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Some Results About the Analytic Representation
of Functions of the Space 5

E. Iseni*, Sh. Rexhepi, H. Halimi

Abstract. In this paper we consider the convolution of functions which are the elements
of the space Sy(R) and we generalize the results in R”. We deal with the functions from
the spaces Sp(R) and L, their convolution is an element of So(R). Also, we give analytic
representation for the functions of the space Sp(R) and conclude that the convolution of
the sequence of functions from Sy(R) with another function belongs to the same space.
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1. Introduction

In the introduction part we will use general notations found in [2,4,5,6]. By
S(R) we denote the space of all rapidly decreasing functions ¢ € C*°(R) for which

ph () = sup [zF ™ (ﬂf)‘ < o0, Vk,n € Np.
z€ER

The dual space of S(R) is the space of tempered distributions, denoted by S’(R).
L. Schwartz has considered the Fourier transform F' of distributions in S’(R).
The space S’(R) has the important property that the Fourier transform of distri-
bution in S’(R) is also a distribution in S’(R).
If ¢ € S, then the Fourier transform is

F(p,2) = /R p(t)eidt,

and it is an element of S.
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Also, for ¢ € S, the inverse Fourier transform is

—ztz
¥,2) = o / Y(t)e 2 dt,

and it is an element of the space S.

For T € S’, the Fourier transform and the inverse Fourier transform are
defined by (F(T),¢) = (I}, F (¢,t)) and (F~HT),¢) = (TLF " (p,1)) ¢ € S,
respectively [3,7,8].

The function ¢ € L?(R) is called a progressive (regressive) function if and

AN N AN
only if suppy C (0, 00] (supp® C [—00,0)), where ¢ (2) = F (¢, —272).

Lemma 1. [6,7] Let o € L*(R) be a progressive function. Then the following
conditions are equivalent:

1—&-111)2’7Jr1

1. su§<1+|w|2>?’/2 |o(x)] +sup< P(w)] < o0, ¥p > 0;
xTe

2. sup(1+ [2* )/ |o(@)] + sup(1 + w?)?/? |G(w)| < o0, Vp > 0.
z€R w>0

Definition 1. i) Let ¢ € L*(R) be a progressive function. Then ¢ € S (R)
if and only if condition 1) or condition 2) from Lemma 1 is true.

ii) o € S_(R) & p(—x) € SL(R).
iii) So(R) = S+(R) ® S_(R).

The space So(R) may be defined as the space of all functions of S(R) with all
their moments zero, i.e. ¢ € So(R) if and only if [ 2™¢(x)dz =0, Ym € Ny, or
™ (0) =0, ¥n € Ny.

It is true that Sp(R) C S(R) is dense and S{(R) ~ S’(R)/P(R), where P(R)
is the space of polynomials, is the space of Lizorkin distributions.

+ . o )z x>0 _ —x)*, <0
Fora e Z U{O},thefunctlonsx+{ 0. z<0 and z¢ { 0. a:>0
define Lizorkin distributions % : ¢ — fooo x%p(x)dz and x& f (=) %p(2)d,
o(z) € SR), ie. (2%,¢) = [;7z%¢(x)dzand (z%,¢) = ( x)%p( )

o(x) € S(R).

Theorem 1. [1, 7, 8] Let f € S, n € N, a € R/{0}. Then
1) F(f™,w) = (=iw)"F(f(w));
2) F(f(t —a),w) = e F(f(w));
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3) F(f(at),w) = L F(f(2)).
Theorem 2. [1] Let T € S’. Then
1) F(T™) = (=it)"F(T);
2) F(T)=S, S = F((iw)"T).
Definition 2. Let f,g € So. We define (f  g)(x) = [z f(t)g(x — t)dt.

Lemma 2. [1, 4] Let f € L*. Then F(f,w) = [g. f(t)e'<t">dt exists, is con-
tinuous and is uniformly bounded on R™.

Theorem 3. [1, 8/(Parseval’s formula). Let f,g € L?>. Then
Je F(f.)g(t)dt = [ f(w)F (g, w)dw,
fR F_l( fR 9, )d

2. Main results
Theorem 4. Let f, g € Sg. Then f*xg € Sy.

Proof. While f € Sy, [p 2™ f(x)dz =0Vm € Nyandasg € Sy, [p2™g(z)dx =
0, Vm € Ng. We have [p(f *g)(x)a™dx = [ [p f(t)g(x —t)dt x™dx.
By Fubini’s theorem we get

/(f*g md:c—//f x—tdta:mda:—/f dt/x g(x —t)dx.

While
/R:cmg(x —t)dx = /(:c +t)"g(x)dx

R
= /R(< gn >xm + ( Zn )xm_lt—i—... ( Z )motm)g(x)dac.
We get [p2™g(z —t)dr =040...4+0=0. «

Theorem 5. Let fe Ll,g E So and h = fxg. Then h € Sy and the Cauchy
representation h( 27” fR i Zdt z=ux+1y, Imz#0, is valid.
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Proof. For ¢ € D

lim fR x+iy) — 2(33 —1iy))p(z)dr = hm fR 70 (Jg( tL — A Ydt)p(x)dx =

y—0+t y—> t—z

u —u)du h(u —u)du
= lim f]R 27i f]R f]R f( gt(tz : - ( )g(t— ) )dt)cp(a:)da:

y—>0+ t—z

Using Holder inequality and Fubini’s theorem we get

lim fR x+iy) — ;\L(x —1y))p(x)de =

y—0t

= hr(r)l+ 5 fR ) dze J fw)du [ g(t — u)dt

—Zz

= lim £ [ £ |t— E ) dx Jg fw)du [ g(t —u).

y—0t T

While £ [ Srt(x ‘x = ‘P(t + iy), we have [p f(u)du [pg(t — u)@(t + iy)dt —

Jg fw)du [ g(t — u)p(t)dt as y — 0.
Finally,

A
lim fR x+iy) — h(z — iy]cp(x)d:r =
y—0t

= Jp f(w)g(t —u)du [ P(D)dt = [o(f * g)()p(t)dt =< [ g,0 >
<

Theorem 6. Suppose that the sequence {f,} converges to f € Sy and g € Sp.
Then the sequence {l,,} = {fn * g} converges tol = f g € Sp.

Proof. We have

/le()dx—/xl( x)dz| =

/fn (@ — t)dt — F(t)g(x — t)dt]a™dx

‘ L saayda = [ an(f «(a)da

/[fn(t) — f(t)]g(x — t)z™dtdz| .
R JR

Using Fubini’s theorem, in the last integral we may change the order of integra-

tion. Then
< /R Fult) — F(0)] /R g — t)a™dz =

/R 2™l (z)dz — /R 2™1(z)dx
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/ Fu(t) — F(B) dt -0 = 0.
So, fn * g converges to fxg € Sy. «

Theorem 7. Suppose that f € Sy and consider the sequence {gn}, gn € So.
Then the sequence {l,} , I, = f * gn converges tol = f % g in Sy.

Proof. Let I, = f x g, and | = f x g. Then

UR z)dr — [z l(x dx‘ = U]R Sz ™ [f () gn(x — t)dt — f(t)g(x —t)]dtdﬂ
<IRUR (t)gn(x —1t) — f(t)g(z — 1) dt’daj.

Applying Fubini’s theorem in the last integral, we have

/Rxmln(x)d:v—/Rxml(x)dx </R\f(t)|dt/Rxm lgn(z — 1) — g(z — )] da =

Z/le(t)!dt/R(Ht)m |9n(2) = g(z)| d S/R!f(t)ldt/R(wH)m |gn ()| d

fév@mu4u+wmmmwm=4uunm+m=a

So, I, = f * g, converges to l = fx g in Sy. «

Theorem 8. Let {f,} be a sequence of functions in Sy that converges to f in Sy
as n — oo and let

}(z) _ ft)

% t—=z

dt, z =z + iy, Imz # 0.

A
Then f(z) is an analytic representation of f(t).

Proof. Let z = x + iy be a complex number such that Imz # 0. For any
peDandneN

A

Aﬁwwm(m»w m-/%z IO ()

Rt_z t—=z

On the other hand

27ri(1tfz) = F—l(H(w)eiwz’t) y Y > 07
—L = FYH(-w)e™?t) , y<O.

2mi(t—2)
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From the Parseval’s formula, we get

fnmm fR i gdt) p(z)dz =
= [ £ ( ( )= )t + fg f(O)F 7 (H(—w)e™? t)dt)p(x)da =
= fR(fR (f,w)dw+fRH(—w)eiwzF_l(f, w)dw)p(z)dr =

= (s H “”Ie*“’yF*I(f,w)dw—i—f]R H(—w)eW e F~(f,w)dw)p(r)dr =
= Je(re “’””F N w) (H(w)e™™ + H(—w)e™?)dw)p(z).

Using Fubini’s theorem, we have

N

fR (x + Zy ?(:r: - zy)]go(a:)d:v =
= g fR ‘P e dx F=1(f, w)(H(w)e™™ + H(—w)e"¥)dw =
= R F( L w) (H (w)e™™ + H(—w)e"?)dw.

By the Lebesgue dominated convergence theorem and Parseval’s formula
(while f € Sy C S C L?) we obtain

T e (1o + i) = Flo = )le(e)de = fy Flo,w)F~ (. u)du =
= Jo JOFY(F(p,t)dt = [ f()e(t)dt

<

Note 1. Let < t,w > denote tywy + towg + ... + tywy, w = (w1, wa, ..., wy).
Theorem 9. Let f,g € Sy. Then fxg € L.

Proof. While Sy € S C L', we have [p, |f(z)|dz = C1, [galg(z —t)|dz =
021

/ O [ gl — tdedt = ¢ / F@)dt = Co.
or) .

S0, 3 [gn Jan |F(t)g(x — t)| dz dt, which implies f xg € L. <

Theorem 10. Let f,g € Sy. Then F(f x g,w) = F(f,w) F(g,w).

Proof. Since f,g € Sy, we have f,g € L'. Then

F(f*g,w)= /n(f % g)(t)el <tw> gt = / F(m)g(t — m)dm e <> gt

n R
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Since |f(m)g(m — t)| is integrable in R™ , by Fubini’s theorem we have

Jon Jrn F(m)g m)dm e’ <> dt = Jon (M) [ 9(t — m)e’ b= dm dt =
— fRn m) ( ) i <t+m w>dm dt = fRn f(m)dm fRn g(t)ei <t+m,w>dt —
— f]R" f m) z<m W o fR ) i<t’w>dt.

Consequently, F(f * g,w) = F(f,w) F(g,w).
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