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Abstract. We obtain generalized Holder estimates for Kolmogorov operators on R? by
establishing several estimates for singular integrals in generalized Morrey spaces.
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1. Introduction and main results

The Kolmogorov equation was first introduced by Kolmogorov in 1934 to
study the time evolution of the density of a Brownian test particle in the phase
space. It is a linear strongly degenerate second order PDE whose diffusion part is
governed by the Laplace operator in a subset of the variables (velocity variables)
coupled with a transport term that contains the directions of missing ellipticity
(position variables). Such a drift term makes the equation non-symmetric, but
at the same time it is responsible for the hypoelliptic properties of the operator.

Let us consider a Kolmogorov operator in R3:

L=0%, +210s — 0. (1)

Kolmogorov in [20] presented an explicit fundamental solution, smooth out-
side the pole, for the ultraparabolic operator £, which, despite its degeneracy,
possesses a fundamental solution I' smooth outside the pole, this fact implying
the hypoellipticity of £. Actually,

L((z1,22,1), (Y1,y2,7))
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This phenomenon is well understood in the framework of the theory of Hormander
operators; actually, this operator can be written as Lu = X?u + Xou with

Xl - 81‘17 XO - _(xal‘g +at)7

and since [Xl,Xo} = —0, we see that X7, Xy, [Xl,XO] span R3 at every point
of the space, hence Hérmander’s condition is satisfied. This operator is explicitly
quoted as a motivating example in the introduction of Hérmander’s paper [19]
and, as was shown, is part of a large class of operators of Hormander type which
represent interesting physical models.

It is known that £ is a degenerate operator which appears in many research
fields. For instance, the Kolmogorov equation
62

T

1$1u+$1ax2u_atu:0a (l'l,fll‘g,t) 6R3 (2)

occurs in the financial problem (see [3, 12]), in the kinetic theory (see [8, 22]) as
well as in the visual perception problem (see [26]).

The second order part in (2) is strongly degenerate due to the presence in
it of the only term 8%111. However, Kolmogorov constructed in 1934 an explicit
fundamental solution of (2) which is a C'*° function outside the diagonal [24].
This implies that (2) is hypoelliptic, i.e. every distributional solution to (2) in
an open subset Q of R3, actually is a C*°(Q) function.

We know that L is a class of Kolmogorov-Fokker-Planck ultraparabolic oper-
ators. Due to its importance in physics and in mathematical finance, it has been
extensively studied (see [5, 6, 13, 15, 21, 29, 30]). The authors in [13, 21, 29, 30]
proved an invariant Harnack inequality for the non-negative solutions of the equa-
tion Lu = 0. The local LP estimates have been studied in [5] and [6]. Based on
the theory of singular integral, Polidoro and Ragusa in [31] obtained Morrey-
type imbedding results and gave a local Holder continuity of the solution. In this
paper, we obtain generalized Holder estimates for Kolmogorov operators £ on
R3.

Morrey spaces and their properties play an important role in the study of local
behavior of solutions to elliptic partial differential equations, refer to [25, 28]. In
[1, 4, 9], the authors showed the boundedness in Morrey spaces for some important
operators in harmonic analysis such as Hardy-Littlewood operators, Calderdn-
Zygmund singular integral operators and fractional integral operators. Moreover,
various Morrey spaces are defined in the process of study. In [16, 24, 27], the
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authors introduced and studied the boundedness of the classical operators in
generalized Morrey spaces MP¥(R"™) (see, also [2, 17, 18, 32]), etc.

We find it convenient to define the generalized Morrey spaces in the form as
follows.

Definition 1. (Generalized Morrey space). Let 1 < p < oo and ¢(z,r) be a posi-
tive measurable function on R3 x (0,00). The generalized Morrey space MP¥(R3)
1s defined as a set of all functions f € LIOC(R?’) equipped with the finite norm

‘E\G:

ro
1 | arv.e ms Sup 1fllzr (B
( ) T€R3 >0 90(1"’7‘)

Also, the weak generalized Morrey space W MP¥(R3) is defined as a set of all
functions f € LY (R3) equipped with the finite norm

6
T P
||f||WMP1<P(R3) me]SRuI;O oz, HfHWLP(B(x,r))-
Remark 1. (1) If p(z,7) = r' 7 with0 < A < 4, then MP#(R?) = LPA(R?)
is the classical Morrey space and W MP®(R3) = W LPA(R3) is the weak Morrey
space.

(2) If o(z,r) =1 P then MP¥(R3) = LP(R3) is the Lebesque space and
W MP¥(R3) = WLP(R?) is the weak Lebesgue space.

Lemma 1. [1/] Let o(z,7) be a positive measurable function on R? x (0, 00).

(i) If

r

3o

sup =00 for somet >0 and for all z € R3,

t<r<oo (1)
then MP¥(R3) = ©.
(ii) If

sup o(z,7)" ' =00  for some T >0 and for all x € R3,
o<r<r

then MP¥(R3) = ©.
Remark 2. [14] We denote by 2, the sets of all positive measurable functions ¢
on R3 x (0,00) such that for all v > 0,

_6
p

sup
TER3

< 00,

< oo, and sup ||p(z,7)”

‘Loo(t,oo) zER3

Z T) 1HLoo(o,t)
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respectively. In what follows, keeping in mind Lemma 1, we always assume that
0 €.

Define
u(z) — u(z)|

[U]cwmsy = sup —F—=
®) x,z€R3,x7ézw(||x_l OZH)’

and set C%“(R3) for the space with the all functions u : R® — R with the finite
norm

ullcw sy = [[ull Lo m3) + [Ulow@s).-

In the case w(t) =t*, 0 < a < 1, we get the Holder spaces C(R3).
The main results in this paper are as follows.

Theorem 1. Let 1 < p < 0o and ¢ = ¢(z,7) € Q, satisfy the condition

1 oo
/ o(x,r)rdr —i—/ o(x,r)dr < co.
0 1

Then there exists a positive constant C, depending only on p, ¢ and the operator
L, such that for every u € C§°(R3),

() = u(z)] < C|| Lul|prpe ms)

llz=toz||
X (/ o(x,r)yrdr+||z71 o 2|
0

o0

o(x,r) dr)

llz=toz]|

for every x,z € R®, x # z, where o is the group law given in Section 2.
Let 1 <p < oo and ¢ = @(x,r) € Q, satisfy the condition

1 0 dr
/ o(x,r)dr —i—/ p(z,r) — < 0.
0 1 r

Then there exists a positive constant C, depending only on p, ¢ and the operator
L, such that for every u € C$°(R3),
|0z, u(x) — Opyu(2)] < Cl|Lul|prrers)
[z~ ozl oo dr
([T e aton ola,r) %)
0

[z~ oz "

for every x,y € R3, x # 2.
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Corollary 1. Let 1 < p < oo and ¢ = p(x,r) € Q, satisfy the condition

) 00
/ o(x,r)rdr+90 / o(x,r)dr < ¢(x,0) 52
0 )

for all x and § > 0. Then there exists a positive constant C, depending only on
p, @ and the operator L, such that for every u € CS°(R3),

[u(z) = u(2)] < Ol Lull oo sy (71 o 2])) 275 0 22
for every x,z € R3, x # z, where o is the group law given in Section 2. Moreover,
||UHC¢<',T)T2(R3) S HﬁU”MW(R?’)-

Let 1 < p < oo and ¢ = p(x,r) € Q, satisfy the condition

0 & dr
| etwnarss [ ot < plwa)
0 ) r
for all x and 6 > 0. Then there exists a positive constant C, depending only on
p, © and the operator L, such that for every u € C§°(R?),
|0, u(x) = 8z;u(2)| < CllLull pgpo 41y @, ™ o 2]]) [l o 2]
for every x,z € R3, x # 2. Moreover,

”|8x1uHCw(ur)T(]R3) S 1Lullarre gs)-

A—1

Note that for ¢(z,r) = |B(z,r)| » , from Theorem 1 we get the following
result proven in [10].

Corollary 2. [10, Theorem 1.2] If2p+ X > 6, p+ A < 6 and 0 = 2;:4;#’
then there exists a positive constant C, depending only on p, A\ and the operator
L, such that for every u € C$°(R3),

[u(@) = u(2)| < Ol|Lull praggsy llz~" o 2|’
for every x,z € R3, z # w, where o is the group law given in Section 2. Moreover,

[ullcoray S [1Cullare rs)-

Ifp+ A >6 andd = p+;_6, then there exists a positive constant C, depending
only on p, X and the operator L, such that for every u € C§°(R3),

- 5
Bru() — Oay ()] < CllCull prargasy o~ o 2]
for every x,z € R3, x # z. Moreover,

10z ull oo sy S 1w/l prer (m3)-
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The paper is organized as follows. In Section 2, we introduce some preliminary
and known results which will be used later. The proof of Theorem 1 is given in
Section 3.

2. Preliminaries

It is proved in [21] that the operator L is left-invariant with respect to the
Lie group K = (]R3,o), whose underlying manifold is R3, endowed with the
composition law

(z1,22,t) o (1,22, 7) = (21 + 22, T2 + Y2 — tx1,t + 7).
Note that
(z1,22,t) "L = (—zq, —29 — txy, —1).
The left translation by y = (y1,y2,7) given by
(x1,22,t) = (y1,Y2,7) © (21, T2, 1),
is an invariant translation to the operator £ given by
o) = diag(t,t*,1%),

where t is a positive parameter, and the homogeneous dimension of (R3, o) with
respect to the dilation dy is 6.

Remark 3. There is a natural homogeneous norm in R3, induced by dilation
DN): |z|| = |[(z1, 20, )| = |o1| + |z2|*3 + [t|1/2. Clearly, we have ||6xz|| =
Alzll, A>0, z € R3.

For every z,y € R3, define a quasidistance by d(x,y) = ||y~ o z||. The ball
with respect to d is denoted by

B(x,r) = By(z) = {w € R* : d(2,y) < r}. (3)
Since B(0,7) = §,B(0,1) and det(5,) = A%, we also have
|B:(0)] = r°| B1(0)],

where |B1(0)| = wy is the Lebesgue measure of the Euclidean unit ball of R3.
This implies that the Lebesgue measure dz is a doubling measure with respect
to d, since

|B(x,2r)| = 2%|B(z,7)], z€R3 r>0.
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Therefore, the space (R?,dx,d) is a space of homogenous type. Recall that if f
and g are functions on R3, their convolution f * ¢ is defined by

fglx) = /W f@oy Ng(y)dy = /Rg g(y~ o z)f(y)dy.

For the operator £, the fundamental solution I'(-, y) with pole in y = (y1,y2,7) €
R? is smooth except on diagonal of R3 x R3. It has the following form at y =
(0,0,0):

3 z 3z1x 322
I'(z) =T(z,0) = 2\7{;2 eXp(_Tl_%—Tf) for t > 0,
0 for t < 0.
And
1’2 xT 2 z z 2o . )
I(z y) — WL_?)T)ZGXP ( — 1+t1_yT1+y1 _3( 1+(ti)7§)22 y2) 3((,52_5?’,) > for t > 7,
’ fort <.

Moreover, I' € C*°(R3\ {0}).
The authors in [11] and [33] proved a representation formula:

u(w) = ~(LusT)(e) =~ | T o) Luy)dy. (4)
R3
The following formula was given by Bramanti in [7]:
92 pou(x) = —PV.(Lux 02, T)(x) + c11 Lu(z) (5)

for every u € C$°(R?) and some constant cj;. The principal value in (5) is
understood as

P.V.(Luxd? , T)(z) = lim (0% . D)y~ ox)Lu(Y)dy.

i =0 Jra\Bze)
Set
I(z) = 0,,0(x), T11(x) = 0y, 0p, T'(2).

We also observe that I'(x) is homogeneous of degree —4 with respect to the
group (0))a>0, and I'1(z) is homogeneous of degree —5. Recall that I';;() has
the following properties.

Lemma 2. (/6]/). One has
(a) T1i() € C=(R3\ {0});
(b) T'11(-) is homogeneous of degree —6;
(¢) for every R>r >0,

/r<||z||<R u(z)de = /Z”:1 I'yi(x)do(z) = 0.
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3. Generalized Holder continuity

In this section, by demonstrating generalized Holder estimates for two integral
operators, we prove Theorem 1.

Lemma 3. [23]. Let K € CY(R?\ {0}) be a homogeneous function of degree
b < 1 with respect to the group (dx)xso. There exist two constants ¢ > 0 and
M > 1 such that if ||z|| > M|z~ o y||, then

K (y) — K(x)| < cla” oyl - [l]”~.

Lemma 4. [23] For every x,y,z € R3, the following assertions hold:
(1) there exists a constant ¢ > 0 such that

C C

F(:):_l oy) <

-1
RESEFOEE

lz=t o yl®

(2)  there ewist two constants ¢ > 0 and M > 1 such that if ||z~ ' o 2| >
Mllz=t oyl then

. cllz" oyl
‘F(CL’ OZ) } ~ m,
-1 clz" oyl
’Fi(az 0z)— | S o To 2o

Lemma 5. Letp € (1,00) and X € [0,6). With fized z € R?, a € [0,6), 3 € (0,6)
and o > 0, for every g € MP¥(R3), we set

9(y)
Tog(x) = / _ 9
ly—Toz|[>o |=—Loz| Iy~ 0 2|8
and
Tg(x) = / s
’ ly~loz||<o|lz—Tox|| ”y_l o xHG_B

If floo o(z,r)r* Ldr < oo, then there exists ¢ = c(p, p, a,d) > 0 such that

o0

Tig(@) < clglamoes [ plorrtdr ©)

[[2= o]l

Moreover, if fol o(x,7)rP~Vdr < oo, then there exists ¢ = c(p, ¢, 3,0) > 0 such
that

|z~ ox||
ITg(@)] < c gllpgme ) /0 (e, r)rB dt. (7)
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Proof. Observing that

/ < 19(y)]
o) <3 s s d

ol|z—Lo||<|ly~Tox||<2tollz—Toz| 1Y~

2 6—a J
5%2;H213753ﬂ1> ‘/; ) lg(y)| dy

2kciollz—Loa|| ()

1
ol

> 2 6—a
< Ok —1 ~ —
< (o) (o) [Bcsatetent @)

> 6
2 S _a
< p - |
= kzl QkUH,zfl o xH) ||9||Lp(B2k610”z710z“(33)) ~ HQHMIW(RS)
X i 2 )f;—a (2k0'||z_1Ox”)%SD(-f,QkClO'HZ_lox”)
= \2rof"t oz
oo
6
S 9llarme o) Z <2k0HZ?1 ° 37“) p(z, 250z o z]|)
k=1
o
Slollmoy [ oleryetan
l|z=toz|

we see that (6) is true, since the above series is convergent.
Similarly, by integrating over the set

{yeR®:27% ||z ozl < [y oa| <2t Folz o x|},

o0

o) < [ _gwl g,

] 6—
= Jako|a=10al|< ly-1oal|<21~kolz=1oz| Y7 0 z[|57F

2 6—p
d
saea) 9(9)] dy

24— clo'Hz_lomH (LL’)

(
o0 9 6—08
<> (ampeay) Mg,
(
(

1
Y

(a:)) ‘B21*kclcf||zfloxH (:U)

claHzflozH

S R < gl
21—kO-Hz—10$H g Lp(B21—kclon—1oxll(w)) ~ 19 M2 (R?)

1 )f,/ﬂ’

—k -1 6 _k _1
> FosToa| (27 %a|lz o z|)? p(z,2 0|zt o 2]))
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o0
_ _ B _ _
S gl aree 3y E (2 Folz loa:H) p(z,2 o)z o 2])
k=1

||zflo:cH 51
< Nl azme ey /0 () PV dr.

As the above series is convergent, (7) is proved. «

Proof of Theorem 1. For u € C§°(R?), by Lemmas 4 and 5, there exist
M, c > 0 such that

) = ()| < [P 00) =Tl o 210y

.’L'il oz
< /” M=ozl )1y

y—loz|>Mllz—1oz|| Iy~ 0 @[?

1
+ /” L tu(y)ldy

y~loz||[<M|z—Loz|| Hy_l o I‘H

1
+/ T Lu(y)|dy
ly="oxl|<M|lz—1oz| [y~ © 2]

=1L+ I, + I3.

By applying Lemma 5 and choosing « = 1 and ¢ = M/c;, we obtain the
existence of a positive constant ¢ such that

1] S ILull ppe sy llz ™ 0 2] p(a,r)dr. (8)
[z~ oz]|

Choosing 5 =2 and 0 = Mc¢; in Lemma 5, we obtain the existence of a positive

constant ¢ such that
[z~ oz||
2| S (|Lull o gs) /0 o(z,r) rdr. (9)

Choosing 8 = 2 and 0 = c2(1 + M) in Lemma 5, we obtain the existence of a

positive constant ¢ such that

llz= oz|
T3] < || Ll e ) /0 (@, 7) dr. (10)

Hence, by (8), (9) and (10), it is easy to obtain

u(e) = u(z)| < C[| Lul|proms)
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o

llz= oz
X (/ o(z,r)rdr+ HCEil o z|| o(z,r) dr),
0

[lz=toz]|

where C is a positive constant, =,z € R3, z # 2.
By (4), we write

Ouuta) = = [ Ty~ o)Luty)ay

for every x € R3. Analogously, by Lemmas 4 and 5, we obtain the existence of
M, c > 0 such that

() — Bpyu(z)] < / Tyt o) — Ta(y~ o 2)|| Culy)ldy
R3
<

C LE_l oz
</ ozl )y

yloz||>M|z—1oz| Iyt 0 x|
C

+f e lLu(y)ldy
ly=loz||[<M|z—loz|| Hy ! Ox||5

C
+/ T s Lu(y)|dy
ly=loz||[<M|z—loz|| Hy © Z”

=1+ 1)+ I

By applying Lemma 5 and choosing @« = 0 and ¢ = M/c;, we obtain the
existence of a positive constant ¢ such that

_ > dr
11| S N Lullarre ey 27" 0 2] p(x,r) —. (11)

[z~ oz]| "

Choosing =1 and 0 = Mc¢; in Lemma 5, we obtain the existence of a positive
constant ¢ such that

llz=toz|]
L) < el Cullprme ) /0 o(a,r) dr. (12)

Choosing f =1 and 0 = ¢3(1 + M) in Lemma 5, we obtain the existence of a
positive constant ¢ such that

le=toz|
I < ellCullprmoze) / ole,r) dr. (13)

Hence, by (11), (12) and (13), we derive

0 u() = Dayu(2)] < C [1Lul ygmo )
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|z~ Loz|| ) dr
—1
([ e oo ole.r) ),
0 [lz—Loz|| r
where C is a positive constant, =, z € R3, x # 2. This completes the proof. «

A—

Proof of Corollary 2. If we take p(z,r) = |B(x, 7“)|T1 in Theorem 5, then we
get

o0 o A—6 A—6
/ o(z,r) roldr = / e el gy = ||z_1 o m|]7+a
|

2z~ Llox|| lz=Loz||
and
0 © a6, A—6
/ go(x,r)ro‘_ldr:/ rr <o =4 a>0
1 1 p
& A+ pa < 6.
Also,
]z~ Loz llz=tox|| ,_g 6
/ o(z,r) Bl dr = / re PPl g = Hz_l o x||T+B
0 0
and

1 1
A6 5 A —
/So(x,r)rﬁldr:/ rAp6+6 1dr<oo<:}76+ﬂ>0
0 0 p
< AN+ pp > 6.

This completes the proof. «
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