from X into X. For v € C(J,X), we have

[Lu()] < (L]l u(®)]

< £ llulle e x)-
This gives

- 1L [[wllex) 1
q -
|l Dy Lu(t)| < ) / . (ln )
q

MHT HUHC & l1ullex) nﬁ
N ql'(q t
L
el el _— o)
all'(q + 1)

From (ii) of condition (F), using Holder’s inequality and changing variable z =
In 3
mi we get

U b -1
a0y 17| < U0 D | Lw?)" s

S
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(lullerx) +1) b1, sva-l/ b\7
< S HIBHLL“/((a,b),X)/t ;(111;) <1n> ds

I'(q) $
(lullex) +1) 1 D(@r(y+1)
< b J— q+’y
ST MPleen 0 Gm T O 7Y
18llLrr(x)y T(y+1)
< ) _ £\qt+Y .
ST T+ D) (0=t (lullox) + 1) (10)

From (9)-(10), we derive (ii).

(iii): For u € C(J,X), to show F(u) € C(J,X), instead of considering the
continuity of F'(u) at the point tg € J, we show that the family M := F(B,(J, X))
is equicontinuous at tg, where B,.(J, X) := {u € C(J, X) : [Ju|| < r}.

Let to € J,a <t <ty <T (resp.,, a <ty <t <T)and u € B,.(J,X). For
short, denote ®(s) := 1 (In %)q_l. From the representation

T to T
t[@ﬁﬁ@wmwzl‘@@ﬂwmmwa[¢mvwmmw

T T
(resp.,/ @to(s)f(s,u(s))ds:/ @to(s)f(s,u(s))ds—i—/t D4, () f(s,u(s))ds ),

we have
|F(u)(t) — F(u)(to)] < A(t,t0) + B(t, o), (11)
where
At to) = gD S (. u(®))] < Crlllullox) + 1)t =)
<Ci(r+1)(to —t)TP = 0ast —t;, (independently of u);
(12)
(resp., A(t,to) < Ci(r+1)(t —tg)?T P, (13)
and
T
B(t, o) := () /tO [@1(s) = i (5)] |f (s, u(s))[ds
1-p1
<o (/tOT By(s) — @to(s)lllplds> | (14)

1 1
where ¢; = ﬁ(\lﬁl\\L 1 +1). Noting that [®;(.)— P4, ()| Tr1 < Dy ()| T7P1 €

I (JX)
LY(Jiy,R4) and [®4(s) — 4 (s)] — 0, as t — t;, and using Lebesgue’s dom-
inated convergence theorem, we get B(t,t9) — 0 independently of u. Hence,
A(t, to) + B(t,to) — 0 independently of u, as t — t; .
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In case a <ty <t < T, we have

1 T
P(q)/t |e(5) — Dty (5)]1 £ (s, u(s))lds

T ) 1-p1
< (/ 1@, (s) — @to(s)\lmds>
t

— </T L(t)(s)l—lmds> o , (15)

where L(t)(s) := x(,11(5)|®t(s) — P4, (s)|- A direct calculation yields

ey )

<c¢ < oo, (16)

B(t, to) =

(kp;q)(l;_p;gtgqim . In addition, for every s € (a,T), lim, 1+ L(t)(s) =

0. From (15)-(16), using Lemma 3, we get limt_>t8r B(t,tg) — 0. Thus, A(t,tg) +
B(t,tg) > 0 ast — tg . Therefore, we conclude that M is equicontinuous.

In addition, we immediately see that M is pointwise bounded by (i). Thus,
applying Arzela-Ascoli theorem we deduce that M is relatively compact.

We now show that F' is continuous from C(J, X) to C(J,X). Assume that
{un} C C(J, X) with u,, — u. Since

[ (s, un(s)) = f(s,u(s))] < |f(s,un(s))] + [ f (s, u(s))]
< Bu(s) ([lunll + 1+ flull +1)

< Bi(s) (2llull +3) € L71 (J,Ry)

where ¢ =

and |f(s,un(s)) — f(s,u(s))] = 0 as n — oo for a.e. s € (a,T’), we have

é (hl?)q_l L (t,un (1)) — f(tult))|ds
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(1—py)t=P1
T(g)a?(g—p1)' 71
we obtain the continuity and compactness of F'. Evaluating (5) and (6) is clear

by using (ii).
Define G, K : C(J,X) — C(J,X) by

G(u)(t) =m DL F(t,u(t)),
H(u)(t) = D L Lu(t) witha <t <T;
G(u)(T) = H(u)(T) =0

(here ¢ = (T — a)?7P1), independently of ¢, as n — oo. Therefore,

for u € C(J, X). We prove that G and H are compact in the same way that we
proved that the operator F' is compact. Thus, F = H + G is compact. The proof
is complete. <«

Lemma 4. (i) If the conditions (f) and (g) hold, then T is a-condensing.
(ii) If the assumptions (F) and (g) are true, then G is a-condensing.

Proof. (i): It is clear that operators U, F,T : C(J,X) — C(J,X) are contin-
uous and bounded. Let N € b(C(J, X)). Consider condition (i) of (g). If (1) is
true, we get

1U(z) = Ul = lg(z) — 9(y)|
< Kyllz —y|| Va,y € C(J,X).

Consequently, a(U(N)) < Kga(N). Therefore,

a(TWV)) = a(UWN) + F(N))
< a(UWN)) +a(FN))
= a(UWN))

IN
N
Z

g@N).

Hence, T is an a-condensing operator.

If (i9) is true, since g is continuous, it implies that T is continuous by Propo-
sition 4. Let {u,} C N, y, = g(uy,). Since g and F are compact, we can assume
that v, — y and F(uy,) — 2, so T (un) — —y + & + z. Therefore T is compact.
Thus, it is a-condensing. Claim (ii) is proven similarly. <

Proposition 5. Assume that the following conditions are satisfied: (f), (g),
cg+Ci (T —a)i™ < 1, f(J,P) C P, L(P) C P and —g(u) + & € P for all
u € P. We have
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(i) ip(T,B.(J)) = 1 with r > 0 large enough;

(ii) of there exists & € P\{0} such that | — g(u) + &r| > |€«| for all w € P\{0},
then ip(T,B,(J)) = 0 with r > 0 small enough,

_ . __ (—ppt™m
uhere By (J) = (& € CULX) s o) <} G = rllmt o]y

Proof. Choose 7 € (0,00) such that
cr:=cg+C1(T—a)T™ <y < 1.

It is clear that B,(J) is open in C(J, X) and T(P) C P. To get (i), we will prove
that

pu # T(u) for all (u,p) € (0B,(J)NP) x [1,00) for sufficiently large r > 0.
(17)

Assume that (17) is false. Then we can choose sequences p, > 1 and u, € P
such that
pntn = T(uy) and |Juy,|| — oo.

Using Proposition 4, we derive

prlltn || < [|T(un)]|
< |&r| + cr([Junll + 1).

It implies that

x| + c1((funll + 1)
[

(18)

n =

Letting n — oo in (18), we get a contradiction. Therefore, (17) holds for
r > 0. Thus, by applying Proposition 1, we get ip (T, B,(J)) = 1 for sufficiently
large r > 0.

To obtain (ii) we will show that

pu # T(u) + puy for all (u, p) € (0B,(J) NP) x [0,00) with r > 0 small enough,

(19)
where u,(t) = & for all t € J. Assume that (19) is not true. There are sequences
pn 2 0, uy, € P satisfying

lunll = 0 and w, = T(upn) + prtix.
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This implies that
Up = Uup) + ppus = U(uy).
Thus
Un(t) >1 U(up)(t) + pnus(t) >1 —g(uy) + &0 >1 & VE € J.

Since P is a normal cone,
[unll = N7He] > 0.

This is impossible, so we obtain (19).
Using Proposition 1, we derive ip(T,B,(J)) = 0 with » > 0 small enough.
The proof is finished. «

Proposition 6. Assume that the following conditions are fulfilled: (F), (g),
F(J,P)C P, L(P)C P, cg+Co(T—a)l+Co(T—a)?™ <1, and —g(u)+&r € P

Bll L1,
for all u € P, where Cy = a’1|1L€q”JTrl)7 Cy = I ”,EZZJ’E/J,X) F{éljyri)l)' Then,

(i) there exists 1o > 0 such that ip(G,B,(J)) =1 for all v > ry;

(ii) of there exists & € P\{0} such that | — g(u) + &r| > |€«| for all w € P\{0},
then there is 7o > 0 such that ip(G,B,(J)) =0 with 0 < r < rg.

Proof. Denote

Co ‘= CO(T - a‘)qv
Cy = CQ(T — a)q—"ﬁ.

Choose v satisfying
Cti=cgtcgt+ea<y<l
Let p € [1,00) and v € C(J, X). If pu = G(u), using (6), we arrive at
loull < €]+ cq(l[ull +1) + collull + ca([[ull +1).
Thus, we get

Er| + cg + ctllull +c2
|

p =<

From this estimate, we get (17), so we have assertion (i). To obtain assertion (ii),
we make the same argument as in the proof of Proposition 5. «
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3.3. Global/Local solution existence theorems

Theorem 1. Assume (f)-(g) and cg + C1(T — a)?™P* < 1, where

oN1— .
C, = %H&HLﬁux)' Then Problem (1) has at least one solution

we C(J,X), and

I NG
t)=— — - (log - ds, t T).
wit) = —g(w) + &+ 75 [ (0 F)" Fewieas, te o)
Furthermore, if there exists & € C(J, X)\{0} such that | — g(u) + &p| > |Ex| for
all w # 0, then equation (1) has a nontrivial solution in C(J, X).

Proof. 1t is clear that the assumptions of Proposition 5 are satisfied with P :=
X and P := C(J, X). Therefore, there exists R > 0 satisfying ip(T, Br(J)) = 1.
Applying Proposition 2, we derive Fix(T) # (). This implies that Problem (1)
has at least one solution u € P. Furthermore, by (ii) of Proposition 5 we can
choose r with 0 < r < R such that ip(T,B,(J)) = 0. Applying Proposition 2
with Dy = B.(J), Dy = Br(J)\Br(J), we see that the problem has a solution u
in Dy. The theorem is proved. «

Theorem 2. Assume (F)-(g), and

oou Ll 1Bl x) T(y+1)
77 (g +1) a™™ T(g+~+1)

Then Problem (2) has at least one solution w € C(J,X), and
w(t) = —g(w) + & +1 D2 Lw(t) +1 DL F(tw(t)), t € [a,T),

(T —a)?+ (T —a)?T™ < 1.

where

T -1
aDLI Lw(t) = 1/ ! (log E>q Lu(s)ds,
¢

I'(g) Jy s ¢
T S\ q—
HDTq}'(t,w(t)):F(lq) /t é(log;) " F (s, u(s))ds.

Furthermore, if there exists & € C(J, X)\{0} such that | — g(u) + &r| > |&| for
all w # 0, then (2) has a nontrivial solution in C(J, X).

Proof. The proof is argued in the same way as the one of Theorem 1, by
checking the assumptions of Proposition 6. <«

Remark 1. Assumption (g) can be replaced with the following assumption (g1 ):
(1): g is Lipschitz with a constant K4 € [0,1);
(11): g(0) = 0.
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3.4. Uniqueness of solution

In this section, we establish sufficient conditions for equation (1) to have a

unique solution.
The operator f : J x X — X is said to be uniformly Lipschitz with respect
to the second variable on J if there exists L > 0 such that

|f(t,x) — f(t,y)] < Llz —y| for all t € J,z,y € X. (20)
Theorem 3. Assume that
(i) f satisfies the Lipschitz condition (20), and
(ii) there exists Ky > 0 such that
l9(u) = g(v)] < Kyllu — vl Vu, v € C(J, X)

L(T—a)?
a9l'(g+1)

and K4 + < 1.
Then, the problem (1) has a unique solution.
Proof. Set
B(r) ={ue C(J,X): lu-T@O) <r} (r>0),

where 6 is a zero of C(J, X). It is clear B(r) is closed in C(J, X). For u,v € B(r)
(r will be chosen later), we have

[Tu(t) = To()] < [g(u) — g(v)| + [Fu(t) — Fo(t)|

1 T
< Kyl =l + 5 / B4(5) | (5, u(s)) — F(s,v(s))]| ds
< (Kot mpirys ) el (21)

This implies

_ q
ITu = Toll < (K, + o =) fu—ol.

all'(q + 1)
From (21) with v = 6, we get

L(T — a)4

aqr(q+1)) lu —T(O) + [T (6)]

IT(w) - ()] < (K "
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L(T — a)?
<\ Kyg+ ——== T(9)||. 22
< (Kot iy ) v+ IO 2)
From the estimate (22), we can choose
IT@)

_1f<Kg+%)

and have T(B(r)) C B(r). From Banach’s fixed point theorem, it foloows that T
has a unique fixed point in B(c,r). The proof is completed. <«

Theorem 4. Assume that the following assumptions are fulfilled:
(i) F satisfies the Lipschitz condition (20), and
(ii) there exists K4 > 0 such that
|9(u) = g(v)] < Kgllu =[] Vu,v € C(J, X)

—a)d
and K, + (|1C] + L) S < 1.

Then, the problem (2) has a unique solution.
Proof. The proof is argued in the same way as the one of Theorem 3 with
B(r):={ueC(J,X):|u—G@O)| <r},

GOl

where r > — . <
1= (kg +(I£11s+L) sy )

4. Illustrative examples

This section presents three examples of applying abstract results to final-
value problems that contain functions that observe the state of past solutions.
In the first example, we get the solution to the fractional diffusion equation.
In the second example, we illustrate the case where the problem has a unique
solution. These non-local conditions u(7) + g(u) + ur, or u(a) + g(u) + u, can
be applied in physics with effective initial conditions that outperform classical

m

initial conditions. For instance, g(u) = > cju(t;), ¢; (j =1,...,m) are constants,
j=1

u(t) reflects the state of process u at time ¢. The third example shows that by

constructing the function space and choosing the appropriate function g, we can
use the abstract results.
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Example 1. Let ¢ € (0,1), K >0, Q=1[0,7], T > 0, K € L?>(Q x Q,R) with

1
(m+1)

1, ')HLQ(Q2,R) <

We consider the problem of finding a number b € [a,T) and a function w(x,t)
such that

Cotw(z,t) + k(—A) Golw(x, t) = (—A)2w(x, t) + F(t, w(z,t)),

on [0, 7] x [b,T);
m (23)
w(z,T) + Z/ K(z,v)w(v,t;,)dv = &p(x), x € Q,
=079
where 0 < 09 < 01 < 1, ¢t = b+ % j=0,1,....m, %8fu is a fractional

Caputo-Hadamard derivative of w with order q, (—A)? is a fractional Laplace
operator of order o € (0,1) defined by

g o > — (o}
(AVua) = gy | O ) — o)
where v(t,x) is a solution of equations
0
prihe Av =0 on [0,00) x R, and v(0,z) = u(x);

and A is the Laplace operator (see [22, 21] and references therein).
Denote u(t)(x) = w(x,t), X = L*(,R), & € X. Then X is a Banach space

with the norm )
2
ol = ([ wto)kas)
Q

and the operator By, := I + k(—A)?" has the inverse operator, which is denoted
by B;ll. The problem (23) can be rewritten as the following equation in X :

{gpg+u(t) = Lu(t) + F(t,u(t), t€la,T) on Q;
u(T) = —g(u) +&r z €,

where £ := By (—A)72, F(t,u(t)) := By F(t,u(t)) and

o1

m

g(u) = Z.Au(tj), Av(.) = /QIC(.,w)v(w)dw forve X.

Jj=0
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Let (N, ¢)) € (0,00) x E be an eigen-pair of (—A), (i.e., (—A)px = APy ).
Then ((1 + kA7Y) 71, ¢)) is an eigen-pair of By'. Let {en}n>1 be an orthonor-
mal basis of L2(Q,R) and {\n}n>1 be a sequence of the eigenvalues of (—A)
corresponding to {e,}n>1 with 0 < A1 < Ag,..., im A\, = oco. Furthermore, by
representing

Z (u,en)e, forve L*(Q,R),
7j=1
we get

oo )\0'2

B\ Zl—l—ﬁ;)\ol v; en)en:

This implies that there exists Cy > 0 such that

|B;11(—A)‘72v| < Cilv| for allv € L*(Q,R).
Hence, L is bounded.
To illustrate the problem, we consider specific functions below. Let g = %, v =

1 Izl 18Il L1 (7 x) T(y+1
—g- Denote co = aqr(;jrl)f e F(q(zw)n; Kg=n(m+DIK(, )lc@zr)-

Since cg := Ky < 1, there exists b € [a,T) such that

cg+co(T —b)? +co(T — b)) < 1.

Denote

o Let u,v € C(J,X). Since b=ty <ty <...<tym<T, we have
l9(u) (&) — |—Z/ny y)dy — Z/my (y)dy
< [U(@, y)[[u(t;)(y) — v(t;)(y)|d
;/ﬂ y y y)ldy
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gi( /Q vc<w,y>|2dy)1/2.( / |u<tj><y>—v(tﬂ(y)\%y)m

Z Mrrr-lut;) —v(t;)]
< Z 7, )l or)-llv —vlew,x)

J:

< (m+ DK 22 r)llu = vllc,x)-

It follows
lg9(w) = g(v)| < (m + D EKgllu —vl[c(,,x),
where Ky = ||K||2(q2,r)- Thus the condition (g) is satisfied with cg := Kj.
o [t is simple to demonstrate that the function F satisfies the condition (i) of
F).
| )o Finally, we verify the assumption (ii) on the function (F). Since B} is
bounded, we get

B E (¢, u(t)| < CTIF(t,u(t))].
Forte[b,T), we get
IF(t,ut)| < CHF(t, u(t))|
<2CTB(t)(1+ |lulle,x)-

Then 2073 € LY (Jy,Ry). The conditions (F)-(g) hold. Using Theorem 2 (with
a replaces by b), we see that the problem (24) has at least one solution in C(Jy, X).

Example 2. Consider the problem of finding w : [a,T] x [0, 7] — R that satisfies

p(w(t, =)
L+ (T —t)’

wT0)+ Y [ ety =), o € 0.7,
=070

EDL_w(t,x) = teJ:=laT);

(25)

where ¢ : R — R is a Lipschitz function with the coefficient ky (to be determined
later); £(.,.) € L?([0, 7] x [0,7],R), 0 <a <ty <..<tm <T,meN, qe (0,1),
a>0, and & € L*(Q,R).

Denote Q = [0,7]. We define the functional space X = L*(2,R) with norm
1= (Jq ]E(x)\zda:)l/2. We define the function uw € C(J,X), u:J — X, by

u(t)(x) =w(t,z) (t,z) e J x Q.
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The source functions fr:J x E— FE, f:J x X — X are defined by

@) = T

for (t,v) € J x X.
We define g : C(J,X) — X by

g(u) = ]Z_;.Au(tj), where Av(x) = /QIC($,7‘)’U(7‘)dT.

Then the problem (25) is rewritten in the form (1).
e Foru,v € X, we have

1/2

) = 100 = 1 ([ 16000) - S0P

< kglu —v|.

Therefore, f satisfies the condition (i) of Theorem 3 with L = k.
e Check the assumption (ii). For u,v € C(J,X), we have

l9(u)(z) — g(v)(z)] = ;/Qf(%y)U(tj)(y)dy—;/ﬂﬁ(w,y)v(w)(y)dy

<> [ 1t s o) = ot )l
m 1/2 1/2
2 N ) — vt ()2
<3 ([ erar) ([ —vwota)

< (m+ Dl 22 ) llu — ol

This means
l9(u) = g(v)] < (m + 1) Kglu = wvl,
where Ky = |[{||12(q2,r)- We can choose { and ¢ satisfying

1
_ 2 ’ 1
lelzonsy = ( [ WetoPed) < L and
ko(T — a)i=“
K - <1
9t all'(g+1) <

Then all assumptions of Theorem & are fulfilled with ¢y :== K, so the equation
(25) has a unique solution.
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Example 3. Let T > a > 0. Consider the following infinite system of fractional
equations:

C o3 wn(t) = SR £ ) (26)
n(T —t)3
wy(T) = % foralln=1,2,..., (27)

where %8%_ is a fractional Caputo-Hadamard derivative of order q. We define
the Banach space

X = {a: = (z1,x2,....) € R*: lim x, = 0} with the norm |x| = sup |zy|.

n—00 n>1

Forn>1,u, € C(JJR), uc C(J,X), fo: JXxR—=Rand f:JxX — X we
define

u(t) = (uy(t), ua(t),....);

o) = sin(z) + 1

f(tv w) = (fl(tv wl)a f2(t7w2)7 ) .
Foru e C(J,X), we define g(u) =0 (zero of X ), and & = (%, %, ) cX.

Then the system of equations (26)-(27) is equivalent to fractional equation
(1). Since

| sin(un(t))] + 1
[ fn(t, un(t))] < S
VIS
T (T —t)3
lullce.x) +1)
n(T —t)s
2

<— —0,asn—ooforalte ., cela,T),
n(T —t)s

f(t,u(t)) € X and
£ (&, u(t))] = sup | fn(t, un(t))]

n>1
2 +1
< (H“HC(JC,X) )

(T —t)3

<!

forallt € J., c€la,T).
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Hence, the conditions (f) and (g) are satisfied with ¢ = 2, p1 = 3, B1(t) =

(T—t)3
We can choose ¢ € [a,T) such that

(1—pp)tr .
gyl = pryie 1P T = <L

The system (26)-(27) has a local solution on [¢, T thanks to Theorem 1.

cg +

5. Conclusion

The fundamental issue with fractional operators and their generalized ver-
sions is to correctly define them in the appropriate function space. In this paper,
we define general function spaces by connecting Lebesgue integrals and Bochner
integrals. In these spaces, the continuity of the absolute solution as well as its
derivative is not required. We get the existence of global solutions of differential
equations with fractional order; however, these solutions do not have good prop-
erties such as uniqueness. The problems are studied under assumptions that are
not too strict.
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