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Stefan Problems With Unbounded Heat
Conduction and Integrable Data

M. El Fatry*, M. Mekkour, Y. Akdim

Abstract. In this paper, we prove the existence of renormalized solution for a class of
Stefan-type problems

b
aa(:) — div(A(t, z,u)Du) = f,
where the matrix A (t,z,s) = (ai;(t,@,5))1<i<n is not controlled with respect to wu,

155N
f € LY(Q), and b is a maximal monotone graph.
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1. Introduction

This paper investigates the existence of a solution for a class of Stefan type
problems of the form
81:9(?) —div(A(t,z,u)Du) = f in Qx (0,7),
b(u)(t =0) = by in Q, (1)
0 on 09 x |0, T7,

u =

where € is an open bounded subset of RV(N > 1), and T,m are two positive
numbers, b is a maximal monotone graph on R, and b~! is continuous on R.
Moreover, the matrix

A:(t,x,s) — A(t,z,s) = (ai(t,z,8))1<i<N (2)
155N
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is a Carathéodory function from Q x (—oo,m) into RY*N  the set of N x N
symmetric matrices, which blows up when s — m™ and satisfies the coercivity
condition.

Under the assumptions on the operator b, the problem (1) is of a Stefan
problem class. The applications of the Stefan problem can be found in many
areas, among which we mention the Stefan liquid diffusion problem (see [12]).

When we study this problem, we find two difficulties. Due to these difficulties,
the problem (1) does not admit, in general, a weak solution. In order to overcome
these difficulties, we are using the framework of renormalised solutions. This
concept was presented by DiPerna and Lions [8] (see also Lions [9] for a few
applications to fluid mechanics models). We refer the reader to [6, 10, 11] for
elliptic problems and to [4, 3] for parabolic equations.

By contrast, to prove the existence of a normalized solution, we use the tech-
nique developed by D. Blanchard and A. Porretta [2], K. Ammar and P. Wittbold
[7]. This technique is based on introducing the approximate problem. Then,
thanks to the theory of semi-groups, we show the weak solution of the approx-
imate problem. Finally, we pass to the limit in the approximate problem to
establish the existence of renormalized solution of the problem (1).

In the case where the field is a Leray-Lions operator and b(u) = b(x,u), the
existence of renormalized solutions has been proved in [4] and [1] in the weighted
Sobolev space. In the case where the field is a Leray-Lions operator and b is a
maximal monotone graph on R, the existence of renormalized solutions has been
established in [2, 7].

The main purpose of this paper is to study the existence of renormalized
solution for the problem (1), and gives a sense to the flux

A(t,z,u) DuDu
in the set {(t,z) € Q ; u(t,x) =m}.

The paper is structured as follows. In Section 2, we make assumptions and
provide our main result. In Section 4, we give the proof of main result.

2. Basic assumption and main result

In this paper, we study a class of Stefan problems

O) _ div(A(t, z,u)Du) = f  in Q,
b(u)(t =0) = by in Q, (3)

u=0 on 0 x 10,17,
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where € is an open bounded subset of RV (N > 1), Q = Q x |0, T[, where T > 0
and m is a positive real number. We assume that

b: R — P(R) is a maximal monotone graph such that 0 € b(0). (4)

We denote by b~! the inverse function of b, and

bo € Ll (Q) ) (5)
fel'(Q). (6)
A:(t,z,s) — A(t,z,s) = (a;(t, x, S))}?E% (7)

is a Caracthéodory function from @Q x (—oo, m) into RV*N  the set of N x N symet-
ric matrices, such that there exist two positive functions 8 and «y in C° ((—oc,m))
which satisfy

lim B(s)=+oc0; B(s)>a>0 Vse (—oo,m), (8)
S—m=
| s <+ )
0
B(s)1€1° < Alt 2, 8)6€ < 7 (s) €. (10)
For any positive real number e, we define the function b, by

1 if r<m-—2e¢
oe(r)=¢ 1—(r—m+4e¢e) if m—2e<r<m-—e¢ (11)

0 if r>m-—e.

We define for a fixed n > 1
On(s) = —(Tn(s — Ta(s)), (12)

and h(s) =1—|0,(s)| for all s € R.

Definition 1. A measurable function u defined on € is a renormalized solution

of problem (3) if:
Ti(u) € L*(0,T; HY(R)) VE > 0, (13)

u<m a.e. in @, (14)

for every k >0 X{_pcucm}At; 2, u)Du.Du € L*(Q), (15)
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for everyi=1,...., N,

1
lim / A(t,z,u)Du.Dudzdt = 0, (16)
p=+oop Ji_op<cu<—p}

for any ¢ € C° ([0,T7)

N
lim p> /Q X {m—2/p<u<m—1/py At, 2, u) Du.Dudzdt (17)
=1

p—+00

:/ fQOX{u:m}dxdta
Q

there exists 0, € L*(Q) such that o, € b(u) a.e. in Q, and u satisfies

Qu bo
_/ngt/o S'(b 1(r))drdtdm—/g0(0) S'(b=1(r))dr)da

Q 0

—i—/ A(t,z,u)Du.D (S'(u)p) dudt
Q

:/ 1S (u)pdzdt (18)
Q

for every function S in W2 (R) such that supp(S’) is compact and S'(m) = 0,
and for any ¢ € CX ([O,T] X Q) such that S'(u)p € L*(0,T; HL ().
Remark 1. Conditions (13) and (15) provide that all terms in (18) are well

defined.
The assumption (17) has been established in [5] when b(u) = u.

Theorem 1. Under the assumptions (4) -(10) there exists at least a renormalized
solution u of problem (3).

3. Proof of main result

3.1. Step 1. Approximation problem
For € > 0, we consider the field of matrices
A (t,x,s) = 0:(s)A(t,x,8) + (1 — o-(s))B(m — &), (19)

where o, is the function defined in (11) and I is a diagonal matrix. Indeed, in
(19) we use the convention

o:(8)A(t,z,8) =0 for s >m —e.
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Due to the assumptions (8) and (10), we have

Bs) € < A%(t,2,5)€6 < (v(s) be(s) +  sup B(r)) [ (20)

re(0,m—e)
Finally, 3(f:)..o € L* (Q) such that
fe— f in LY(Q), (21)
and 3 (b5). € L™ (£2) such that
b — by in L(9Q). (22)
Proposition 1. The reqularized problem

abgf) — div(A%(t,x,u®)Du’) = f.  inQ,
b(u)(t =0) = bj in , (23)

u =0 in 02 x 10, T7.

admits a weak solution u® in the sense that u satisfies
Tr(u®) € L*(0,T; H{ () N L>®(Q)VEk > 0,

there exists oy € LY(Q) such that o,c € b(uf) a.e. in Q, oy (t) € LY(Q), and u®
satisfies

—/ gatgusdxdt—/go(())bgdx—i—/ A®(t, z,u®) Du® Dpdxdt (24)
Q Q Q

= / feodzdt
Q

for every function S in W2®(R) such that supp(S') is compact, and for any
p e CX ([O,T] X §_2> such that S'(u)p € L*(0,T; H} (). Moreover, we have

lous () — oun (W)l L1y < IF° = i) + 106 — 0l 1) VE = 0. (25)

Proof. The condition (4) made a difficulty to prove this proposition. The idea
of proof is to approach the graph b by bx, where

bk:i)‘{—i-ks,

and R is the Yoshida approximate of b. The proof is similar to that in [2]. <
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Remark 2. Any weak solution is a renormalized solution. Indeed, for any S €
W22 (R) and any ¢ € CZ((0,T) x Q) such that S'(u¥)p € L*(0,T; H}(Q)),
we can choose S'(uf)p as a test function in (25). Using the integration-by-parts
formula (see [3]), we have

Ous bg
—/ cpt/ S'(bl(r))drdtda;—/ ©(0) S’ (b= (r))dr)da
Q 0 Q 0
+/ A% (t,z,u®)DutD (5" (u¥)p) dzdt
Q
= / 1S (u®)pdzdt (26)
Q
for any S € W2 (R) and any ¢ € C((0,T) x Q).

3.2. Step 2. A priori estimate

. . . T—65—
The test function ¢ is always equal to ¢ = mm(%, 1).
Choosing S'(r) = Tk (u®) in (26), we have

1 T—6 Oue T-26
E / / / S (b=1(r))drdadt) + / / A%(t, 2, ) DTy (uF) DT (0 ) davdlt
0 Jr_as Ja Jo 0 Q
<k [Ifellzng + 10 (u6) | oy - (27)

Letting 4 tend to 0, we have

T

/ /QAs(t,x,us)DTk(us)DTk(uf)da;dt <k [Hfa”Ll(Q) + Hba(ug)HLl(Q)} .

0

Thanks to (10) and f. € L' (Q), we have

o / | DTy, (uf) | dedt < Ck, (28)
Q

/ |A®(t, 2, u®) DT}, (uf))? dedt < C,
Q

and
XE(t, z,u) DTy (uf) € (L2(Q))Y, (29)

where X¢ (z,s) = (acfj(x, s)) 1<i<n is the square root of the matrix A® (z,s).
1<j<N
Let k£ > 0. Note that
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{lu] > K}

/ﬂ(/ | T, (uf) | dadt
Q
< Ck™%

Therefore, we have
lim meas {|u®| > k} = 0.
k——+o0

Then, from (25) we deduce
0us strongly converges to g, in L=(0,T; L' (Q)). (30)
Since b~! is continuous, this implies, up to a subsequence,
u® = u a.e. in Q, (31)

where u := b~!(g,). Next, from (28) we can extract a subsequence, still denoted
by itself, such that

Ty (uf) — vy, weakly in L2(0,T; H3(2)), (32)

strongly in L?(Q) and a.e. in Q. It can be seen that T}, (u®) is a Cauchy sequence
which converges in measure in ). We have, for any k£ > 0,

Ty (uf) — Ty (u) weakly in L2(0,T; Hg(2)).
Now using S’(u) = T, (s) — T;t (s) in (26), leads to
1 T—6 Oue
E / / (b1 (r))drdadt)+
0 Jr—25 Ja Jo

T—-26
/0 /QAE(t, z,u®) DTy (u®)D (T (u¥) — T, (uf)) dadt

<k |1l gy + 1Bl ey (33)
Ty (u) = Th(u) = 0 a.e. in Q, (34)
u < m a.e. in Q.

We define two sequences of auxiliary functions:
(us)™

o = / (7() 02(3) + (1 — 02(5))B(m — €)ds (35)

0
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and
(ue)*

& = / (B () 02(5) + (1 — 02(5))B(m — e)ds. (36)
0

For every k > 0 we have Ty, (v®) € L?(0,T; Hi(Q)) and Ty (d?) € L*(0,T; H}(2))
with

VTi(vF) = Xueay (7 (u) 02 (u®) + (1 = 02 (u)) B(m — €)] Vo (w) T (37)

and

VTi(d®) = Xqae<iy [(8 (u%) 0=(u%) + (1 = 0c(u)) B(m — €)] VTj/a(u) ", (38)

Let us now take S’(u®) = T),(d° — (u®)~) in (26). Then we have

/ A®(t, z,u®)Dut T, (d° — (u®) ™ )dxdt < C. (39)
Q

Since the supports of d° and (u®)~ are disjoint, we deduce, using (38),

N
3 /Q Ve <y [B)oe(u®) + (1 = 0o(u))] (A (¢, 2,u")D (u®)*) DT (uF)* dadt
=1

N N
+Z/QX{(UE)_<,€}ZAE(t,a:,ue)D(ue).DTn(ua)_dxdth. (40)
i=1 j=1

Now the definition (19) of A® together with assumptions (10) show that

(1= o=(s)B(m — &) [€* + B(s)o=(s) |¢[*
§ Ae(t,l‘,us)&fj

for any s € R, any £ € RY and a.e. in Q.
Then (19) and (40) yield

/ \DTn(dE)\dedHa/ DT, ((u5) )| dadt < C. (41)
Q Q
Since the supports of d® and (u®)~ are disjoint, we deduce

min(1, o) /Q | T (d° — (u*)7)|” dadt (42)
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<C.
Poincaré’s inequality and (42) lead to

n’meas {(t,x) € Q;

& — ()| > n} =0,
where C does not depend on n and e, and we obtain

lim sup {(t, x) € Q; }da — (us)_} > n} = 0.

n—+oo ¢

To obtain the analog of (43) with

(us)™ m
=t [ 00 - e <+ [T 60— oo
where ["(v(s) — B(s))oe(s)ds < 400, from (9) and (43) we get

lim sup {(t,z) € Q; |v° — (u°)"| >n} =0.

n—+o00 ¢
Next, by (42) and the same procedures as above, we deduce

d®* —da.e. in Q,

where d is a measurable function. Then, by (31), (44) and (46), we have

v° = v a.e. in Q,

85

(44)

(45)

(46)

(47)

where v =d + f[)(u)+('y(s) — B(s)o:(s)ds and v is a measurable positive function.
Consequently, by the definitions (11) of 0. and (35) of v°, the convergences (32)

and (47), we have

(u)*
v= /0 v(s)ds a.e.in {(z,t) € Q ; u(xz,t) <m}.

(48)

However, as far as we know, we cannot expect to have a similar identification on

the subset {(¢t,z) € Q; u(t,x) =m}.
Now, we choose S'(uf) = 0, (v° — (uf)”) in (26). Then

1

" /{"Sl”ﬁ(uf)‘lszn}
|uol -
/{|vs<us>—|>n} Jeldedt+ /Q/o V()60 (G5(r) = (1)) | drde.

A (t,z,u")D (u®) DT, (v" — (u°) 7 )dxdt <

(49)



86 M. El Fatry, M. Mekkour, Y. Akdim

For the second term, we recall that the supports of G°(r) and r~ are disjoint
and, using f- € L' (Q) and (45), we obtain

lim sup— A®(t,z,u®)D (u®) .DT;, (v° —(u) " )dzdt = 0. (50)

n—+o0o ¢ n[[n<’va(u6)_|<2n}

Repeating the above argument with S'(r) = 6,, (), we have

1
lim Sup/ A%(t, z,u®)D (uf) .DT, (uf)dxdt = 0. (51)
{n<Jus|<2n}

n—+o00 ¢ N

To prove the existence of the weak limit of the field, we need to show that

A%(t,x,u®)Duf is bounded in L?(Q) for every i = 1,...., N in the subset, where

v® — (uf)” is truncated. Indeed, we plug the test function Tj(v®) in (26), and
using (37) we obtain

/ AS(t,x,uf)D (u) .D (uf) T [(y (uf) oe (uf) + (1 — 0e(s))B(m — €)] dzdt
{lvs|<k}
<C.

By the definition (19) of A%(x,s) and (10), we get

A (t,2,8)€.6 < (v(s) 0e(s) + (1 — 0c(s)) B(m — &) ¢ (52)
for any s € R, any £ € RY and a.e. in Q. Using (52) with ¢ = X*(z,u°)D (u®)" |
we obtain

/ |A%(t, 2, s)D (u5)+‘2 dxdt < C,
{lv=|<k}
and then for any k£ > 0
X{ve <k} A (¢, z,5)D (uf)" is bounded in L*(Q),

uniformly in €.
Now, since X{ o —(ue)~ | <k} = X{0<ve <k} + X{o<us<k} @-€. in § using the con-
tinuous character of A®(¢,x, s) for s € (—o0,0] and the estimate (28), we have

X{[ve —(ue)) - | <k} A (¢, 7, u) D (uf)" is bounded in (LQ(Q))N (53)

uniformly in €.
Using the estimates (53) and (29), we extract another subsequence, still
denoted by €, such that

b (v° — (u®)7)A®(t, z,u®)D (u®) — Py, (54)
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weakly in (L%(Q))",

Xe(t,z,u) DTy (u®) — Yx
weakly in L(Q)

as ¢ tends to 0, where for any k >0, n > 1, ¢, € L?(Q) and Y € L*(Q).

Next we identify v, on the subset where u < m. Let h be a C*°(R)—function
such that supp(h) is compact in (—M, 1) with { < m and M > 0. Then, using the
fact that h(s)AS(t,z,u®) = h(s)A(t,z,T)(sT) — Ta(s™)) for € small enough and
the convergences (32) and (47), we have

h(u®)hy (v® — (u®)7)A%(t, z,u®)Du® — h(u)h,(v —u")A(t,z,u)Du
weakly in (L2(Q))N (55)

as € tends to 0 and where Du stands for DTj(u™) — DTy (u™). Tt follows from
(55) and (54) that

Y = hy (v—u) A(t,z,u)Du a.e.in {(t,x) € Q ; u(t,zr) <m}, (56)

since | < m and M are arbitrary.
Now remark that on the subset {({,z) € Q ; u (t,x) < m}, we have

(w* m
0<v= / v(s)ds < / v(s)ds,
0 0

and then for n > [ y(s)ds, we have hy, (v —u) = hy, (—u) on {(t,z) € Q ; u (t,x) < m}.
It follows from (56) that

tn = hyp (—u) A(t,z,u)Du a.e.in {(t,z) € Q ; u(t,z) < m},
which in turn implies that
X{keuemyAlt,,u)Du € (L(Q)" . (57)
To identify Y;,, we use ¢, defined above. We have for every k > 0
B (v° — (uf) ) AS(t, , uf) DTy (uf) — ¢k weakly in (LZ(Q))N.
We can write
P (0 — (u€) ) XE (E, @, 08 ) Th(0F) = P (v —(uf) ™) (XE(t, @, uf)) A (¢, 2, u®) Th (uf)
for some technique developed in ([4]). Then we deduce

Yk = X{u<m}X(t7 x, U)Tk(U) a.e.in Q
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3.3. Step 3. Strong convergence of the field

Let £ € C§° (0,T] be such that 0 < £ < 1. We choose S’(r) = hy,(r)T(r) and
€ = ¢ in (26):

Ous
/As(t,x,uE)DTk(ue).DTk(us)da:dtS/ft S’ (b1 (r))drdazdt+
Q Q Jo

/f S/ b= (r))drdzdt

/ Efehn u®)dsdxdt + k— / A®(t, z,u®) DTy (u). DTk (u® ) dtdz.
{n<|us|<2n}
(58)

We pass to the limit as e tends to 0 in (58) and using (30) and (31), we have

lim sup/ A (t,x,u”) DT (u®). DTy (u®)dzdt
Q

e—0

Qu bo
—1 -1 -1 -1
S/Qgt/o R (07 (7)) T (b (r))drda:dt+/9§(0)/0 R (07 (7)) T (b~ (7)) drdzdt
—i—/fohn(u)Tk(u)dsdxdt
e—0

+lim sup k— / / A% (t, z,u”) DTy (u®). DTy (u®)dzdt.
{n<|us|<2n} J{n<|us|<2n}

Using (51), we have

1
lim lim sup k— / A®(t, z,u®) DTy (u®). DTk (u® )dzdt = 0. (59)
{n<|uf|<2n}

n—+ooe—0

Now using (59), we pass to the limit as n tends to +oo and we obtain

lim lim sup/ A (t, z,u®) DTy (u®). DTk (u® ) dzdt <
Q

n—+ooe—0

/ft /Qu Ty (b drda:dt—l—/ (0 / Ty (b~ (1)) drdzdt+

/ EfTi(u)dxdt. (60)
Q
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Now we use S, (r) = hp(G*(r*) —r~) in (26). Then we have

1

/ A (t,x,u")Du®.D(v° — (u®) ™ )dzdt
{n<|ve—(u®)~|<2n}

— el -

b5

o rp—1 1 p—1
< /Q o1 /O S! (b7 (s))dsddt — /Q P(0) [ 8,07 s)dsdar

—/ ©fhp(v® — (u¥)7)dxdt —I—/ A®(t, x,u)Du’.Dphy, (v¢ — (u®) 7 )dxdt
Q Q
1

< @l ooy = /{ o soany A0 VDE D — () et (61

n
Now we need to pass to the limit in e. First, we remark that for n > [ y(s)ds

hn(G£(3+) —s )= X{s<0}hn(_5_) + X{O<s<m}hn(3+) (62)
as € tends to 0. As a consequence of (62), it follows that
Que
/ <pt/ ha(GE((671(5)) ) = (b7 '(s)) " )dsdudt
Q 0

—0u .
— /QSOt [/0 hn(b (s))ds —i—Tnt('(_)u)] dxdt
and
g + _
/ ‘Pt/ ha(GE((071(s)) ) = (b7(5)) " )dsdadt
Q 0

= [ 40) [ | e s+ T ) | e,

as € tends to 0. Secondly, from (56) we get
/ A®(t, x,u)Du’.Dphy, (v¢ — (u°)7)dxdt — / . Dodxdt.
Q Q
On the other hand, we use (56) and the inequalities

/fgcpdxdt—llsoHLoo(Q)/ ]fgldxdtg/gofahn(UE_(us))dmdt
Q {lve=(u®)~ |>n} Q

S/fe‘ﬂdxdt"’_“‘PHLw(Q)/ | fe| ddt.
Q@ {lve—(ws)~[>n}
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Setting

ki(n) = 1supl/ A (t,x,u")Du®.D(v" — (u®)”)dzdt
{n<|ve—(u®)~"|<2n}

ne<n

and
o) = sup / \fo| dudt,
{Jve—(u®)~|>n}

£

we pass to the limit:

= el oo () (R1(n) + K2(n)) < —/ Y. Dpdxdt
{u(t,z)=m}

- / 2(0) [ / (b7 1(5))ds + T (bo) | d
Q 0

—0u . N
—i—/Qcpt [/0 b (b (s))ds—I—Tm(gu)] dxdt
+/ A(t,x,u)Du.Dphy(v — (u)” )dzdt—
u(t,z)<m
= [ Fopdrdt < e o) (1) + o).

Now, let ug; be a sequence of C§°(£2) such that
ug; — up strongly in L' (Q)

and
u(t) = UQ; for t < 0.

We choose ¢ = {1 ft'ih Ti(u(7))dT as a test function in (26). Then

—k(k1(n) + Ka(n)) S/{ . }¢n-D(}1L /t_th(u(T))dT)dacdt—

/80(0) [/ hn(b_l(s))ds—FT;g(bo) dxdt
Q 0

o9 1 [t —0u _
- /Q 5i&h | Teur)in) [ /0 (b 1<s>>ds+th<gu>] dadt

/u(t,x)<m Alt, z,u)Du.D <;1L /tt Tk(u(T))dT> hn (v — (u)7)dadt—

—h
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—/ fedzdt < kE(k1(n) + k2(n)).
Q

To control the parabolic term in the previous inequality, we now apply Lemma
2.3 of [2] with w = u, F(u) = u, B(r) = [y ha(b(s))ds + T, (r). Letting h
tend to 0 in (61), we have

e [ (6 L, o)
- [/0_9“ B (b=1(5))ds + Tg(gu)] dz dt—

/ ©(0) [/ ha(b™1(s))ds + T3, (bo) | da
Q 0

= /Q ¢ [(/0 (67" (s))ds + Tnt@u)) Ty (u)dr—
[ 7 ( [ ha s+ TM) N
[ o
- [ ae ( [ ha s+ TW)) N

We can easily prove that when h tends to 0, then %ftt_h Ti(u(r)dr — Ti(u)
strongly in L2(0,T; H}(Q2)). From (63) and letting j go to infinity, we get

dx dt—

,ba
( /0 R (b1 (s))ds + b(Tnt(bo)> Ty (ug;) dr

dx.

—k(r1(n) + ra(n))

< —/Q& K/O_gu h (b7 (s))ds +T$(Qu)> Ty (u)dr—

/ 1) ( / b Y (s))ds + TJ;@«)) drdz dt
0 0

_ / £(0) [( / hn(b—l(s))ds+b(m—(bo)> T (o) dr—
(9] 0
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/ ) ( / (b7 (s))ds + Tnt(r)> dr] dz
0 0

+/ Y. DTy (u)dxdt+

{u(t,x)=m}

/ A(t,z,u) Du.DT(u)hp(v — (u) ™ )dxdt
u(t,z)<m

—/ fETY (u) dxdt.
Q

Finally, let n go to infinity. Observe first that, by definition of T} (s) , we have
X{u=m}¥n-DTk(u)dzdt =0 .
Thanks to (51) and (45), we have
k1(n) — 0 and ka(n) — 0.
Since hy(s) — 1 for every n > féﬂ ~v(s)ds, the inequality (3.3) yields

0
< [a (e + Tie) Tutwar = [ T40r) (o) (T35 0)) | o at
- [ &) [(—ba 0] T Cw)dr = [ ) (o) + T () dr] da
Q 0
/ A(t,x,u)Du.DTy (u) dedt — / fETy, (u) dzdt. (64)
u(t,z)<m Q

Now, remark that for every s < m we have
Tk(s)
(=) +TE) Tuls) = [ (r) + UT () dr
0
- / Ty, (b~ (r)) dr. (65)
0

From (65) and putting together (64) and (60), we obtain

lim sup/ EA(t, z,u)Du.DTy, (u) dedt < (66)

e—0 Q

/ EA(t, z,u)Du.DT}, (u) dzdt. (67)
{u(t,x)<m}
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By Minty trick lemma, we conclude that for any £k > 0 and any 0 < 7 < T

X{us<m}X " (t, 7, u") Du®. DT (u®) = Xquemy X (¢, 7, u) Du. DTy (u)
strongly in L2(0,7; H2(Q)) (68)

for every i = 1,...., N. Remark that (68) implies
Ty (uf) — Ty (u) strongly in L*(0, 7; H} (Q)). (69)

3.4. Step 4. End of the proof

In this step, we prove that u is a renormalized solution in the sense of defini-
tion. It is easy to prove that u satisfies (13)-(15).

Firstly, we prove that u satisfies (18). Let S € W2>(R), and supp(S’) C
(=L, L) be compact. Then we have

Q 0

Oyt b3
- / ot / S'(b~ (r))drdtdz — / o(0) [ 87 (1)) dr)da (70)
Q 0
—l—/ A% (t,x,u®) Duf. DS’ (uf)dzdt
Q
+/ A% (t, z,u®)Du.Duf S" (uf)dzdt
Q
:/fS’(ua)apdxdt.
Q
Now we take the limit as € tends to 0 in (70).

Limits of first and second terms in (70)
By (30) and (22), we have

Oue Qu
/@t/ S'(b_l(r))drdtd:r—)/ Lpt/ S (b~ (r))drdtdz,
Q 0 Q 0

b5 bo
/ o0) [ S (b)) dr)da — / o0) [ S (r))dr)da
Q 0 Q 0

Limits of second and third terms in (70)
Since supp(S’) C (=L, L), we can replace u® by Ty, (uf) in the second and
third terms of (70). Then, due to (31) and (68), we have
S (Ty, (u¥))A®(t, x, u®) DTy, (uf) DTy, (uf) —
S (T, (w))A(t, 2, u) DTy, (u) DTy, (u) weakly in L'(Q).
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In view of (31) and (69), we have

S'(Ty, (u®)) A% (t, z,u®) DTy, (uf) —
STy, (u)A(t, z,u) DTy, (u) weakly in LQ(Q, w;)

for every i =1, ..., N.
Limit of the right-hand side of (70)

Due to (31) and (21), we have
f-S(u®) — f£S(u) strongly in L*(Q).

Secondly, we prove that u satisfies (16). We choose S’(r) = 0,(—r~) in (26) for a
fixed integer p > 1 and we do the same procedure as in Step 2. Then we obtain

lim / A(t,z,u)Du.Dudxdt = 0.
{—2p<u<—p}
Finally, to etablish (17), we take S'(r) = (1 — ay/,(r")), where p is a fixed

integer > 1, and for any ¢ € C2°([0,7]) in (26), we have

Ou bO
_ / o [ S 6 ) drdtda — / o0) [ S (r))dr)da
Q 0 Q 0

+p /Q X{m—?/p<u<m—1/p}A(t7 €T, U)DU'DU(dedt

- /Q [0 = o1 (u) ot

Now, as p tends to +oo, (1 — al/p(lﬁ)) = X{u=m} @-€. in @, we have

p——+00

lim p [ Xgm—2/p<u<m—1/p}A(t, 7, u) Du. Dupdxdt
Q

= fX u=m (,Dd:L'dt,
/Q { }
which is (17).
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